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ireineii iimfaiigreklien Verlag aiif dem Gebiete der Mathematisohen, 
der Teohiiisolien nnd HatnTwiBsenechaften nach alien Kicbtiingeii bin 
weiter auszubouea, ist inein states dureh daa Vertrauen ua<\ Wohlwollen 
zahkeiclier hervorrn gender Vertreter obiger Gebiete von Erfolg begleitetea 
Beratiben, wie raein Verhigskatalog zeigt, nnd iuh lioffu, dafs bei gleicher 
UnteretUtzung seitens der Gelchrten iind Schulmaimer des lu- und Aiislandoa 
auch meiue weiteren Un tern eh mini gen I-elirenden und Lemendon in Wisson- 
scliaft und Sobulo joderzeit fiirderlicli sein wcrden. Verlagsanerbieteii ge- 
diegener Arbeiten auf eiiischlagigtjm Gebiete werden mir desbalb , wonn 
aucb Bohon gleiche oder iihnliche Weike iibcr denselben Gegonatand in 
meinom Verlage erschienen sind, stets selir willkominen sein. 

Unter meinen zablreicben Untemebuimigen mai;lio icb ganz besonders 
auf die von den Akademien der Wissensi'bat'teu zu Miiucben mid Wien und 
der Gesellschaft dor Wissonscbaften zu Giittingon lierausgcgebeue Snoyklo* 
p&die der Mathematischen WiBseusoliaften aufnierlisam, die in 7 IJUnden 
die Arithmetik und Algi.'bra, die Analysis, die (icomotrie, die Mechanik, 
die Pbysik, die QeodUsie und fieophysik uiul die Astronomiu boliandelt und 
in einem Schlufsband historiscbe, pbiLasopbiscbe und didaktisobe Pragen 
besprecben, sowie ein General register zu obigen BSnden bringen wird, 

Weitester Verbreitung erfreueii siub die niatbematis);hBn und niitur- 
wissenacbaftlieben l^eitsclLriften uLeiiies Vfilags, als du sind: Pin Mathe- 
matiaohen Annalea, die BibUotbeca Sfathematica, das Archiv der 
Mathematik und Fhysik, die Jabcesberichte der Deutechen Mathe- 
matiker-Vereinigang, di-t Zeitscbiift fiir Mathematik und Phyeik 
und die Zeitscbrift fiir mathematiachen und naturwiBsenschaftlichen 
Unterriobt. 

Seit 1868 vprOffentlicbe icli in knrzeii Zwi.sili<>jiiiium™: „Mitteilungen 
der VerlagBbnohbandlung B. G. Teubner". Diesr^ „Mitt('i!ungPu", wulche 
unentgeltlich in 'iOOOO I'.xeniplareu snwoiil iin In- als aucb ini Auslnnde 
TOu mir verbreitet werden, soIIhu ibis Piddikiiui, welches ini'ineni Vwiiigo 
Aufmerksamkeit scbnnkt, von den erscbienenen, unter der Pn-sse befindliL^ben 
und von den vorbfreiteteii Untpmchiiiuiigim di>8 Ti-ulmerscbi'n A'erlags iu 
Kenntnis Betzen und sind ebenso wio daa bis aiit" dii' Jiingstzfit rortgHfiilirte 
jnhrlicli zwei- bis drciiiKil iieii gedrui'kte Verzeichnis dee Verlaga von 
B. Q. Teubner auf dem Gebiete der Mathematik, der techniecheD 
und Naturwiaaenscbaften nebat Grenzgebieton, S'.'i. Aiisgabe |XX.\\'J1I 
U. 140 H. gr. 8],.iti allon liiiebhim.lliiii-eii iiii.-riti.'.'ltlicb /u buh-ii, weni-ii 
auf 'Wunscli aber aucb unter Kri'ii/.liMinl vuii mir iiiiiiiilinlbiii- mi liii' Ho- 
steller ilbersandt, 
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PEEFACE. 



Since the appearance in 1870 of the great work of Gamille Jordan 
on substitutions and their applications^ there have been many important 
additions to the theory of finite groups. The books of Netto, Weber 
and Bumside have brought up to date the theory of abstract and 
substitution groups. On the analytic side^ the theory of linear groups 
has received much attrition in yiew of their frequent occurrence in 
mathematical problems both of theory and of application. The theory 
of collineation groups will be treated in a forthcoming volume by 
Loewy. There remains the subject of linear groups in a finite field 
(including linear congruence groups) having immediate application in 
many problems of geometry and fdnction- theory and furnishing a 
natural method for the investigation of extensive classes of important 
groups. The present volume is intended as an introduction to this 
subject. While the exposition is restricted to groups in a finite field 
(endliche Eorper)^ the method of investigation is applicable to groups 
in an infinite field; corresponding theorems for continuous and collinea- 
tion groups may often be enunciated without modification of the text. 

The earlier chapters of the text are devoted to an elementary 
exposition of the theory of GUois Fields chiefly in their abstract 
form. The conception of an abstract field is introduced by means of 
the simplest example^ that of the classes of residues with respect to 
a prime modulus. For any pripie number p and positive integer n, 
there exists one and but one Gblois Field of order p^. In view of 
the theorem of Moore that every finite field may be represented as 
a Gblois Field, our investigations acquire complete generality when 
we take as basis the general Galois Field. It was found to be 
impracticable to attempt to indicate the sources of the individual 
theorems and conceptions of the theory. Aside from the independent 
discovery of theorems by different writers and a general lack of 
reference to earlier papers, the later writers have given wide general- 
izations of the results of earlier investigators. It will suffice to give 
the following list of references on Ghdois Fields and higher irreducible 
congruences: 

Galois, ''Sur la theorie des nombres", BuMetin des sciences ma^hSmor 
tiques de M. Ferussac, 1830; Joum, de maih^matiques, 1846. 
Schonemann, CrcUe, vol. 31 (1846), pp. 269—325. 
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Dedekind, CreOe, voL 54 (1857), pp. 1—26. 

Serret, Jowm. de maih., 1873, p. 301, p. 437; Algfebre snp^rieure. 

Jordan, Traits des snbstitntions, pp. 14 — 18, pp. 156—161. 

Pellet, Comptes Bendus, vol. 70, p. 328, voL 86, p. 1071, voL 90, p. 1339, 

vol. 93, p. 1065; BuU. 8oc. Math, de France, vol. 17, p. 156. 
Moore, BuU. Amer. Math, Soc, Dec, 1893; Congress Mathematical 

Papers. 
Dickson, BuU. Amer. Math. Soc., vol. 3, pp. 381—389; vol.6, pp. 203—204. 
Annals of Math., vol. 11, pp. 65 — 120; Chicago Univ. Becord, 1896, p. 318. 
Borel et Drach, Th^orie des nombres et alg^bre sup^rienre, 1895. 

The second part of the book is intended to give an elementary 
exposition of the more important results concerning linear groups in 
a GhJois Field. The linear groups investigated by GhJois, Jordan 
and Serret were defined for the field of integers taken modulo p] the 
general GhJois Field enters only incidentally in their investigations. 
The linear fractional group in a general Gblois Field was partially 
investigated by Mathieu, and exhaustively by Moore, Bumside and 
Wiman. The work of Moore first emphasized the importance of 
employing in group problems the general GhJois Field in place of the 
special field of integers, the results being almost as simple and the 
investigations no more complicated. In this way the systems of linear 
groups studied by Jordan have all b^^eneralized by the author and 
in the investigation of new systems the Galois Field has been 
employed ab initio. 

The method of presentation employed in the text often differs 
greatly from that of the original papers; the new proofs are believed 
to be much simpler than the old. For example, the structure of all 
linear homogeneous groups on six or fewer indices which are defined 
by a quadratic invariant is determined by setting up tiieir isomorphism 
with groups of known structure. Then the structure of the correspond- 
ing groups on m indices, m > 6, follows without the difficult cal- 
culations of the published investigations. In view of the importance 
thus placed upon the isomorphisms holding between various linear 
groups, the theory of the compounds of a linear group has been 
developed at length and applied to the question of isomorphisms. 
Again, it was found practicable to treat together the two (generalized) 
hypoabelian groups. The identity from the group standpoint of the 
problem of the trisection of the periods of a hyperelliptic fonction 
of four periods and the problem of the determination of the 27 straight 
lines on a general cubic surface is developed in Chapter JLLV by an 
analysis involving far less calculation than the proof by Jordan. 

Chicago, November, 1900. 
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CHAPTER L 

DEFmrnoN and properties of finite fields. 

L If the difference of two iniegets t aad r be diviflible by a 
third integer p, then t and r are said to be congruent modulo p, 
or according to the modulus p. This property is expressed by the 
following notation due to Ghmss: 

^ = r (mod p). 

For exwnple, 7 = 1 (mod 3), 7 = 2 (mod b). 

The totality of integers congruent modulo p with a given poai- 

tive integer r <Cp is given by the formula 

• 

Ip + r (Z-0, ±1, ±2, ...). 

This totality ; which will be designated Cr, is said to form a doss 
of residues modulo p'^ it includes every integer which gives the residue r 
when divided by p. It follows that the p classes C^, C^, C^, . . ., 
Cp^t include eveiy integer, positive or negative. They are therefore 
said to form a complete system of dosses of residues modulo p. 

Example. — The three classes C^, C^, C^ form a complete 
system of classes of residues modulo 3; indeed, every integer &Ils 
under one of the three forms SI, SI + 1, SI + 2. 

2. An instructive di^pram is furnished by the regular polygon 
of p sides inscribed in a circle. Denote the vertices taken in posi- 
tive order (counter-clockwise) by Cq, Cj, . . ., (7p — i. Regarding CJ, 
to be the origin, we take as the plot of any given integer ± wi that 
vertex which is obtained by counting off from the origin m of the 
divisions on the circle in the positive or tiie negative direction accor- 
ding to the sign of ± w. All integers of the form Ip + r (l ^ 0, ±1, 
± 2, . . .) are evidently plotted by the one point Cr, so that congruent 
integers give rise to the same point. The p classes of residues 
modulo p are represented unambiguously by the p vertices of the 
polygon. 

1* 



4 CHAPTER I. 

3. From the numerical identities 

{Ip + r)±{tp + s)^{l±t)p + {r± s), 
Qp + r) (tp + s) » Qtp + ?s + rt)p + rs, 

we obtain the following formulae for the addition^ subtraction and 
multiplication of classes of residues: 

Cv db (7* = ^'^ ± »> ^'■' ^* °^ ^''*' 

If two given classes Cy and (7,, (7,=|=Co, lead uniquely to a 
third class C, such that Cr« ^,(7^, then (7, is said to be the quotient 
of Or by Cf and the following notation employed 

The condition for the quotient is evidently identical with the condition 
that there exist a solution x of the equation 

1) r = src + mp. 

In order that a solution x shall exist for r and s arbitrary integers 
such that s is not divisible by p, it is necessary and sufficient that p 
be a prime number. To prove the condition necessary, let p^p^p^, 
where i?i>l, A>1- Then 1) can not always be satisfied; for 
example, when s^p^ and r is not divisible hj p^. The condition 
that |) be a prime is, moreover, a sufficient one by the corollary 
of § 4. Hence the division of classes of residues, the divisor being 
other than the class (7o, is always possible if, and only if, the modulus j> 
be a prime number. 

In particular, these remarks show that the classes of residues 
with respect to a prime modulus may be combined by the rational 
operations of algebra and that each result is itself one of the classes 
of residues. For example, let p = 3. Then 

^1+ C!j=* Cq, C2+ Cj^ Cj , Ug • Cg^ c7i , Co / Ci«« (7g , Gg/Og-* Cj , CJC^'^ Cg. 

4, Fermat^s Theorem. — If an integer a he not divisible by a 
prime number p, Own a^ — ^^l (mod p). 

Since the integers a, 2a, 3a, . . ., (j)—l)a are all distinct 
modulo p, their residues must be identical, apart from their order, 
with the integers 1,2, 3, . . ., p — 1. 

Forming the product of the integers in each set, we have 

ap-t.i.2.3...(p-i) = i.2.3...0-l) (mod p). 

Corollary. — If a he not divisible by Hie prime number p, there 
exists an unique solution of ihe congruence ax^b (^nodp). 

Applying the theorem just proven, the solution is evidently 

x:E:a^~~^b (mod p). 



DEFINITION AND PROPERTIES OF FINITE FIELDS. 5 

5. Definition of a field. — A set of elements u^, u^, . . ., tia, which 
may be combined by addition subject to the formal laws 

Ui + Uj^Uj + Uiy Ui + (Uj + Uk) « {Ui + Uj) + Uky 

such that the sum of any two elements is likewise an element of 
the set is called an additive- fidd. If two elements Ui and Uk are 
given^ there may or may not exist a third element Uj in the set such 
that Ui + U/ = Uk, If existent, Uj is said to be determined by sub- 
traction, Uj = Uk — Ui. Assume^) that subtraction is always possible 
in the giyen additive -field. The set will contain the differences 
Ut — Ui, Wj— M2, . . ,y Ua— Ua> Each has the additive property of 
zero, since Uj -f (w,- — Ut) - Uj. From the latter, W| — t«/ = M; — Uj 
follows by the definition of subtraction. Hence the above differences 
all have a common value u. There exists no new zero element u', 
since Uj+ u' ^ Uj requires m' = «*/ — tf;= w. Two elements are called 
equal or distinct according as their difference is or is not the zero 
element u. Select from the original set all the distinct elements and 
denote them by tio; tii, Us, . . ., Ug^i, where Ua denotes the unique 
zero element. 

Assume next that the s elements Uo? Ui, . . ., Ug^i may be com- 
bined by multiplication subject to the formal laws 

UiUj « UjUi, Ui{UjUk) = (UfW/) Wit, Ui(Uj ± Uk) = UiUj ± UiUk, 

such that the product of any two elements is itself an element of 
the set. Then the element Uq will have the multiplicative properties 
of zero, viz., for any element Uj of the set, 

UjUq = UqUj = % 

Indeed, since every product UjUt is an element of the set, 

Uj(Ui — ui) = UjUi — UjUi ~ tlo, {Ui — ui)uj ■=« Uo. 

Given two elements Ui and Uk, Ui^^Uq, there may or may not 
exist a third element Uj in the set such that UiUj *= Uk- If existent, 
Uj is said to be determined by division, Uj^Uk/Ui. Assume^ lastly 
that division is always possible in the set, and in a single way, the 
divisor being other than the zero element. A set of s distinct 
elements satisfying the above four conditions is said to form a fidd 
of order s. 

To obtain a field of finite order, the assumption concerning 
division may be replaced by the postulate that a product of two 

1) In the additive -field of all positive integers, not every difference of 
two elements belongs to the field. 

2) The set of all positive and negative integers satisfies the assumptions 
as to addition, subtraction and multiplication, but not that for division. 
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dememits shall be tine zero element % only when, one of the factors 
is Uq. Under the latter hypothesis, ike series of products 

UoUi, UiUi, UtUiy. . . ., Us^illi (Ui=i(= Mo) 

are all distinct and therefore (their number s being finite) are identical 
in some order with the series Uq, ih.f thy . , ., ti« — i. Hence if Uj be 
any element of the set, the equation 

2) Xf/^ — Uj {Ui =f= Mo) 

is satisfied by one and but one element x of the given set. Hence 
division by any element except u^ is always possible within the set 
and gives an unique result. 

For a field of infinite order, the assumption that division is not 
possible in more than one way may be replaced by the above postu- 
late that a product vanishes only when (me &ctor vanishes. Indeed, 
if 2) be satisfied by two distinct values x^ and ^ of Xy then 
Ui{a>i — ^) -= Wo; whereas each factor differs from Mq. 

After the above explanations, we make the formal definition: 

A set of s disHnd dements forms a fidd of order s if Hie dements 
can be combined by addition, subtraction, mtdfiplication and division, 
the divisor not being the dement zero (necessarily in the set), these 
operations being subject to the laws of dementary algd^ra, and if the 
resulting sum, difference, product or quotient be uniqudy determined as 
an dement of the set}) 

A field may therefore be defined by the property that the raJtiondl 
operaHons of algd^a can be performed unthin the fidd. 

The results of § 8 may now be stated in the form: 7%« complete 
system of dosses of residues modulo p forms a fidd if, and only if, 
p be a prime number. 

6. Definition of a Galois Fidd, — Let F{x) be a rational integral 
fonction of degree n having integral coefficients not all divisible by 
a given integer p. If we divide an arbitrary integral function F{x) 
having integral coefficients by the function P{x), we obtain a quotient 
Q(x) and a remainder which can be written in the form f{pc) +p • q{x), 
where f{x) is of the form 

3) f{x) = aQ+aiX + aia^'\ ha„-ia;"-^, 

each a, belonging to the series 0, 1, 2, , . ,, p — 1. Then 

4) F{x)^f{x)+p'q{x) + P{x)'Q{x). 

We say that f{x) is the residue of F{x) moduli p and P{x) and write 
4,) F{x) = f{x) [modd py P{x)l 

1) Moore, Mathematical Papers, Chicago OoBgress of 1893, pp. 208 — 242; 
Bull. Amer. Math. Soc^ December, 1893. 
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The totality of fixnctians F{x) obtained by giving to the poly-. 
nomialB Q{x) and q(x) in 4) all possible forms is said to eonstitate 
a class of residues; two fonctions are caUed congruent if, and only 
if, they belong to the same class of residues. From the form of S) 
there are evidently p** distinct classes. 

Consider two integral functions having integral coefficients 

Fiix)^ax)+p'qi(x) + P{x)'Qi(x) p«l,2]. 

It is evident that the class to which F^ ± F^ or F^^F^ belongs 
depends merdy upon the functions /*i ± /^ or f^f^ respectLvdy, being 
independent of the functions qt, Qi. Hence classes of residues com- 
bine unambiguously under addition, subtraction and multiplication. 
In order that the division of an arbitrary class by any class C, not 
the class zero Cq, shall lead uniquely to a third class^ it is necessary 
that the equation (7,(7 •— C<^ shall require d = C^. Evidently this 
wiU not be the case if p be composite, i>— i>iA, or if P{x) be 
reducible modulo p, viz., 

where the Pi{x) are integral fonctions having integral coefficients, 
the degrees of Pi{x) and P^ix) being less than the degree of P{x). 
Hence p must be prime and P{x) irreducible modulo p. 

Inversely, iS p he prime and P(x) irreducible modulo p^ it 
follows from § 7 that to any class Cf^ otiier than the class Cq there 
corresponds an unique class Cf*^ such that Cf\Cf^ is the class unity. 
Hence there exists the quotient class 

Cf. Cf^ Of', n r^ r ^ 

The j)" classes of residues therefore form a field called a Galois Field 
of order p\ Moreover, the p* classes of residues moduli p and P(x) 
form a field if, and only if , p be prime and P{x) be irreducible 
modulo p. 

As an example, let p i= 3 and P(x) ^ x^— x— 1. The 3'resi- 
dues are 

0, 1, —1, X, x+i, x—1, —Xy — rrr+l, —x—1. 

The sum, difference or product of any two of these may evidently 
be reduced moduli 3 and a? — x — 1 to one of the nine residues. 
Moreover, the quotient of any one by any residue except may be 
reduced to one of the set. For example, 

x — x{pc - 1) = ^ - -^^ ^qii = -■^+T = 1^*^^ = -x= — x— I. 

The nine residues thus form a Oalois Field of order 31 
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?• Theorem. — If two integral functions F(x) and P(x) having 
integral coefficients admit of no common divisor containing x modulo p, 
p being prime, we ca/n determine two integral fwwtions F\x) and P\x) 
having integral coefficients such thai 

F\x) . F{x) -P\x) . P{x) = 1 (mod p). 

Applying § 4, we can set 

F{x)-2Ea'A{x), P{x) = b'B(x) (modp) 

the coefficients of the highest power of a; in A(x) and B{x) being 
unity and the remaining coefficients integers. We perform the usual 
process to determine the greatest common divisor of A and B, 
neglecting howerer^ multiples of p. Each remainder is congruent 
modulo j!> to a product of an integer r and an integral function B(x) 
with integral coefficients^ that of the highest power of x being unity. 
Supposing for definiteness that the degree of A is not less than that 
of B, we obtain the congruences (modp): 

A~BQ, +r,Bi 
B = B,Q, + r,B^ 
B,^B,Q, + r,B, 



Rm—2 = Bm — 1 Qm + *'m- 

We derire at once the following congruences modulo p: 

r,B,= A-Q^B 
r,r,B,= ^ Q,A+{r,+ Q,Q,)B 

r,r,r,B, = (r,+ Q,Q,)A^(r,Q, + r,Q,+ Q,Q,Q,)B 

^1^2- • '^n= MA — NB, 

where M and N are integral functions of x having integral coefficients. 
None of the integers r^ . . ., r^ are divisible by j>; for, A and B 
would then have a common divisor containing x. Hence, by § 4, 
there exists an integer r such that 

r-abr^r^, . .r,n= 1 (mod|)). 

From the last congruence in the above set, we therefore find 

1 = rab {MA - NB) = F{x)'rbM'- P{x)'raN {modp). 

Corollary. — If JF'(a:)=|=0[modd|>, P(ir)], p being prime and P{x) 
irreducible modulo p, we can determine an integral function F{po) 
such that ^,^^^ p^^^ ^ J [moddi>, P{x)l 

Note. — By an analogous use of the process for finding the 
greatest common divisor, we obtain the following theorem: 
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If two integers f and p be relatively prime, we can determine ttoo 
integers f and p' such that f'f— p'p — 1. 

8. The proof of the existence of a fdnction of degree n irreducible 
modnlo p and hence of the existence of a Gblois Field of order p^, 
for every prime p and integer w, will be given in §§ 19 — 27. We 
will first prove that no other finite fields exist and that not more 
than one Gfalois Field of a given order p* exists. 

9. Consider an abstract field Fls] composed of a finite number 
5 > 1 of elements or marJcs Uq, u^, . . ., u, — t. Having every difference 
Ui — Ui, the field contains a mark^ denoted by U(q), which has the 
properties of zero viz., for every m,-, 

Having every quotient *^' 

Ui/Ui (w.-4=U(o)), 

the field contains a mark Ui^) having the properties of unity; viz., for 

The field thus contains every integral mark 

W(c) -= W(i) + W(i) H f- W(i) (c terms), 

Since there exists only a finite number of marks in the J^[s], 
there must arise equaUties in the series 

. . ., W(— 2); W(_i), W(0), W(i), W(i), . . . 

If W(r) -= W(,), we have 

Denoting by p the least positive integer such that U(^p) <= t«(o), the p 
^^rka ., ., ^- ., 

**(0)^ ^1)9 W(2), . . .,W(p_i) 

are all distinct, while 

W(r) «=• W(*) if, and only if , r = 5 (mod p). 
This integer p is a prime number. For, if 

we have, by hypothesis, t^cpo =1= **(o)- Hence, from 

we derive U(p^) — t«(o) and hence Pi^p. Hence the integral marks of the 
F[s] form a field Flp] which is the abstract form of the field of the 
classes of residues with respect to a prime modulus p. When there 
is no ambiguity, we denote by c the integral mark U(e). 
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10^ Theorem. — Ike order of F[8] is a power of p. 
K u^ be a fixed mark =|= u^ of the F[s], the products 

give p distinct marks of the field. H s>p, there ezistB a mark u^ 
not of the form C|ti|« Then 

c^u^ + CgW, (Ci, Ci - 0, 1, . . .,!> - 1) 

gives j>* distinct marks. If s>p\ there exists a mark u^ not of the 
form c^u^ + c^tijr so that 

gives p^ distinct marks. Proceeding similarly^ we mnst ultimately 
obtain all the marks of the F\s] expressed by the formula 

^i«*i + ^^ H h ^nUn (every c,— 0, 1, . . .,|) — 1), 

nqit two of these j>" expressions being equal. Hence 5 —jp". 

Definition. — A set of marks Ui, u^, , . ., Uk are said to be 
linearly independent with respect to the included field F[p'\f if the 
equation 

where the c's are marks of the Flp], can be satisfied only when 
every Ct « 0. 

Definition. — A rational integral fanction of any number of 
indeterminates Xi, X^, . , ., Xk is said to belong to a fidd if its 
coefficients are marks of that field. It is irredticible in the fidd if it 
is not identically the product of two or more ftmctions belonging 
to the fields each function involving some of the indeterminates X,. 
An equation between functions belonging to a field is said to belong 
to the field. 

11. Theorem. — Any mark u of the -F[5«— p**] satisfies am 
equation of degree A; < w, 

^c^X^-O, (Ci + 0) 



» = 



belonging to and irredxwible in the iTj>]. 

Indeed^ a linear relation with coefficients belonging to the F[p'] 
certainly holds between any n + 1 marks of the i^^l)'*] and hence 
between 



u^y u^, M*^ . . ., w*. 



If such a relation holds between the first i + 1 of these powers of ii; 
u satisfies an equation of degree h. 
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12. Let u be any mark 4» of the F^s — p*]. The marks 

u* (<-0,±l,±2,...) 

belonging to onr finite field are not all distinci From u" »> u% we 
derive !i''~*«-l. The least positive integer e for which w* — 1 is 
called the period of the mark u, while u is said to belong to the 
exponent e. The marks 1, u, u^, , . ,, u^"^ are all distinct. 

We ma; form a rectangular array of the marks ={» of the field 
as follows: 



where M| is any mark =f= not occurring in the first line, u^ any 
mark 4* not in the first or second lines, etc Evidently the marks 
in any line are difiPerent from each other and from tiiose in the 
preceding lines. Since each new mark Ut gives rise to a set of e 
new marks, the number p* — I of the marks =|= in the F^p^] is a 
multiple of e. 

Theorem. — I%c period of amy mark ^0 of the F\p^'] is a divisor 
of p"^ — 1. 

13. Raising w* to the power (p* — !)/«, we have 

uP"-i-l, ifti + 0. 

We have thus the following generalization of Fermat's Theorem: 
Every mark of the F[p^'\ saHsfies the equation 

Xp"-X-.0. 

We have therefore the following decomposition in the -F[j)*]: 

Ui running over the p* marks of the -FXp"]. 

14. Theorem, — If two marks u^^u^ belong respectively to eno- 
ponents e^a^ which are relatively prime, their product Uy^u^ belongs to the 
eooponent e^e^ and the e^e^marks 

u<h,id, M-0, l,...,ei-l\ 

are aU distinct. 
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If t«|ti2 lias the period t, we have 

whence t is divisible by e^] similarly, t is divisible by e^. But 

(^i **»)**** *^ 1. 
Hence ^ = e^c^. 

15. We prove as in algebra the theorem: 

An equation of degree k belonging to a field Ims in ihe field at 
most k roots, tmless it be an identity , when every mark of the fidd is 
a root 

16,. Theorem. — For every dmisor d of s —1, ihe equation 

X^ - 1 - 

Aos in ihe F[s = p*] exactly d roots. 

Setting s — 1 = dg, we have the identity 

X'-i-l-CX**- 1) (X^(«-i)+ x*(9-»)+ ... + x<*+i). 

Since the last factor belongs to the F\s'\ and does not vanish 
for the mark zero, it vanishes for at most d(^q — 1) marks of the 
field. But the left side of the identity vanishes for s — \ marks of 
the field. Hence the factor X^— 1 must vanish for at least ({marks. 

!?• Decompose |?* — 1 into its prime factors, 

For each integer i of the series 1, 2, . . ., A;, the equation 

Xp?'-1-0 

has by § 16 exactly p^i roots belonging to the J? [s — p^\ Of 
these roots |>*«""^ are also roots of the equation 

and thus belong to exponents less than p^i. The remaining roots ti/, 
in number ^ 

belong to the exponent j>*t itself. Any product of the form 

will by § 14 belong to the exponent p*— 1. Forming in every 
possible way the product «?, we obtain^) 

1) This number equals <l>(p» — 1), where <I>(Q denotes the number of 
integers less than and relatively prime to the positive integer t. See Dirichlet, 
Vorlesungen fiber Zahlentheorie, § 11. 
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such marks. Each mark w belonging to the exponent ^ — 1 is called 
a primitive root of the equation 

and also a primitive root of the F\s\. Since the powers w^yW^, ,,.,ijif~^ 
are all distinct, we may state the theorem: 

The |)" — 1 ma/rks =^0 of the F[s — p*] are the p^—l stuxessive 
powers of a primitive root of iJiat field. 

Corollary. If d be any divisor ofp*— 1, the mark u^f^—^)f^ belongs 
to the exponent d. 

18. We may now recognize in our F^s] the abstract form of a 
Galois Field of order s — |}*. Indeed, by § 11, the primitive root w 
satisfies an equation of degree A; < n. 

W,{x) - 0, 

belonging to and irreducible in the F[p\ Every mark =|= of 
the Fls], being a power of w, can be reduced by the identity 
Wkiw) = to the form 

where the c*s belong to the F[p\ The mark zero evidently falls 
under this form. Since, inversely, every one of these /^^^ expressions 
is a mark of the -F[s], we must have Ic ^ n. Hence every mark of 
the F[s =i>*] represents a class of residues moduli p^ a prime, and Wn{x), 
a ftmction with integral coefficients irreducible modulo p. Every 
existent field is therefore the abstract form of a Oalois Field. 

Suppose there could exist a second field i^[p*] of order equal 
to that of I^Cp**]. The field -F[jp"] possesses a primitive root w 
satisfying an equation Wn{x) =» 0, of degree n, belonging to and 
irreducible in the F[p\ The function Wn{x) divides a;^*— • x in 
the F[pY\ We may, indeed, apply in the F[p\ Euclid's process 
for finding the greatest common divisor of these functions. If there 
were no common factor, we would ultimately reach as a remainder 
a constant, whereas the process may be interpreted in the GF[j^^\ 
in which field the common factor x — w exists. Hence Wn and 
x^^ — X have a common factor in the F[p\ Moreover, Wn is irre- 
ducible in that field. 

Since -F[p] is contained in jP'Lp"], the division of x^— x by 
Wn is, a fortiori, possible in the i^'[l>"]. It follows from § 13 that 

1) Another proof is given in § 23. 
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the equation Wn(x) — completely decomposes in the JP'lj)**]. Any 
one of its roots w* is a primitive root in the jP'|j)*]. Indeed^ by its 
definition, Wn{x) does not divide af—xin the F[p] for e <p\ The 
powers of w' therefore give all the marks of the l^[j>"]. Hence 
JPfj)"] and i^lj)"] are abstract forms of the same Galois Field. These 
results, first proven by Moore (loc. cit.), may be stated as follows: 
Theorem. — Every existent fidd of finite order s may be rq^esented 
as a Galois Fidd of order s — 1>". Ihe GFlp'''] is defined uniqudy 
by its order; in particular, it is independent of ihe special irreducible 
congruence used in its construction. 
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/VfV 

PROOF OF THE EXISTENCE OF THE GF\Jf(] FOE EVERY 

PRIME p AND INTEGER m. 

19, The next step is to prove the existence, for every prime 
number p and positive integer w, of a congruence of degree m irre- 
ducible modulo p, from which will follow the existence of the GF[p^], 
We will, however, make a more general investigation, taking as our 
basis a fixed GF[p^'] (in its abstract form), whose existence is supposed 
known. We will prove that functions belonging to and irreducible 
in the GF^p"^^ exist for every integer m and will determine their 
number. Since the GF\_p], the field of integers taken modulo p, is 
known to exist, we shall have proven (taking n «= 1) the existence^ 
for every value o{ m, of functions belonging to and irreducible in 
the 6r-F[p], i. e., irreducible modulo p. 

At the same time, we shall have deduced some important pro- 
perties of the Gi^*«*] with respect to the included field, the GF[p*]. 

20, Theorem. — If two functions F(x) and P{x) bdonging to 
the GF[p'^'] have in ihe fidd no common divisor containing x, we can 
determine two fundions F*(x) a/nd P\x)j bdonging to the GF[jp^'\ 
such ihut pf^^^ . 2^(^) _ pf(^) . p(^) _ 1 

The proof is quite analogous to that of § 7. 

21, Theorem. — If, in tJie 6rJP[p"], P[x] has no fadtor invol- 
ving X in common unOi F(x) but divides the produd F(x) • F(x)f Gwn P(x) 
divides E(x) in the GFlp'^l 

Indeed, by multiplying the given equation 

F{x) . F{x) « P(x) . S(x) 
by F^(x), determined as in § 20, we find 

F(x) - P(x)[S(x) ' F\x) - E{x) . P\x)l 
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22, Theorem. — A function E{x) heUmging to the GF{p*] can 
be decomposed into factors belonging to and irreducible in the GF[p*} 
in a single way. 

^^^ ^ E(x)^ftf, . . ./i -" Fi-F,. . . F„ 

where fi{x) and Fi(x) are irreducible; F^ most by § 21 divide one 
of tiie £actor8 fi^ and, since the latter are irreducible; be identieal 
(apart from a factor independent of x) with one of them, say f^. 
Proceeding similarly with the equality 

fift ... A — -^2-^ . • • ^k, 
we may suppose f^^ F^, etc. In particular ; h'^Jc. 

23, Theorem. — Every function F(x) of degree m bdonging to 
and irreducible in the GF[jp'''] divides 

a:^*'"- X. 

Upon dividing any function E(x) belonging to the (tJP[i>*] by F{x), 
we obtain a residue of the form 

Oo + aix + OiO^ -{ ha«-iic"*~\ 

the a's being marks of the GF[j>*], We denote the p^^ distinct 
residues of the above form by 

5) X, (»-.0,l,...,p-'"-l), 

and; in particular; by X^ the residue zero. Consider the products by a 
fixed residue Xj4= ^} 

6) XjXi (f-O; 1,... ;!>""•- 1). 

By the theorem of § 21; the products 6) are all distinct and different 
from X^, Hence the residues obtained on dividing them by F(x) 
must coincide apart from their order with the residues 5). Forming 
the products of the residues not zero in each serieS; 

p —1 p — 1 

JJ(X,X.) = JJx, \moiF(x)]. 

Since 77Z.=|=0; we have by § 21, 

Xf'"'-^-l = [modF{x)l 

Taking for Xj the particular residue x, the proof of the theorem 
follows. 

24, Theorem. — If f(x) belongs to the GFlp"^], we havCt for 
every integer t, the fdUounng identity in the fidd: 

fixn - [fix)r'. 



16 CHAPTER n. 

ilhere the c's belong to the GF[p^']^ so that 

7) <f = c, (i — 0, 1, . . ., k). 

Raising f{x) to the power p and noting that the mnltinomial coeffi- 
cients of the product terms (viz.^ those not p^ powers) are multiples 
oi p, we hare the algebraic identity, 

[f{x)J^ (^ + cW+... + cU''' + P' Qi(x). 

m 

We obtain by induction the formula 

Applying 7), we obtain in the (ri^j?*] the identity: 

Our theorem now follows by a simple induction. 

26, Theorem. — A function F{x) of degree m belonging to and 
irreducible in the (t-F[jp"] dimdes (in the field) the function 

only when the integer t is a mtdtiple of m. 

Let t =^ sm + r, where ^ r < m. By the theorem of § 23, 

we have 

a^' - X =(icP"'«)p*'- -x=E a;"*'*- x [mod F{x)], 

Hence, if xf*—x be divisible by jP(a?) in the GF[ji^\ we have 

8) 03^' ~x [modJ'(a;)]. 
Denote by f{x) any one of the p""» expressions 

Co + CiiC + c%x^ H h Cm-iSf-^ 

in which the c's are marks of the (rl^j?*]. By § 24, we derive 

from 8) . «^ ^ -*v 

[/•(*)? -=/(a^O = A^) [mod Fix)]. 

Hence the congruence ^^r_^ [raod F{x)] 

is satisfied by thejp***" expressions f{x)y which are distinct modulo F(x)y 
the latter being an irreducible function of degree m. Since r < m, 
it follows from § 15 that the congruence must be an identity, 
whence r = 0. 

26. The number N^^pn of functions F{x) of degree m belonging 
to and irreducible in the GF[p'''] may now be readily determined. 
For brevity, such an irreducible quantic will be designated an 
IQ[m,p-l 
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It is to be understood throughout the investigation that all our 
operations upon quantics are performed in the GIJjp*^'], We may 
therefore state the results of §§ 23 and 25 as foUows: 

An IQ[nti,p'^'] is a divisor of x^*"*— x if, and only if, m^ be a 
divisor of w. 

It follows that an irreducible factor of re''""'— x wiU be of degree m 
Hy and only if, it is a factor of none of the functions 

9) x^"^^ X (Wj < w, Wj a divisor of m). 

After showing that the irreducible factors of any such function are 
aU distinct, it wiU foUow that, if we divide x^"^— x by the product 
of aU the distinct irreducible factors of the expressions 9), we obtain 
a quotient Vm,^ which equals the product of aU the IQ\rnyp^\ 

For example, if m be prime, the irreducible factors of x^**^— x 
are of degree m or 1. By § 13, the product of the distinct linear 
factors is x^^— x. Hence, if m be prime. 



We next prove that the irreducible factors of rc^*"— re are aU 
distinct. If such a factor be of degree m, it can be used to define 
the GIXp'^'^Y). In this field the equation 

has I?**"' distinct roots; viz., the marks of the field. Hence no factor 
can be a multiple factor in this field and therefore not in the in- 
cluded field the GF[_p^^. If an irreducible factor /* be of degree Wi< w, 
it cannot be a multiple factor. Indeed, mi must be a divisor of m, 
and f must divide x^^— x in the G^-F[p*]. By the former case, 
f is a simple factor of the expression just given. It remains to prove 
that f cannot divide the quotient 

Q = (a;i^"- ic)/(a?*""*- x). 

It suffices to show that Q and ojp'""'- x have no common factor in 
the ff-FI>«]. Setting ^^ 

^ 'v. ty»"H— 1^ 'Y 

it suffices to prove that j^ — 1 and 

have no common factor. The condition for a common divisor is 
that r be the mark zero in the field. But r = 1 (mod p). 

1) See § 28. 

Dickson, Linear Oroupt. 2 
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27. Continuing the inyestigation^ let 

Qif 9iy - ' -y Q* being the distinct prime factors of m. For brevity, 
we use the symbol rin «»< 

•^ [t] = XP —X. 

We proceed to prove the formula^ due to Dedekind for n = 1, 

In this expression; the term 

in which the product extends over the Cs,h combinations qi^y . . ., 9;^ 
of the integers gi, . . ,, g« taken k together ^ occurs in the numerator 
or in the denominator according as A; is even or odd. Each IQ\vnyp*\ 
occurs once as a factor in /Zo = [m] but divides no other iJi; it is 
therefore a simple factor of the fraction. If there be any factor of 
the fraction having the degree w, < m, we denote it by F{x). By 
§ 25; m^ must be a divisor of m. Denote by qi, q^, . . ., g«, the prime 
factors entering in m to a higher power than in m^. Then m^ divides 

but not — (j = 5, + 1, Si + 2, .... s). It follows that, 

qiq2...q»i qj \J 1 f l ^ f f J ^ ^ 

if i > Si, Ilk does not contain F(x) of degree m^] while, for k < Si, 
Ilk contains F(x) as often as k integers can be selected from gi, q%, ...,$«,; 
viz., (7^, A times. Hence F(x) occurs in the numerator and denomi- 
nator of our fraction to the respective degrees, 

1+ a„2+ a„4+ •••, C,.,i+ C,.,5+ a„6+ ••• 

These numbers are equal, since their difiFerence equals (1 — l)*i = 0. 
It follows that every irreducible factor of our expression is an IQ[nijp^\ 
The number of the latter multiplied by the degree m of must equal 
the degree of the fraction, so that 

[ nm nm nm "1 

This number cannot be zero; for, upon dividing by the -last 
term, which is the lowest power oi p entering into the expression, 
we would then obtain unity expressed as the algebraic sum of a 
series of powers of the prime number p with exponents > 1. It 
follows that the number of IQ\fi^yP^^ is > 1. [See Ex. 2 below]. 

28. Let F{pc) be an IQ\m,p^'\, As in § 6, the totality of rational 
functions of x belonging to the GFXp^l can be separated into p^^ 



CHAPTER m. CLASSIFICATION AND DETERMINATION, etc. 19 

distinct classes of residnes modulo F{x)y each b^ng represented by 
one of the p*^ residues 

oo '\- OiX + Otoi? ■{ h Om-i^""^ (tt's in the 6rl^»]). 

Proceeding as in § 6^ we find that these classes of residues form 
the GF[p^^']. We can therefore construct the GF[p'''\ in as many 
ways as we can express r as the product of two positive integers n, n»; 
viz^ by using an IQlfnyp'^']. From the theorem at the beginning of 
§ 26 it follows that the (xjFXp' "•»] is contained in the GF[p''^'\ if, 
and only if, m^ divides m. 

EXEECISES. 

Ex. 1. Granting the existence of the (rJPLp"], the existence of 
the G^JP[l)**], 2 being prime, follows by § 26. By induction, the GF[jp^^ 
exists for r arbitrary. 

Ex. 2. Obtain for the number of /C[*w,l>"] given in § 27 the 
following limits: 

Hint: Expand each power of ^ into a series in log |>" and apply 

Ex. 3. By decomposing modulo 2 the expression (re* — x)/(pr-— rr), 
obtain the throe /Q[4, 2] given in the left members below. Defining the 
6rJP[2*] by means of the irreducible congruence 

i^+i + 1 = (mod 2), 

obtain the six /Q[2, 2*] by means of the following decompositions: 

x^ + X + 1 = {x^ + X + i) (x^ + X + i^, 
a^+x^+l^(x^+ix + i) (x^+ i^x + i*), 
X^+x^+x^+x + 1 = (x^+ ix + 1) {x^+i^x + 1). 



CHAPTER m. 

CLASSIFICATION AND DETERMINATION OF IRREDUCIBLE 

QUANTICS. 

29. Definition. — An IQ\m,p^'\y as F{x)y is said to belong to an 
exponent « if e be the least positive integer for which F{x) divides 
x"— 1 in the 6riT>»]. [Compare § 32.] 

2* 
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The exponent e to which F(x) belongs must dinide p^^ — 1. 
For, if p^^^l^-ke + Ty 

where 0<;y<e, then F{pc), dividing af— 1, must divide ic**— 1 
and, by § 23, also a5** + '' — 1. It must therefore divide their difference, 

a^' {ixf — 1). 
Hence must r be zero. 

Furthermore, e must not divide j>"' — 1, for t < m\ for, if so, 
a;*— 1 and hence also F{pc) would divide a;''*'— re, so that the degree 
of F{pc) would be a divisor of t 

An integer which • divides a"*— 1 but not a'—l, / < m, is said 
to be a proper divisor of a"*— 1. We may state the result: 

The exponent to which an IQ\m^ p"'] belongs is a proper divisor 

of (p*)"*— 1. 

30. Theorem. — The number NJ^jpn of IQ [w, i?"] which belong 
to an exponent c, a proper divisor of d)*)*" — 1 , is O (e)/m. 

Let qi, Qi, - ^ ',q» be the distinct prime factors of e. Proceed- 
ing as in § 26, we rid x^— 1 of those of its factors which are irre- 
ducible in the 6r i^LP"] and belong to an exponent < c. We obtain 
the expression 



(^-1) 



n \x^iV-i) . . . 



n\x ^ -i) n\x ^iy^t - 1/ . . . 

which is therefore the product of the irreducible factors of ic* — 1 
belonging to the exponent e. Each of them is an irreducible factor of 



a:P""-a: 



and hence of degree m or a divisor of m. Since each belongs to an 
exponent which is a proper divisor of (i?")'"— 1, the degree must 
be m. 

The degree of the above function is clearly 

e-y^+ y-j--y-^ + ... + (-iy — t — 

-('-j)o-i)-e-j)-*«- 

31. Theorem. — //* F{x) and tp (x) belong to and are irreducible 
in ilie 6rjF[p*] and are of the respective degrees m and t, a divisor 
of m, the roots of Hie congruence 

10) (p{X)::.0 [modF(^)] 

if Xj be one root of 10) 'necessarily belonging to the 6rjF[p*"*]. 
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By § 24 we have in the GFlp"*] the identity 

Hence^ if X^ be a root of 10), so is every X{"^ Since q>{X) is an 
IQ[^y P% we have (§ 23) in the (?jP|>»], 

Xf '- X, = <p (XJ . ^ (XJ = [mod -F(a:)]. 
Hence, m being a multiple of t, 

Xf'^^Xi [modF(a;)]. 
We next prove that the above t powers of X^ are distinct modulo 
F(x). Indeed, if X{-= X;"» [mod F(^)] 
for a <b <,t, we would have, upon raising it to the power |}" (*" — *»>, 

Xf^^Xi^Xf ^'" + *"'"^ [modF(a;)], 

so that, by § 25, m + b — a would be divisible by m. Hence 6 = a. 

Corollary. — We have in the GF[p*^^ the decomposition 

q>ix) = {x-x,)ix-xf)...(x-jqr^'-'). 

In particular, F(x) = has in the (rJ^Lp*"*] the distinct roots 

32. Theorem. — If F(x) be an /^[m, |}*] belonging to the 
exponent e, every root of F{x) ^0 in the GF[p'"^'] bdongs to the 
exponent e, and inversely. 

We may define the GF[p'^^'\ by means of F{x). In it, all the 
roots of F{x) «■ satisfy the equation otf-^ 1 =» 0, but do not all 
satisfy xf— 1 = for f<e. But, p* being relatively prime to c, a 
divisor of p*"»— 1, it follows from the corollary of §31 that the 
roots of F{x) — in the G^JF[|)*"»] all belong te the same exponent. 
This common exponent is therefore e. 

In particular, for e =|>'»»»— 1, the roots o£ F(x) = are primitive 
roots in the GF[p'*^'], Such a quantic F(x) will be called a primitive 
irreducible quantic of degree m in the GF^p^"] and will be referred 
to as a PIQ[m, p"]. 

33. Theorem. — If e be a prime number, the function 

05—1 * 

is irreducible with respect to every prime modulus p which is a primi- 
tive root of e. 

By hypothesis, p belongs to the exponent e — 1 modulo 6, so 
that e is a proper divisor of |}*"~^— 1. Hence, by § 30 for n = 1, 

m = e — 1 , the number of irreducible factors of V is —^ =» I. 
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Note. — If a be a primitive root of e^ then a + JceQc — 0, ± 1, ± 2, . . .) 
are also primitive roots of e. By the theorem of Dirichlet, this 
arithmetical progression contains an infinity of prime numbers. With 
respect to any such prime p, V is irreducible modulo p. A. fortiori, 
V is algebraically irreducible. 

Determination of J^[w,|}*] whose degree m contains no prime 
factors other than those of p""- 1, §§ S4— 38. 

34. Theorem. — Lei; Fi{x)yFi{x), . . ., F]f{x) denote the /^[w,/)"] 
which bdong to an exponent 

e = (j^nm^ l)/d, 

and let X he an integer rdaUvdy prime to d and containing no prime 
factors other than those occurring in p^^ — 1. With the exception of 
the case in which X is a multiple of 4 while p*"* is of the form 4Z — 1, 
all of the IQlXmyp"^] which belong to the exponent eX are given by 
the N guantics Fi(x^), . . ., Fif{a^y 

By definition, X contains no prime factor other than those 
occurring in e. Hence eX and e contain exactly the same prime 
factors, so that ^, .. . , ^ 

By § 30, we have *^ * , , 

If we suppose satisfied the conditions (obtained below) under which eX 
shall be a proper divisor of d)")"*^— 1, we will have 

'^ ml m 

Since e divides i)*"*.— 1, the irreducible factors of x^— 1 are of degpree 

< fie (§ 25). Hence, in the notation of the theorem, 

of- 1 « Ft(x)Fi{x) . . . F^(x) . Q{x) 

where the irreducible £EkctorB of Q{x) either belong to an exponent 

< 6 or else are of degree < m. Therefore 

af i- 1 - F^{x^)F,(x^) . . . Fy{x^) . Q(x^), 

where every irreducible tsuaior of Q(a^) is of degree < Xm or else 
belongs to an exponent < eX. Since there are exactly N irreducible 
factors of degree mX which belong to the exponent eX, they must 
be identical with Fi(x^), . . ., JF^(a;^). 

Galling v the least integer such that p"^^— 1 is divisible by eX, 
we seek the conditions under which v '^ mX. Since m is by hypo- 
thesis the least integer for which p*"*— 1 is divisible hj e, v must 
be a multiple of m. For, if v « qm + r, < r < m, then e divides 
pn{qtn-^r)^ 1 and p»"»«— 1 and hence also their difference p«»9(p«''— 1), 
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which requires r — 0. Haying v =« qm, we inquire under what con- 
ditions does g ~ A? Since 

^ el T ' pnm—l ' 

it follows that X divides (p»"»«— l)/(p"'"— 1). Raising to the power q 
the identity p''^= 1 + (p*"*— 1)^ we find 

Let be a prime factor of A and 6° the highest power of con- 
tained in X, Since divides p**"*— 1 and the left member of 12), it 
must divide q. Further, if > 2, 0* divides q. Indeed, the ratio of 
the k^ term of 12) to the first term q can be written 

(g-l)(g-2)...(g-A;+l) / jp^'^-i y-i e*-i 
12 ... (*-!) A ® / k ^ 

of which the first two factors are integers, while the third factor 

{l +(e-l)} *--^= l+(fc~l)(e-l) ^ ^ _j_ (A;~l)(e-2) 

^ A> iv 

is > 1 if t ^ 2. Hence the irreducible fraction equal to 0*"~*/J has 
the factor in its numerator. Hence the terms of 12) beginning 
with the second contain to a higher power than the first term q. 
Since 0* divides A, which divides the lefb member of 12), it follows 
that 0^ divides the first term q on the right. - Hence, if X be odd 
or the double of an odd number, q is divisible by L Inversely, if q 
be divisible by A, it being odd or the double of an odd number, the 
above argument shows that the right member of 12) will contain 
the factor X and therefore that the left member of 11) will be an 
integer. In order that v be the least integer for which this can 
happen, we must have g = A. 

K A be a multiple of 4, p^^— 1 is even by hypothesis. Then 
o» 2 will be a factor of q as before. The ratio of the second term 
of 12) to the first term will be divisible by 2 if, and only if, p^^— 1 
be a multiple of 4; the ratio of the Jc^^ term to the first will, for Jc^S, 
contain the factor 2. Hence, if p"*" be of the form 4Z -f 1, we can 
conclude that g — A. [The case p""»-= 4J — 1 leads to the entirely 
different theorem of § 36.] 

35. Let p be a primitive root in the GF[p^]. The function x — q* 
belongs to the exponent (p*— l)/d where d is the greatest common 
divisor of t and j)*— 1. Applying the theorem § 34 for w = 1, we 
have the result: 

If X be (my integer containing no prime factor not occurring 
in p^— 1 ami if t he an integer prime to X, the IQ[X, j?*] belonging 
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U) the exponent l{p*— l)/d, d being the greatest common divisor of t 
and p^^—l, are the binomials a^— p', the case |)"=4Z — 1, A = 4ili 
being excluded. 

Inversely, we obtain by this theorem every binomial irreducible in 
Hie GF[p^'\, In the first place^ X and t must have no factor in 
common, since otherwise a^— q* would be algebraically reducible. 
On the other hand^ if X contains a prime factor 0^ not a factor of p**— 1^ 
we can determine (§ 7, Note) an integer O^, such that 

66^ = 1 [modj>»~l]. 
Since (>®^»«=(>, it follows that p^»'=a is a root of 

ofi— p'« 0. 
Hence a: — a is a factor of ofi— g*, so that a^^— a divides (X^— qK 

Example. — For p"^ 7, we may take q — 5. Then for X^2 
and ^ = 1, 3, 5, we obtain the irreducible binomials x^— 5, x^+ 1, 
x^— 3 belonging to the exponents 12, 4, 12 respectively. For il — 3 
and ^ « 1, 2, 4, 5 respectively, we obtain the binomials 

x^-b, rr»-4, x?-2, a?-^ 

irreducible modulo 7 and belonging to the respective exponents 18, 
9, 9, 18. 

86. Theorem. — Let p""-^ 2H - 1, i^2, t odd-, A = 2^s, j ^ 2, 
s odd] let k be the smaller of the integers i and j\ finally, let m be 
odd. Then if, in the N guantics IQ[m, p**] belonging to the exponent 

e == (p^'"— l)/rf, 

we replace x by x\ where X = 2^s is prime to d and contains no prime 
factors other than those occurring in p^^—1, we obtain N guantics 
of degree m X each decomposing into 2* "~ ^ guantics irreducible in the 
GF[p'^'], so that we obtain all of the 2''"~^N quuntics 

belonging to the exponent eX. 

If V denote the least integer such that p^^—liB divisible by eX, 
we find as in § 34 that v «« qm. In the present case, q is even; for, 
if q be odd, v would be odd and p*^— 1 the double of an odd 
number, whereas X is divisible by 4. By the restrictions on p^ 
and m, 

13) p'»'»==2'r-l (rodd). 

Raising this identity to the power g, we find 
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The ratio of the P^ term within the parenthesis to the first term is 

(g-l)(g-2)...(g-Z + l) 2iii-i) 

"^ 1.2...(?-1) ^ ' I ' 

where the first and second factors are integers ^ while the third 
factor y being > 1 for 1^2, equals an irreducible fraction with an 
even numerator. Hence the first term contains 2 to a lower power 
than the remaining terms in the above parenthesis. In order that 
p"*— 1 shall be divisible by eX, formula 11) requires that X shall 
divide the left; member of 14). Hence 2^ must divide the first term 
of the right member and consequently also 2' — ^q, Hence the even 
integer q must contain 2 to the power 1 or j — i + 1 according 
as j < i or j > i. Furthermore, by § S4, q must contain every odd 
fsLcioT of X, Hence, if v be the least possible integer, 

according as ^' < i or j > i, i. e., according as i — j or fc «= i. Hence 

__ X ml 

As at the beginning of § 34, we have 

SO that the number of J^[v, i?"] belonging to the exponent eX 
is 2^-^K 

By hypothesis, 

af'-l^F^{x)F^{x) . . . Fy(xyQ(xl 

where the irreducible factors of Q(x) in the GFlp"*] belong to 
exponents < c or are of degree < w. The irreducible factors of Q(x^) 
are therefore of degree <ilm or else belong to exponents <Ac. 
Qence the irreducible factors of degree ilm of the expression af^—l 
must, if they belong to the exponent eXy be factors of Fi(pi^), . . ., JPjv(a^). 
Since the combined degree of the latter is NmX^2'' — ^vNj and 
since there are exactly 2*""^^ irreducible quantics of degree v 
belonging to the exponent eX, it follows that each Fi(a^) is the product 
of 2* "~ ^ irreducible quantics of degree v. 

Corollary. — Since the distinct functions of degree m « 1 which 
belong to the exponent e «= (p"— l)/d are given by the formula 



X — (J*** 



; 



Q being a fixed primitive root in the GF\j^'^'] and a being any integer 
prime to c, it follows that a:^— q**^ decomposes in the ff-F(j?"] into 
2*— 1 irreducible factors of degree A/2*"~^ belonging to the exponent 
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eky provided p^ and I are subject to the conditions given in the 
main theorem. 

37* Since irreducible binomials are lacking in the case treated 

in the last section^ we proceed to set up trinomial IQ[X,p^], It iS; 

however^ not necessary to suppose that A is a multiple of 4. We 

suppose merely that 

p^2't-l (<odd, i^2) 

and that A is an ef>en integer containing no prime hcbor not occurring 
inp^-^l. Set ^^2*-^, 

so that V is divisible by 2*. If p be a primitive root in the 6r-F[p*] 
and if 5 be any integer prime to X and hence also to v, then x — q* 
belongs to the exponent (p*— l)/d, where d is the greatest common 
divisor of s and |)*— 1, and v is prime to d. Hence (§ 36), the 
binomial a^— g* decomposes into 2'~^ irreducible quantics of degree L 
We proceed to determine them. 

Since 2*'""^ and (jp*— l)/2 are relatively prime, we can determine 
(§ 7, Note) two integers l^ and h^ such that 

j^2'--i-Ai(p«-l)/2«l. 

Multiplying this equation by the even integer s + (p**— 1)/2, we 
obtain two integers I and h for which 

Z2'- h(p^- 1) « 5 + (p"- 1)/2. 
Since the (p^— 1)/2 power of the primitive root q is — 1, we 

In the GFIp"*] we have the decomposition 

15) a^«'-'+ Qi^^Yl^^- %q'(^- P«0; 

where the % are marks of the (tJFTj)*] determined as the roots of the 
equation •— 2_ 

In fact, by Waring's formula^), the sum of the (2*~"^)"* powers 
of the roots u and ^^ of the quadratic 

is found to be JS(5). Expressed otherwise, if g = w f then 



«*«*"-> u->'~'-Js;(6). 



1) Serret, CSoun d'Alg^bre Sup^rieure, I, p. 449. 
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Henoe^ if ^ = Uj is a root of jB(S) — 0, we have 

«;'+ 1 - 0. 

Then; since p»+ 1 — 2*^, t odd, we have 
Applying § 24, we have modulo p, 

so that every root*) of JB(6) = belongs to the G^-F[p»]. Hence 



s 



i — 1 



„«*->+«-»'-' = JJ(|_^). 



Snbstitnting in this identity 



j = i 



and clearing the equation of fractions, we obtain formula 15). 

38. As a simple example, let |)*« 7 — 2*— 1, il — 4. The 

binomials 

ici«-5' (s-1,3,5) 

can be readily decomposed into irreducible quartics. The congruence 

Ed) = |*+ 46H 2 = (mod 7) 

has the roots ± 1 and ± 3. Further 

a;"- 5* = x^^+ S-H-^^ x^^+ 5»' (« + 3 - 2Z = 4, 6, 8). 

Since 5'**= 5*' (mod 7), equation 15) becomes 

xi«+6«' = JJ(ir*-|;5'a:«-5«' (mod 7), 

holding for Z » 4, 2, 3. Taking each in turn, we have modulo 7: 

x^«+4 = (a:*- a:«-4) (a:*+ a^-4) {x'-2a^-4) (a:*+ 2a:«- 4), 
x*«+ 2 = (a:*- 2a^- 2) (a:*+ 2a^~ 2) (a:*- 4a:»- 2) (a^+ 4x^- 2), 
a;i«+ 1 ^ (a"- x^ - 1) (a:*+ a^ - 1) (a:*-4a^- 1) (a:*+4a;*- 1). 



1) For another proof see Serret, Cours d'Alg^bre sup^iieore, 11, pp. 160 — 8. 
Compare § 82 below. 
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Determination cmd dassifkation^) of the JC[p*,l>*], §§ 39 — 46. 
39. Consider for positiye integers ft the auxiliary quantics 

where C^i^k denotes the number of combinations of ft things A; at a 
time. Since Cj^, * is a multiple oi- p, if < ft < p", we have 

17) t Xpr= ajp"^''- a; (mod jj). 

Hence, by § 26, the product of all the J^[j)*,p''] is given by 

18) Vp»^pn= Xp^/Xf^ — l, 

We derive a simple expression for the quotient 18) as follows. 

From r ir r 

we deduce at once the congruence 

19) X^ + i = Xp;-X, (moip). 
Multiplying together the congruences (for i -» 1, 2, . . ., v) 

Xu + i=XP*_^.__-Xu + i^i (modi?), 
and dividing the resulting formula by the product 

^tt-f 1^ + 2 • • • Xu^v — l} 

we find 

u-j^u — l 

20) X.. + „ = X„/J(Xf-»-l) (modi>). 



t ssa u 



Taking u^p*-'\ u + v '^p', we find from 18) and 20) the result 
21) Fj/,p» = JY\xf-i-l). 

Further, if Vj, Vg, . . ., Vp«_i denote the marks 4= of the GF[p*]y 
we have 

i = l 

Since Xi— vj is of degree p"' in re, it must decompose in the 6r-F[p'*] 
into i)** — * factors each an /^[p*, p*]. 

1) For the case n = l, Serret, Journal de McUh^matiques , 187S, p. 301; 
Alg^bre, n, ch. lY. For general n, Dickson, Bull Amer, McUh, 8oc,^ 1897, 
pp. 384 — 889. 
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40. For s « 1, there are p — I factors in the product 21), given 
by i — 1, 2, .. ,p — 1. The irreducible factors of Xj**"~^— 1 are 
then said to form together the f*** da^ss of IQ[p, p""]- Consider first 

which is the product of p"-^ IQlPfP"^} of the first dass. To 
decompose it, consider the equation 

22) riP'"'^+riP'"'^+'-' + riP+rj^c. 
It follows at once that 

c^— c ^ ij**"— ij (mod p). 

Hence every root ri of 22) belongs to the 6r jF[p'*] if, and only if, 
c be an integer. Setting in 22) 

c «= Iv, ri == {XxY— kx, 

where X belongs to the (tjF[j)*], we find 

X (x^'^— x — v) = Q (mod p). 
We have therefore in the GF[p'^'\ the decomposition^) 

23) X (a;P"- x-'v) = TJ {XPxP- Xx ~ fij), 

where the /3/ are the roots of 

24) ^i'»-^+^/>'— *+... + ^P+^«Av, 

A or 1/ being determined so that A i/ is an integer. We have therefore 
the theorem: The qwmtic X^x^— Xx — fi is cm IQ[p, p"] if, and 

Corollary. — If b is an integer not divisMe by the prime p, 
xP— X — b is irreducible in the fi^i^[p'»] if, and only if, n is not 
divisible by p*^ in particular, it is always irreducible modulo p. 

In fact, the condition becomes in this case 

JB — n6 e|e (mod p). 

41. The decomposition 23) may be given a more explicit form 
useful below. If /3 be one root of 24), then is also 

25) /5^^a^-a + /3, 

for every mark a in the GF[p*'\ Indeed, we have 

1) For the case «> « 0, this decomposition was given without proof by 
Mathieu, JowmaH de Mathimatiquea^ (2) vol.6, 1861, p. 2d0. 
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Farther, the formula 25) famishes all the roots of 24). For, if 

aP^a + fi^aP-a^+P, 

(a - a^jP = (a - Oj) [mod jp], 

so that a — ai+ an integer. Hence there are jpV|) = p*""^ distinct 
expressions aP— a and hence as many roots fij. Hence 

23i) (^Xx)p''-XX'-(fiP^'^^+'"+pp+p)=n[{Xx-a,)P'' (Xx-ai)-pi 

the product extending over ^*""^ marks a,- of the GF^p"*] no two 
of which differ hy an integer. 

42. Consider an irreducible factor xp— x — fi of a?^**— x — 1, 

where 'therefore 

/S'^" "■ + /S**""" + • • • + P^+ /3 = 1. 

Denote by / one root of the equation 

xP— a? - /3 — 0. 

Its remaining roots are /+ 1, /+ 2, . . ., 1 + p — 1, 

Then by 23^) every root of every IQ\_p, p'] of the first class 
is a linear fanction of J, viz., Xa; — a,«= / + i, i = integer: 

26) X « (/+ i + a,)/X, 

the coefficients l/l and {i + ai)/l being marks of the GFlp"*]. 

Inversely, every such linear fanction containing I is the root of 

43. Consider an IQ[Pf l)"*] of class ^. Its roots belong to the 
GFIp^p"] and are therefore functions of / of the form 

f{I) =^ajIJ, 

where the aj belong to the ^F[p»]. By § 39, /*(/) will be a root of 

27) X^ - a, 

if tf be suitable chosen in the 6rjF[p»]. But, by § 42, 

IP^'^I+I, 
Hence, by § 24, we have for any integer m, 

[nT)y"'=f(J'^'^ = f(I+m). 
Substituting f{I) in equation 27), X^ being given by 16), we find 

/•(/+ft)-i«/-(I+;t-l)+-+(-l)*C^,/(I+ ;*-«:) + •••+(- IMi)"*. 

The degree of this equation in / being less than p, it must be an 
identity. But its first member is the fc^^ difference of the polynomial 
f{I) with respect . to the constant difference unity attributed to i. 
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Since it reduces to the constant 4= 0, the degree of /*(/) is 
exactly fi*). Hence 

We have therefore proved that the roots of every /C[p,jp"] of class (i 
are integral functions of I of degree jlc. 

44. We can readily obtain a formula including all /Q[P; j)"]. 
In the above expression f(T), let the aj be arbitrary such; however, 
that f{T) does not reduce to a^. To set up the equation of which 
/*(/) is a root, consider the p equations 

JP{fii)-i]-o a-o,i,..,|,-i). 

Redncmg the exponents of I below p by aging the identity 

we obtain the series of equations 

(ao- S)+ «!/+«»/«+•• + ap«i/P-i- 0, 
/3ap-.i+ (ao- S + ap-i)/+ «i/*+ • • • + cfp-sl'^-' - 0, 

/5ai+(/Ja,+ ai)/+((5a8+ ^O-^^'H- ••' +(«o- l + ap-O/'-^-O. 

Eliminating JP, P, . . ., p-~^ from these |} equations, we reach the 
required irreducible quantic F(^), 

CCq — i ai CC% ... CLp^% Op— 1 

ficCp^i ao+ «p— 1— I «! • • • «p— 5 «p— « 

/Sop.s /Ja|,«-i+ fl^_2 ffo+ap— i—S • • • c^— 4 %— 5 

/Jttj jSas+aj /3a4+a8 ...ao+ap_i— 6 ai 

/Jffi fiat+ai Pas + a% . . . /Jap»_i+irp_j ao+«p— 1— I 

Setting a^4.i=a^4.2— •••«ap_i«=0 and giving to ao,ai, ...,a^-.i 
all possible values in the 6r-FIj)"] and to a^ every value 4= 0, we 
obtain p"^(p"— 1) irreducible quantics of class fi. Since f{I + m) 
leads to the same determinant as /*(i), if m be an integer, the number 
of distinct IQlpyP""] of class (i isi)''^""^^?*— 1), a result also follow- 
ing from § 39. 

For ft = 1, we find that 

a^P Voj a^J \ai a,/ '^^ 

80 that we may derive a new proof of formula 23i). 

1) Boole, CalctduB of Finite Differences, p. 6 and p. 19, fonnnla 8). 
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An interesting type of IQ[PyP*] of class p — 1 is given by 
setting every o;— except uq and ap— i; viz., 

Multiplying this by J — «fo— «p— i and setting -F(g) — 0, we find 
that 1^^ is a linear fractional function of g. But, by § 31, the roots 
of -F(g) = may be expressed in the form 

t tp» fcp2« fcp«(p— 1) 

Hence its roots are all linear fractional functions of one of them. 
This result also follows from the fact that 

/•(7) = ao+«p_,(7 + ^)//, IP-I+P, 

80 that each root is a linear fractional function of I. 

45. Formula 19) expresses the fact that X^u becomes ^4.1 when x 
is changed into a^"- x. Further, if we set Xo=x, 19) holds true 
for ^ = 0; viz., v - y*" y 

Hence in order to change x into af^— x in any formula involving 
the X^, we have merely to advance the subscripts of each X^ by 
unity. Applying this operation to formula 21), we have the theorem: 

If F{x), an /^[>*,p»], divides Xf"'- 1 for i <p'- 1, then 
Fiaf"— x) decomposes into p'' IQ\jp\ p"], eaeh one being a factor of 

Xf+I^— 1; hat if F(x) divides Xp,"J — 1, then F(x^''—x) decomposes 
into p*— ^ factors each an /©[p'+S p**] which divides X^^ —1. 

46. As an example under the second part of the last theorem, 
consider the IQ\_Pf p"] of class p — 1 given at the end of § 44. 
From it we obtain the /^[p*, p"], 

F{af-x)=(af-x-ao-ap^iy+ap^i{x^-x-ao-ap^iy-'--pP-'a^^^^^ 
where cro, ^p—iy P are arbitrary marks of the GJ^Xp"] such that 

ap^i+0, ^«-^+|8P— V... + |8''+^ + 0. 
For an IQ{jfyP^ see Serret, Cours d'Algebre superiewre, H, p. 209. 

MisceUa/neous theorems on irreducible quomtics, §§ 47 — 49. 

47. Theorem. — An IQ\m,p^ is irreducible in the GFlp^^ if n. 
be prime to m. 
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The given qaantic being F{x), the roots of F{x) = are 

all belonging to the GF[p^'^\ If F{x) be reducible in the GF[jp^^\ 
the root x will satisfy an IQ\t,p^'^'\y t <my of the form 

(X - x){X - x^''){X - a:''"-) ... (X - x^^""^'-'^) = 0. 
Its constant term must be a mark of the GFlp^'^']^ so that 

in virtue of the single relation F{x) — 0. But this requires that tn 
shall be a multiple of.m, and therefore that ^ be a multiple of m^ 
in contradiction with ^ < m. In fact, by § 23, F{x) divides in the 
GF\p^ the function x^^— x if, and only if, A; be a multiple of m. 

48. Theorem.^) — An i©[/i,i)*] decomposes in the 6ri5Tj>'**'] into 
d factors each an IQ -j? i?"* , * beinff (he greatest common divisor 

of fi and V. 

The given quantic being F{x)y the roots of F{po) — in the 
GF[p''f'\ are 

rr, xP\ xP^\ . . ., xP""^"'^ [xP''^=xl 

They may be separated into d sets each of fi/d roots, 

x'^', xr^^' + '\ a;''"<»"'+'"', . . , a;"" K"?" "') ' + '] 

for i = 0, 1, . . , d — 1. A symmetric function of the roots in one 
set is unaltered upon being raised to the power p*^ and therefore 
belongs to the GrjP[p«**]. The roots of the general set therefore 
satisfy an equation 

i^.(X) = (X-a;P"0 (X~a;P"^'^ + *'^)...-0, 

with coefficients belonging to the GF\^p^^^ and a fortiori to the 
G-F|>«^. If 

then 

jF;(X) = XA'/^+^f' X"/^-i+^f*x/'/^-2+.... 

We next prove that the ^(X) are irreducible in the G^JF^jp***]- 
Suppose, on the contrary, that in the latter field. 

Then 

Fi(X)^ /; (X) . .)p, (X), 

1) For the case n = 1, this theorem and the corollary of § 49 were stated 
without proof by Pellet, Comptes Bendus, vol. 70 (1870), pp. 328 — 880. 

DiOKSOK, Line»r Groupi. 3 
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the coefiftcients of fi^i{X) being the power p^ of the corresponding 
ones of fi{X)f those of /o being the power p** of those of /i_i. The 
coefficients of the product /o/*i. . ./it— i are consequently unchanged 
when we replace the coefficients of /^ by their (p")*^ powers and are 
therefore unaltered upon being raised to the power p\ Hence that 
product belongs to the 6f.F[p*], so that F{x) would be reducible in 
that field, contrary to hypothesis. 

Since the degree fi/8 of Fi{X), an /^[fA/*,i>*'^, is relatively 
prime to v/8, Fi{X) is irreducible in the G^-FTJP""] by § 47. 

49k Theorem. — If F{i) be an IQ[m,p'*] in which the coeffidewt 
a of |'»-i is such IhcU in the GF[p''] 

then Fij^p- g) is an IQ[mp,p''l 

If X be one root of jP(|) — 0, its roots are 

By the hypothesis concerning the coefficient 

a-^-x^xP"" rr''"^"-'^, 

we have 

X + xP+ xP^+ + ajP*'" ~^4= 0. 

Hence, by § 40, ?*— g — a; is irreducible in the GJPXp**"*]. The 
same holds for each of the quantics 

Xi .-■ iP- i - xP""' (i = 0, 1, . . ., w - 1). 

Consider the function belonging to the 6rJP[p'»], 



fii— 1 



t = 

By § 22, it has in the ffi^[p'*"»] no irreducible factors other than 
the X,. Hence if JP(|p— g) have a hcior /*(|) belonging to and 
irreducible in the Cr^p*], /*(!) must be in the GF[p'^'^'\ a product 
of the Xi, 

/ (s) = XrXfXf , . ., 

an identity in virtue of F{x) = 0. Replacing x by a;**", another root 
of F(x) = 0, and therefore X, by X/+i (i < fw) and X„, by Xo, we 
obtain from the above identity, ' 

Hence /"(g) contains every factor Xi and therefore coincides with 
F(J^P— I). The latter function is therefore irreducible in the GF[_p^']. 
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Corollary. — //* JP(6) be an IQ[fn,p] in which the coefficient 
of l^-^ is ncft zero, F^l^— g) is an IQ\mpyp\. 

Examples. — The following congruences are irreducible: 

(a;*- xy^ {a?- x)-\-\ = a^-{' x + 1 = (mod 2), 

(ar»- xy+ {s^- x) -'l = x^+ x^+ a?+ x^- X -1 = (mod 3). 

Primitive roots and primitive irreducible quantics, §§ 50 — 58. 

50, Theorem. — If R be a primitive root of the 6rjF[p*'"] and 
Wi a divisor of m, any IQlm^yp""] belonging to an exponerd e may be 
exhibited as a product 

28) q>iX)=JJ{X-Bf^'l 

where t is a multiple of d=: (p"*"— l)/e such ffuU -r is prime to e. 

Inversdy, if e be a proper divisor of (p*)"*'— 1 and t be a muUiple of d 

and -g- be prime to e, the above product gives an IQlm^, p»] belonging 

to the exponent e. 

Suppose first that q>{X) is an IQlm^yp*] belonging to the 
exponent e, where ntj is a divisor of m. By § 23, <p(X) divides 
X^"^- X in the GJFlp^], so that any root X^ of ^(X) - belongs 
to the GJFXp'""]. We may therefore set Xj— jR'. Then, by § 31, we 
have the decomposition 28). Since q>{X) belongs to the exponent e, 
X, = i2' must belong to the exponent e (§ 32). Hence t must be a 

multiple of d EE (p^^— l)/e and -j be prime to e. 

To establish the inverse, we first prove that R* belongs to the 
exponent e. Since et is assumed to be a multiple of p**"*— 1, we 
have iJ*'= 1. If B'^- 1, tj is divisible by p""*- 1. Set t - dd\ so 
that d* is prime to e. Then must 

jrf'.(p«»— l)/e = (mod p**"— 1). 
Hence must jd', and therefore, ;; be divisible by e. Hence 

all belong to the exponent e. Upon raising these marks to the 
power p", they are merely permuted. Hence any symmetric function 
of them, and consequently q>(X) defined by 28), belongs to the GJE^p^'], 
Furthermore, q>{X) is irreducible in the GrlT^p*]; for, if (p^{X) be 
an irreducible factor of degree m^>l, it belongs to the exponent e. 
Then by § 29, e would be a proper divisor of (p")*"*— 1, so that 
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Corollary. — Every PIQ[m, |)»] is given by the formula 

where t is an integer rdativdy prime to p*^— 1. 
Evidently Ft = Ft^^ = Ftpin^ . . . 

51, The determination of a primitive root in the GF[p*^^ is 
one of the most important as well as most difficult problems in the 
theory. Special methods of procedure are illustrated in §§ 54 — 57. 
We may determine simultaneously all the PIQ\my |)"] and therefore 
all the primitive roots of the 6rJF[p''*"] by the following method of 
undetermined coefficients. 

The roots of Ft{po) «= are the t^ powers of the roots of F^ (x) = 0. 
Hence the equations 

Ft(x)=^0, fAx^^O 

are equivalent in the Gr JPjj)**"]. Since t is prime to jj**"*— 1, we may 
determine t* by the congruence 

«' = 1 (mod ^'•"»— 1). 

Hence F\x v =» and -F^ (x*') =» are equivalent equations in virtue 
of a:P""'= X. By § 30, the product of all the PIQ[m, p*] is given 
thus: '•*»__i 

"' U^'^'^ ^ n(,^-.H-.).. • 

where q^, fe; • . • denote the distinct prime factors of p*''*— 1. 

are equivalent if t and ^' each run through the integers less than and 
relatively prime to i)**"— 1, which give distinct functions F(x), 
Giving F^(x) the undetermined form 

Fi(x) = x"'+ax'^''^ + 6ir"»-*H , 

and forming the product of the — Od)**"*— 1) distinct quantics l^i(a:''), 

the result may be identified with the above fractional expression in x, 
giving a series of conditions for the coefficients a, b, , , . The 
examples which follow will serve to make clear the method. 

52. For !>'• = 3, w — 2, we have p*'"— 1 =- 2\ The integers less 
than and prime to 2' are 1, 3, 5, 7. But 

F,{x) - F,(x), F,(x) = F, . ,(x) - F,(x). 
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f 
Hence a;*— i 

Since 5-5 = 1 (mod 2*), F^(x) -= and Fi(x^ = are equivalent in 
ii..GFm Let F,i.)^, ,+ ,, + ,, 

If o; be a primitive root in the GF[S% x^^ 1, a?*-= — 1. Hence 

Fi{x^ = x^^+ ax^+ & - a:*- ax + 6. 
Hence ^^^^ ^^ ^ ^^ ^^^_ ax + b)= x'+ 1, 

• « 

givmg a«=2&, 6« = 1 (mod 3). 

Hence 6 = -l, a = ±l (mod 3), so that the two PIQ12, 3] 
are a;* ± a? — 1. 

53. For !>*— 5, m — 2, we have 

Fax) = -7-75 — ^TT-g — rr "• 4 ,\ =» a?^— a;*+ 1. 

The eight integers r less than and prime to 24 are 

1, 5; 7, 11 = 57; 13, 17 = 513; 19, 23 = 519 (mod 24). 

Each pair of integers famishes a single Ft{x). For each of the 
eight values of t, we have t*= 1 (mod 24). Hence Ft(x) — is 
identical with jFj(a^) = in the GF[b^, For a primitive root a?, we 
have a;^*= — 1. We have therefore in the field, 

F^(x) = a^+ax + 6, Fi(x^^) = x^- ax + 6, 

x^F^{x^^) = bx^- ax + 1, x^Fi(x^^) = bx^+ ax + 1. 

The product of these four quadratics is therefore identical modulo 5 

"^^ b\afi- a?*+ 1). 

It follows that b^= — 1 (mod 5) and, by subsequent expansion, 

2a«=6 (mod 5). 

Hence the four PIQ[2, 5] are x'+ ax -t- 2a^, viz., 

30) x^± x + 2, x^± 2x - 2. 

Another method of solving this example is to require that 
x^+ ax + b shall divide x^— a?*+ 1 modulo 5. We reduce the latter 
function by means of the relation 

ic«=r — ax — b [a* = 6* = 1 (mod 5)], 
and find, modulo 5, that 

-j;8_ a^+l^(^^ a^j, _ ab^x - a*6»- a*6»+ 2. 
Hence 6«=-.i, 2a^=b (mod 5). 
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54. The eight P/^[4> S] are the factors of 

It suffices^ however, in view of § 50, to determine a primitive root q 
of the GF[3*]. To get an /G[4,3], we employ the theorem of § 37 
for it — 4, i « 2, Q = 2, Z = 1, giving the decomposition 

rr»+ 1 -- 77 (a;*± a:«- 1) (mod 3). 

Hence a root i of the irreducible congmence 

a^—x^—l = (mod 3) 

belongs to the exponent 16. If then we find a mark 6 belonging to 
the exponent b, q = ia will, by § 14, be a primitive root of a:^— 1. 
We readily verify that the fifth power of i*± i is congment to unity 
modulo 3. To find the irreducible congruence satisfied by the primi- 
tive root Q ^i (p± i), we form its powers, 

^«-q:f8+e_l, ^8«q:i«-t±l, (>*- + i»- i«q: i + 1. 

Eliminating the powers of «, we have 

9*± Q^+ (>*q= p - 1 = (mod 3). 

The product of the two Pi^[4,3] thus reached is p*+ ^*4- p*+ 1. 
Since the expression 31) contains only exponents which are multiples 
of 4, we would expect the new factor ^®— q*+ ^*+ 1. In fact, the 
product of these two quantics of degree 8 gives q^^+ q^^— q*+ 1, 
which divides 31) giving the quotient 

We therefore have two new PJ^[4,3] given by the decomposition 

Since (>*+ (>*± (>*+ 1 is derived from (>*± p*+ c>*+ 1 upon replacing 
Q hj — in the latter and multiplying by q^, we find 

Q^+ q'+ 9'+ 1 « niQ^± p»- p«T Q - 1), 

q'+ 9'- 9'+ 1 = n (p*T 9-1). 

Hence the eight PIQ[4,S] are 

55. To obtain a primitive root p of the 6ri^[5*], we define the 
latter by means of a root i of the irreducible congruence 

rr* = 2 (mod 5). 

Indeed, by § 35, a:*— 3* is an J^[4,5] belonging to the exponent 16. 
Since 5^— 1 ==16 - 3 * 13, we seek marks belonging to the exponents 3 



CLASSIFICATION AND DETERMINATION etc. 89 

and 13. We verify at once that 2i^+ 2 belongs to the exponent 3. 
To find the most general mark i; which belongs to the exponent 13^ 
we simplify the calculations by first determining the marks 

1^1 — ai^+ bi^+ ci -{- d 

of the GF[b^\ for which iyj»« 1. Then either (+ tj^y^ or (- ri^)^ 
equals unity. Now 

= a2^H^+ 62"i«4- c2S + d 
= — ai*+ 6i*— ci + d. 

The condition >/J*=l thus gives 

Reducing by i* = 2, we obtain the^ conditions^ modulo 5, 
__ 2a«- c«+ 2bd = 0, - 4ac + 2fe«+ rf« = 1. 
For a = 0, the only solutions are seen to be 

&«=1, rf*=-l, c*=±l; b = c = 0, d = ±l. 

Hence ± i*+ ci ± 2 (c = 1, 2, 3 or 4), or else the negative of this 
expression, belongs to the exponent 13. We may verify thafci*+i + 3 
belongs to the exponent 13. We may therefore take 

p == i(2i«+ 2) (P+ / + 3) = 3P+ 2i«+ 4. 
Then 

Hence we obtain the following PIQ[4, 5] satisfied by the primitive 
root Q, ^4_ p3_ ^ _ 2 = (mod 5). 

This quartic can be decomposed into the two PJ^[2, 5*], 

^"^ p5= 4t»+ 3i«+ 4> p«»= 2i»+ 2i*+ 4, p^«=i»+ 3i«+ 4. 

Hence ^^ -q){x- p«) = a;*- a;(~ i«+ 3) + 3i«+ 4, 

(x - p*^) (a; - q'^^ = x^- x(i^+ 3) - 3f «+ 4. 

56. The determination of primitive roots in the GF[b^ and in 
the GF[b^ may be made to depend upon the congruence 

32) x^+ 0^+ si^+ a^+ x+ x^ + 1 = (mod 5), 

which, by § 33, is irreducible. The root x belongs to the exponent 7. 
The general mark of the GF[b^ may be expressed in the form 

5 

o = 5*^'^* (each d an integer). 
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It will belong to the included field GF[5^ if, and only if, <yi«*= a. 
Applying a;^ ^1, we have (mod 5) 

5 5 

1=0 t = 1 

Applying 32), this becomes 

The conditions that this shall be identical with 6 are 

Ci = 0, C2=(%, c^ = c^ (mod 5). 
Hence the 5' marks of the 6r jF[5*] are given by 

33) c^+c{po'+(x^) + c,{x'+(i^) K, c,, c, « 0, 1, 2, 3, 4]. 

Since (x^+x^y=a^+ a:*, 

we infer that r = a:^+ x^ defines the GF[5^. In fact, we find 

t^=a^+x\ T*^=x + x% r^=x^+x^+x^ + x\ 

and finally that t"=- 1. Hence X = 2(a^+ oi^ belongs to the exponent 
4 • 31 and is therefore a primitive root in the GF[b^. We derive 
at once the PIQ[3, 5] satisfied by it, viz., 

2X^^X*+X + 1 (mod 5). 

We next verify that x — 2 belongs to the exponent 2' • 3* • 31, 
so that Q = x{x —■ 2) belongs to the exponent 

5«_1 = 2».3«.7.31, 

so that p is a primitive root in the GF\b^\ We have 

{x - 2)"«= {pfi- 2){x -2) = -2{x + x^ = - 2x^\ 

Bnt T*^ belongs to the exponent 31. Hence the exponent of x — 2 
contains the &ctor 31 and, moreover, the factor 2^, since 

{x - 2)^^' "'^ ^{x - 2)"' •"•*=(- 2)''= - 1 (mod 5). 
We next prove that the power 2'- 3*- 31 of a? — 2 gives unity. Indeed, 

{x-2y'^={x^-2f=2s?-7?+x + 2 (mod 5), 
and, by a slight calculation, 

{x -^ 2)i8« 2x^+x^+a?+2x^+ 4. 
This being of the form 33), we have 

(a;-2)«'-»*-«=[(a;~2)i8]'**=l (mod 5). 
For the same reason, 
{x - 2)«'»»i=[(a;- 2)^f^={2x^-a^--x^-^x'+ 2x+ 3)'''+ 1. 
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To determine the PIQ[Q, 5] satisfied by the primitive root 
Q = x^ — 2x, we form the powers, 

Q^=-2afi+x^ + ar^-x^- x-1] q^=x^-2x^, 

p*= - x^+ 2a?*+ x^+ x^+ 2x + 3, p«= 2a;*-- a^+ ar^+ s^+ x-h 

We derive at once the required congruence 

P«- Q^+ Q^- q^+2q + 2 = (mod 5). 

57. We can set up the PIQ[2, 2^ and PIQ[6, 2] by means of 
the theorem: 

34) X^x^+kx + p 

is a PIQ[2, 2*] if, and only if^fiisa root of 

35) p=p+l (mod 2) 

and k is any mark except zero and fi\ 

By § 40, the quadratic 34) is an IQ[2y 2*] for every mark 
it 4= iJi ^^ 6r-F[2'] and for every root ft of the congruence 

/J*+/3'+/5+l = (/3 + l)(/J'+/J'+l) = (mod 2). 

Defining the GF[2^] by means of the irreducible congruence 35), 
we may ^e /3 = 1, j, p or j\ We first find the exponent e^ to 
which belongs a root | of the congruence 

i'=i + P (mod 2). 

Since g belongs to the GF12^'^], e^ is a divisor of 2«- 1 = 3«. 7. But 

g»=K^+l)+ft i'^^i(fi^+p+l)+p^+p, g««|(/j+l)(^»+^Hl)+^. 

Hence for /3 ™ 1, ^/9"= 3; for a root ft of 35), we find 

so that €^ — 2* — 1. The theorem is therefore proven for the case A «= 1. 

Setting I « ilo;, it follows that, for /9 =f= 1, a; belongs to the 

exponent 2*— 1 unless a;*= 1, which occurs only when >l*— /J, 

i.e., A -/J*. We therefore reach aU |<D(2«- 1) = 18P/^[2, 2»]. 

Half of them are given in the left members of the identities below. 
To pick out a set of three whose product gives a PIQ[6, 2], we 
select three which are like functions of respectively jij\j\ the 
latter being the roots of 35). We thus find 

(x^+ X +j){x^+ X + j*)(:r*+ x + /) « a;«+ x^+ a^+x*+l, 

(j V+/a; +j)(j'^^+j^x +j^{fx^+px +j') '-x^+x' + x' + x + l, 
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Replacing x hj - and mnltiplying by a;*, we find 

x^+ai^+a^+x+1, x^+x^+x^+x+1, x^+x + 1, 
which with the above three sextios give the six existing PIQ\6, 2]. 

58. Theorem. — Tlie necessary and sufficient conditions {hat x^— x — a 
shall be a PIQ\_Pi p] are that a be a primitive root modulo p and 
thai a root of y^=: y + 1 (modp) belong to the eocponent (p^— l)/(p — 1). 

K a be an integer not divisible by p, the congruence 

x^=:X + a (mod p) 
is irreducible by § 40. The product of its roots is 

xx^x^* . . . a:P^~\ x^-^ ^ «• 

Setting x^ ay, we find that 

jfP = y + 1 (mod p). 

Hence if x belong to the exponent p^ — 1, then a is a primitive root 
modulo p and y belongs to the exponent (p**— l)/(p ~" !)• The in- 
verse is true by § 14, since |) — 1 and (p^-— l)/(p — 1) are relatively 
prime. 

59. EXERCISES ON CHAPTER m. 

Ex. 1. If ^ be a root of one of the PIQ{2, 6] of § 63, then x^— q 
is an IQ[S^ 5*]. Eliminate q and derive the following /Q[6, 5]: 

x^±x^+2, a;«±2a^— 2. 

Ex. 2. (Moore). K x be a root of the irreducible congruence 

x^- 2a^- 2 = (mod 5), 

a mark Cq+ Cj^x + c^x*+ c^x^+ c^x!^+ c^x^ of the GF[b^\ will belong 
to the included field GF[6^ if and only if 

c^=0, C4=3Ci+4(^, C5=2rj+3c2 (mod 5). 

Show that (p = X + x*+ 2x^ is a primitive root of the GF[5^ and 
that it satisfies the congruence (p^= 2(p + S (mod 5). 

Ex. 3. (Pellet). If y belong to the GF[p*] and m be the leaist 

integer for which y^'"^ y, then x^ — x — y is irreducible in the field 

if neither n/m nor y + y^-\' y^A hy'* be divisible by jp; in the 

contrary case it decomposes in the field into linear factors. Prove this 
theorem equivalent to that of § 40 for it » 1. 

Ex. 4. (Pellet). If j9 be a prime number which is a primitive 
root of the prime number n, -^— - — - — — is irreducible modulo p. 

XP — X — 1 

Ex. 5. Show that the theorems of § 34 and § 36 may be combined 
into the theorem stated without proof by Pellet: 
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If in an IQiv^^ p^] belonging to the exponent n, we replace x 
by 0^, where k contains only the prime factors of n, the resulting quantic 

decomposes into — D2*~'^ quantics IQ I j^at-Li ^ P^\ belonging to the 

exponent An, where/) is the greatest common divisor of X« and p^^^ — 1 
and where 2'^"'^ is the highest power of 2 dividing the nmnerators of 

each of the fractions - — — — and ^jz when reduced to their simplest 

form. 

Ex. 6. (8ch5nemann). If F(x^ a) be an IQlpi, p*] in which the 

coefficient of at least one power of x satisfies the equation c^^^^=l if, 
and only if , v » n or a multiple of n, the product 

F{x, a)'F{x, aP) ... F(x, a**"""^) 

gives an IQ[mn^ p\, 

Ex. 7. (Sch5nemann). Generalize the theorem of § 33 as follows: 
If }) belong to the exponent t modulo e, e being prime, («• — l)/(^ — 1) 
decomposes modulo p into (e — l)/f quantics irreducible modulo p, 

Ex. 8. Prove that x^— a; + 1 is a PIQ[6, 3 1. 

Ex. 9. (Pellet). If e be the exponent to which belongs 

the product of the roots of an irreducible congruence of degree v, F(x) = 
(mod j>), and if A be a prime divisor of e, then 

1) F(x^) is irreducible modulo p if A does not divide {p ~ l)/e; 

2) F^x') decomposes into A irreducible factors of degree v if A 
divides (p — l)/e. According as A divides or does not divide f, 
all of i^ese factors belong or do not belong to the same exponent. 

Ex. 10. Using Jordan's irreducible congruence ' 

x^=x + l (mod 2), 

show that X belongs to the exponent 73 and x + aj*+ aj*+ a?'+ x^ to 
the exponent 7. The product y = x(x + a^+ «;*+ x^+ ^®) belongs to the 
exponent 2*— 1 and is therefore a primitive root of the GF[2^, Verify 
that it satisfies the congruence 

y'+y*+y*+yHy*+y + i = o (mod 2). 

Ex. 11. If the GF[B^ be defined by *«= i + 1 (mod 3), the 16 
PIQ[2, 3*] are given by the decomposition of the PIQ[i, 3] of § 64; 
for example, 

rc*± x-l = {x^± (i + i)x- i][x*^^ (i + l)x + i - 1}, 
x^+ 3?" 1 = [x^± (i - 1) a; + i} {a;*q: ix - % + l}. 
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Ex. 12. (Mathieu). If H belong to the GHlf^"^], we have the 
decomposition 

+ {HZ)^+ HZ + ,i}, 

where yi runs through the series of marks of the GF[p^\ 

60, Table of primitive irreducible qwmtics^). When more than 
one PIQ\m, p\ is known, we choose that one rr'"= arr'-f /Sa:^—^ + . . . 
(mod p) in which the exponent r is as small as possible. 

Modulo 2: x^mx+l, ci?~x+ly a^=x+l, afi=x^+l, a;*=a;-fl, 

x''=x+l, x^^a^+x^+x^+1, x^=x^+ x(^+ x^+ x^+ X + 1. 

Modulo 3: a:*=2a:+l, x^=x + 2, a^=2sr^+2x^+x+l, x^~x + 2. 

Modulo 5: x^=2x + 2, a;«=2a: + 3, a^=x^+x + 2, x^=x + 2y 
x^= afi- a:*4- x^- 2x - 2. 

Modulo*)7:a;«~a;-3, x^^x-2, a^=2x^+2x + 2, x^=6x + i, 
x^=i — x^— x^— x^— x?^ a; — 3, a;'= a; + 3. 

Modulo 11 : a;*= 4a; — 2. 

CHAPTER IV. 

MISCELLANEOUS PROPERTIES OF GALOIS FIELDS. 

SqfMires, not-sgmres, m^^potoers in a Galois Fidd, §§ 61 — 63. 

61, Every mark of the GF\2*'] satisfies the equation x^ •= a?, so 

that x is the square of the mark x^ Every mark has one and 

only one square root, since — 1 = + 1 in the GF\2*\, 

In the G^jF[p"], p > 2, a mark may or may not be the square 
of a mark belon^ng to the field, and is called a square or a not- 
square respectively. If p be a primitive root of the 6rJ'[p'»], so that 

36) (>'"-^-l, ()(p"~i)/2=~l, 

the even powers of q are squares, (>**=» (± p*)*; while the odd powers 
are not-squares. In fact, p**+i= a^ would require 

Hence there are Q>"— l)/2 squares and as many not-squares in the 
GF[p*]. Furthermore, the product or quotient of two squares or of 
two not-squares is again a square; but the product or quotient of a 
square by a not-square, or vice versa, is a not-square. 

1) A table of irreducible quantics (not all primitive) is given by Jordan, 
Comptes Bendus, 72 (1871), pp. 288— 290. His quantic x^+x*+x*+x+l is 
divisible by aj'-f aj'+l niodulo 2, while x^-\-x-{'2 is divisible by re — 6 mod 11. 

2) Serret, Coura d'Alg^e supiriewre^ II, pp. 181— 189. 
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62, Theorem. — The net-squares of any 6r2^[p»], p> 2, are 
not-squares or squares in the GF\jp*'^'] according as m is odd or even. 

K <; be a primitive root of the GrJ?'[p»'»], then p ~ <y", where 
u = (!)'•"'— l)/(p'' — 1), is a primitive root of the GF[p*'], Hence 
the marks =j= of the GFlj^"^] are given by the formula 

^v^ ^uv (v « 1, 2, . . ., l)'— 1). 

Let Q^ be a not -square in the Cri^Lp*], so that v is odd. It will be 
a not-square or a square in the GFlp"^"*] according as uv is odd or 
eveU; i. e.^ according as u is odd or even. But 

u = (p»'"— IVCp"— 1) =^|)**«= sum of m odd terms. 

Hence h is odd or even according as m is odd or even. 

68. Theorem. — Ifdbe the greatest common divisor ofm andp"^— I, 
tliere exist eocac&y (/>"— l)/d marlcs =^0 in the GF[p^'\ whidi are 
m^^powers in the field. 

If ^ ^= be the m^^ power of some mark v of the field, we find, 
upon raising ft = v"* to the power (p*— l)/rf and noting that the 
power p»— 1 of the mark v"»/*'=f= . is 1, the equation 

37) i[tt^-i)/^«l. 

Inversely, there are (p"--l)/d roots of 37) in the GrJP[p'»] by 
§ 16 and each root is an m*** power in the GF[p^]. To prove the 
last statement, we note first tiiat such a root ft is a e^'^ power. In 
fstct, the roots of 37) may be exhibited as follows: 



P<" ^i = 0, l,...,^-l); 



where (> is a primitive root of the GF[p''']. That these roots are 
distinct is shown by supposing 

g<ii^Q<iJ ( j 5 i < O'- l)/d). 

'^^^ p^V^«-^)~l)«0 [rf(i-j)<|,«-l]. 

Hence i —j '^ 0. We next prove that ft = q^* is an m*** power. 
Since m/d is relatively prime to p^—l, we can determine integers I 
md t satisfying tte equation 

tifi*- 1) + Imid - 1. 
^lence 

Q =. (p*)m/d . (pP"-l)«„ glm/d^ 

Therefore .. . ,^ 

Corollary. — Every mark of the 6rJP[|>''] will be an w*** power 
in the field if, and only if, d — 1. Extraction of the m*^ root of an 
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arbitrary mark of the (?F[j)»] is possible if, and only if, m be 
relaidvely prime to |>*— 1. With this condition satisfied, there exists 
but one m*^root of each mark. 

Number of sdtUions of certain quadratic equations in a Grdlms 
Field, §§ 64—67. 

64. Theorem.^) — J/*v = + lor— 1 according as — a^a^ is a 
square or a not-square in the G^-F[j)*], p>2y the equation bdonging 
tofhefidd, „jj + «,|.»x ^„^=^0, «,4.0), 

has p"*— V or p''+ (p"— l)v sets of solutions according as x==^0 or x^O. 
Setting a^^i=7^, the equation becomes 

1**. If — a^a^= X^, a square =4= in the GF[p'''\y we set 

V + ^is^Qy V — ^^'^^f 
whence l i 

V "=" Y (c> + <y)^ S2-=- 2r (^ "" ^)- 

The equation becomes d<t « a x 

If X =4= 0, we can give to 6 any one of the p*— 1 marks =|= in 
the GF[p*]y when the correspondhig value of q is determined by 
the equation. There are in this case p"— 1 sets of solutions |^, ^ 
in the field of the given equation. 

If X « 0, there are evidently 1 + 2(p''— 1) sets of solutions. 
2®. If — flr^ag be a not-square in the 6r-F[p*], the equation 

fpr ^^„^ 

is irreducible in the field. K one root be i, the other is i^" ~~ — i 
by the corollary of § 31. We therefore have the identity 

We are thus led to determine the number of roots in the GF\jf*'] 
of the equation in the unknown Z~rj + i^, 

38) ^"+i=aix. 

If X <= 0, we have Z = and hence a single set of solutions 

li« 0,^ = 0. 

If X 4= 0? let U be a primitive root of the G^jF[p*»]. We may 

set cr, X = RK whence 

' iJ*(P«-i)=(a,xK-i«l, 

so that h{p^— 1) is divisible by p***— 1, the exponent to which R 
belongs. We may therefore set A; -= i(p''+ 1), I being an integer. 

1) The theorems of §§64 — 67 are immediate generalizations ofNos. 197—200 
of Jordan's Traits des substitntions. 
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Since Z belongs to the GrF^i^'^^ we may set Z~ JB'. The equation 38) 
becomes Ui(p"+i)=UUp'+i). 

^®^^ ^(p»+ 1) = i(p"+ 1) [modi>«--l]. 

This congruence has p"+ 1 distinct solutions for ty viz., 

The corresponding values of R = Z^ij + i^ give p* + 1 distinct 
sets of solutions li^ Is of the given equation. 

66. Theorem. — The number of sets of solutions (Sj, $2? • • •> €««) 
in ^ fi^^[p"], i> > 2, o/* the equation 

where every Uf is a mark ^ in the field, is 

pn{im-l)_ ypnim-1) ^^f ^ =f= 0) 

pii(2m-l)_f_ |;(p»w_p«(m-l)) ^j^ ;j ^ 0), 

trAerc 1/ ii? + 1 or — 1 according as (— l)'"aia2 . . . a%n is a square 
or a not-square in the fidd. 

By § 64, the theorem is true if m = 1. To prove the theorem 
by induction, we suppose it true for equations in 2(m — 1) variables. 
The proposed equation is equivalent to the system of two equations 

«i6i + a%%% = Tj, asSs H + ff2«S2m= X — iy. 

P. Let X =f= 0. For each of the ^" — 2 values of ?/ different from x 
and 0, the first equation has p* — A sets of solutions, while by hypo- 
thesis the second has ^'•(*'"— »)— /xp*^*""*), where A — ± 1 according 
as — a^or^ is a square or a not-square, and ft » ± 1 according as 
(— l)'"~^«8a4 . . . «2m is a square or a not -square. For the value 1? — 0, 
they have respectively |>» +(?"-- 1)A and p*^*'"--*)— ft|>»("»—*) sets of 
solutions. Finally, for 1; =- x, they have respectively p*— A and 
pn{im—i)_^^(j,n{m—i)_^pn{m—i)^ g^^ ^f solutions. The total numbcr 

of sets of solutions is therefore 
(i>'-2)(|>»--A)(i>'<«'»-»)-fii>«<'»-^))+|>*+(p»-l)A][|)'^«'«-»)-^^^ 

_pii(m-l)(^nin__X^). 

By § 61, X(i = v. Hence the induction is complete. 

2®. Let X = 0. Separating the two cases rj ^0 and ly — 0, we 
find the total number of solutions to be 



O"- 1)0"- A)0'»(«"^»)- np^('^-^)) 
+ !>"+ A0«— !)][>'•(«'»-»)+ i^d^^C"--!)- j)«(m-8))] 
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66. Theorem. — The number of sets of solutions in the G^jP[p*],|>>2, 
of the equation „ ^% , „ yt , .„ ^^ _ ^ 

where each Uj is a mark ^0 in the field and x bdongs to the fidd, 
isj)****"+ o^""*, where 0—+ 1, — 1 or according as (—i)"*xaia% . . . ofjm+i 
is a square, a not-square or zero in tJie field. 
Consider the equivalent system of equations 

&161 =• 1?, «262 H h a2m+l62m+l-= ^ — ^/. 

The first equation has one solution ifiy«0. Ifiy=4=07 i* ^*8 ^<^ 
or no solutions according as a^r^ is a square or a not-square. Let 
^ := if X » 0^ and ft » ± 1 according as a^n is a square or a not- 
square. We may express the number of solutions of the second 
equation by § 65, if we set v « + 1 according as (— l)"»a2 . . . a2m+i 
is a square or a not-square. Evidently we have ftv = o. 

According as ft = 0, -f 1, or — 1, the total number of sets of 
solutions of the pair of equations is respectively 

In each of the three cases, we have enumerated separately the number 
of solutions arising when i? = 0, when iy — x and when iy is one of 
the values ={= for which the first equation has solutions (viz., two). 

67. Theorem. — If S denote the number of squares^) <y* in the 
6rJF[p"] for which o^+ 1 is a square and N the number of square r* 
for which t*+ 1 is a not-square, we have 

S^^{p^^5), N^j{p^-1), if -1 -square; 
S ^ j(p^ - 3), iV = j{p^ +1), if - 1 = not-square. 

Indeed, the number of sets of solutions ^,7] in the GF[p^]^ of the 
equation ^2 ^ 52 i j 

is always p*— 1 (by § 64). These solutions are of three kinds: 

1«|=0, i? = ±l; 
2«. |»= - 1, 1? -= 0, 

occarring when — 1 is a square; 

3» g*=«=|=0, i,»=a + l=|=0, 
giTing 4/Si sets of solutions |, i;. 

1) The mark zero is not reckoned as a square. 
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Hence, if — 1 be a square, we have 

If — 1 be a not-square, we have 

p»~ 1 = 2 + 45, N+S=^l{p--1). 

Additive-groups in the GF[p'*'] (md their multiplier Galois Fields *), 
§§ 68-71. 

68. A set of m marks A^, A,, . . ., X„^ belonging to the GF[p^\ 
and linearly independent with respect to the GFlp] give rise to 
p^ distinct marks of the larger field, 

39) c^li+ c^AjH 1- c„,lm (every c,- 0, 1, . . ., p — 1). 

Indeed, an identity between two of the marks 39) would contradict 
the linear independence of A^, Ag, . . ., Im. Since the sum of any 
two of these p"* marks 39) may be expressed as one of the set, they 
are said to form an additive- group \k^ A^, , . ., Am] of ra/nk m with 
respect to the GF[p^ and the marks A^ A^, . . ., A^ are said to form 
its basis-system. In particular, the GF[p'^'] may be exhibited as an 
additive-group of rank n (§ 10). 

These conceptions are capable of the following direct generali- 
zation. Any m marks A^ A,, . . ., Am of the GFlp^"] are called 
linearly independent with respect to the 6rjP[p^] if the equation 

^1^1+ y^^H 1- ymAm= 0, 

in which the ys are marks of the GF^p'''], can be satisfied only in 
case every 7^,— > 0. [See § 72]. A system of m linearly independent 
marks gives rise to /i^"* distinct marks of the GF[p^''] 

yi^i+ y«^H 1- ym^m 

by letting th y/s run independently through the series of the marks 
of the GF\jf''\, These p^^ marks are said to form an addiHve-group 
[A^, A„ . . ., Am] of rank m with respect to the GF[pr\ the marks 
A^ . . ., Am forming its basis-system. 

If Am + i be any mark of CrF[y"*] not in the additive -group 
[Aj, . . ., Am] of rank m with respect to the 6r2^[p^J, then the w + 1 
marks A^, . . ., Am^ Am+i are linearly independent with respect to 
the GF[pr^ and therefore define an additive -group [Aj, . . ., Am, A^ + i] 
of rank m + \ with respect to the GF[ff\ 

69. Theorem. — WUhin the GF{p^^] the number of additive- 
groups [Aj, . . ., Am] of rank m with respect to the GF[pr\ is 

(l>«''_l)(p^r-pr) . . (|y»r-p(ni- l)r) 



1) Moore, Matiiematical Papers, Congress of 1893, p. 214, p, 216; Math. 
Ann. ToL 55, f 12. 

DiCKSOK, LfaMar Onmps 4 
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We first prove that the nnmerator expresses the number of sets 
of m marks k^, ilj, . . ., A^ of the GF[p''''] linearly independent with 
respect to the GF[p^]. For A^ we may take any one of the |)*''— 1 
marks =f= of the GF[p^^'\] for l^ any one of thep***— p'" marks not 
of the form Qi^^, where q^ belongs to the 6r2^[p'"]; for A3 any one 
of the p^^—p^^ marks not of the form (>iA^+ Q^h^j where ^^ and q^ 
belong to the 6ri^[i?'*]; etc. 

We next show that the denominator expresses the number of 
these sets of m independent marks which generate the same additiye- 
group [Aj; Agy . . .7 Am]. In fact^ we may use as a basis-system for 
the latter any set of m marks A^^ A^^ . . .^ A',„ chosen a« follows. 
A'l may be chosen in p'"''— 1 ways: 



m 



V 



^;=^yw^ 



h 



1 



each yi, being arbitrary in the GFlpi'^ provided not all are simultan- 
eously zero. Ai may be chosen in p""*— p*" ways, viz., 

m 

the ya being taken arbitrarily in the GF[p^] but so as to exclude 
the p** sets of values which make A^ ^ gl[, viz., 

y2i= Q7ii {i = 1, 2, . . ., w), 
where q runs through the series of marks of the 6rjF'[p'']; etc. 

70. K the p"* marks Ci^-i h Cm^m of the additive - group 

[Ai, . . ., Am] of rank m with respect to the GF[p] are multiplied by 
any particular mark ft =f= of the G-Ffp*], the resulting p"* marks 
constitute the additive -group 

(A [Ai, . . ., km] =■ [(^^h ' ' 'f /*^mj 

likewise of rank m with respect to the GF[p]. We will say that 
[ftAi, . . ., fiXm] is derived from [A|, . . ., A^] by multiplication by ft. 
In particular, we seek those multipliers ft «=- x which do not alter 
[Ai, . . ., Am], such a mark being called a multiplier of the additive- 
group [Ai, . . ., Am]. If Xj and Xj be multipliers, then will evidently the 
product x^Xj be a multiplier. To prove that ft = Xi+ x, wiU also be 
a multiplier, we observe first that [fiAi, . . ., ft Am] is an additive- 
group included within [Ai, . . ., Am], since x^ and x^ are multipliers of the 
latter, and further that it is of rank m if ft =4= 0. Hence x^ -f x^ is 
a multiplier unless it be zero. Hence the multipliers x together with 
the mark zero constitute an additive, as well as a multiplicative, 
group and therefore constitute a Gklois Field GFlpf^"] included within 



MISCELLANEOUS PROPERTIES OF GALOIS FIELDS. 51 

the fundamental GFlp"^]. It is called the multiplier GroUns Field of 
the additive -group fAi, . . ., iU], Every GF[p^'] indnded within the 
GF[p^^ is called a multiplier Gaiois Fidd of the additive -gronp. 
By § 23^ Jc' is a divisor of k and k a divisor of n. 

The additive- gf'oup [l^, . . ., km\ of rank m with respect to the GFlp"] 
may be exiiibited as an additive- group \l\j . . ., Ajn'] of rank w' « w/i' 
with respect to any midtiplier GF[p^'\ 

In proof, let yi, ^2; . • •, ym nin independently through the series 
of marks of the 6rJ?'[jp*']. Taking l[ to be any particular mark X^O 
in [Aj, . . ., km], the ^*' marks yjAj are all distmct and all belong 
to [ill, • • •; km]' Taking Xg any mark in [Ai, . . ,, k^] different from 
the y^Aj, the p**' marks yik[ + y^k*^ are aJI distinct and all belong 
to [Ai, . . ., km]' Proceeding similarly, we obtain ultimately a set 

of I?*"'*' distinct marks y^k[ + y^Aj H h ym'k'm' giving all the marks 

of [Ai, . . ., km]' In particular, p^^p^*"^'^ so that kf divides m. 

Corollary I. Since fc is a particular A/, k divides m. 

Corollary 11. Within the GFlp""] the number Aip^n^m^k) of 
additive -groups of rank m with respect to the GF[p] which have 
the GFlp/"] as a multiplier Galois Field equals the total number of 
additive -groups of rank m/ft with respect to the GF\j/^]: 

A('n^nilc\ ( y-l)(f?'«-l?*)(i>''- P«*) . . . {pn-pm-k) 

^Wl^h^j'^) = (^pm^i)(^pm^pk){^pm—pik) . . . (pw—pw — *) 

71. If A; be a divisor of m and n and if hi, Z^, . . ., ht are the 
prime factors occurring in both m and n to a higher power than 
in ky there are in the GF[pf] exactly 

A{p, n, w?, k) — ^A{pj n, m,kh,) + ^ A(p, n, m, khihj) 

+ (— iyA(p,n,m,khi . , .ht) 

additive- groups of rank m with respect to the GF[p] which have 
the GF{p^] as the multiplier Galois Field. 

Indeed, from the A(p,n,myk) additive -groups having the GF[^p^] 
as a multiplier Galois Field, we must eliminate those having a larger 
multiplier Galois Field. It suffices to eliminate those having the 
GF[p^^i], for t = 1, 2, . . ., or t, as a multiplier GWois Field. But 
the A{p,n,m,kh^ additive -groups with the 6ri^[p**'] and the 
A{p,n,m,k1i^ additive -groups with the GFlpf"^^] are not distinct but 
have in common A{p,n,mykhji^ additive -groups each with the 
6rJ?'[ JO* *»''*] as a multiplier Galois Field. By this principle, we readily 
determine the number of distinct additive -groups among the sets of 
A{pyn,m,khi) with the 6?-F|j>**«] as multiplier Galois Fields. Sub- 
tracting this number from ^(|9,n,m,X;), we obtain the required number. 

4* 
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72. Theorem. The marks Xt, ^2, . , A^ of the GFlp^"^] are 
linearly independent with respect to the GF[p^] ifcmd only if the fcUounng 
determifumt^) is not zero in the OrF\ji^^\ 



^ 



p"*' — 



A?" 



ts 



Af 



.8n 






^i 



,.Sn 



pi«(in — 1) pii(m— 1) -it(m — 1) 

Aj A^ ... A^ 

Firsts if X\j X%y . . .^ A^ be linearly dependent^ i. e.^ if a relation 

yi^iH- y%UA 1- ymKi^ 

holds, ihe coefficients y^ being marks of the G^F\p^^^ not all zero, 



then will the determinant \X\ vanish. 

Secondly, if the determinant yanish, set 

h=^(iijRJ (i-l,2,...,m), 

where U is a primitive root of the GF[p'*^] and therefore satisfies 
an equation of degree m belonging tt> and irreducible in the GF[p*], 
and where the /t,-^ belong to the latter field. Then 



*n> 



f^ij 



Bip 



fit 



(j — !,...,»»; * — 0, ...,»» — 1), 



where the determinant in R, when written in fall, is*) 
1 1 ...1 

R Rp' ...iJ""^""" 



0, . . , m — 1 



=JJ (iJp"'~JR'»"0 






and therefore is not zero in the GFlp"*"^]. Hence, if j A | — 0, then 
must I ^ I — 0, so that between the Xi exists a linear relation with 
Qoefficients belonging to the GF[p'^] and not all zero. 



73. If A be a mark of the G^FCp*""], the marks 

(XP*'"^^ X) 

are said to be conjugate wiOi respect to the GF[p'^\ Any symmetric 
function of them is unaltered upon being raised to the power p" and 



A, Ai*", A^*", ...,A''"^'""'^ 



1) Its decomposition into linear factors is given by Moore, ^^A two -fold 
generalization of FermaVs theorem", Bull. Amer. Math. Soc, vol. 2 (1896). 

2) Baltzer, Detenninanten, p. 85. 
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hence belongs to ihe GFlp"], Hence the m conjugate marks are the 
roots of an equation of degree m with coefficients in the OF[p*], 

By § 31^ the roots of an equation of degree m belonging to and 
irreducible in the 6ri^[p"] are conjugate with respect to the GFlp"*]. 

In particular, the marks A, A''^ of the Gi^lp*"] are conjugate 
with respect to the GFlp'^'], The conjugate A^ of A will be 
designated by A. Evidently A^A if, and only if, A belongs to 
the 6rjP[p*]. The following relations are proven at once: 

AB^A B^BA, I^=-U>, A + B^A + B, (A/Ef-^A/B. 

74. Newton's identities. If St denote the stmt of the ^^ powers 
of the roots of the eqiujUiofi 

f(x) = x'"+ a,af^-^+ (ho^^-^-\- . . . + a„,^ix + a^- 0, 

in which the coefficients a, belong to Ote OF[p^]y then 

= Si+ai 
= Si+ aiSi+ 2a^ 
40) = Si+ aiSi+ (hSi+ S(h 

= /Sm-i+ ai/S«_2 -h (HS„,-i-i 1- am-iSi+ {m — 1) an^^i' 

These identities follow as in algebra upon equating the coefficients 
of like powers of a? in the following identity, in which cfi, . . ., a^ 
are the roots of f(x) == 0: 



41) r(^)=2^i~t ==»w^"'+(^^-i)^i^ 



x — ai 

^ + (m - 2) aiixr'-^-\-" •+ a^-r 



This identity, evidently true for w«l, may be proven by 
simple induction^). Supposing it true for a particular m, we have 
proven it true for the value m + 1. Let 

F(a;)=/^(a:)-(a:— a„,-li)^a?^+^+(ai— a^4.i)a:«+(a2--aiam+i)^""*+- • • 

Multiplying 41) by x — Um^i and adding f(x) to the left member 
and x^-] 1- «m to te right member, we find 



2^ + ^- (-+ O-»+-.(ai-««-H0^ 



+ (w— l)(a2— aia^4.i)i»f»-* + [-2(a^^i-a„,^ia^^i)x 

+ («m— ^ — ia»n4-l). 



1) Since equations in the GJP[j)"] are not algebraic identities, we avoid 
the consideration of derivatives. We might, however, employ Weber^s definition 
(Algebra^ I, § 13) of the derivatives of a polynomial in x for the derivatives up 
to tiie p^, but not for the higher derivatives on account of the denominators 77 (m). 
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Hence if 41) be true for f(x) = with the roots ffj, . . ., am, a like 
formula is true for the equation F{x)='0 with the roots ai, . . ., «»,, 



mm m 

2- 

»«1 i — 1 1 = 1 






we derive the new identities^ 



Corollary. — lf/*(a?)«0 have a double root a, the right member 
of 41) must vanish for a; *= a. 

76. Theorem. — If t he a positive integer and Uq, u^, . . ., ii//'_i 
denote fhe marks of the GF\jp'^']j then 

43) y'ti'-l 0, fort<r-l 

^ ^ • —1 for t^p^—\. 

1 = ^ ' '^ 

In fact, the marks Ui are the roots in the GFlp*"] of the 
equation 

Applying to the latter the identities 40), we find 

fi[.= (i-1, 2,...,p"-2), S;,n_i-(^»-l)«0. 



CHAPTER V. 

ANALYTIC BEPRESENTATION OF SUBSTITUTIONS 
ON THE MARKS OF A GALOIS FIELD. 

76, Consider the problem to find every quantic 0(S) belonging 
to the GI [p**] such that the equation O (6) — /J has a root in the 
field whatever mark of the field /3 may be. For example, 

l^= P (mod 5) 

is solvable for every integer fi, since we have 

08=0, 1»=1, 3»=2, 28=3, 4»=4 (mod 5). 
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If we denote the marks of the GF[p^'] as follows, 

44) ^, ^ty ftj, . . .,flj,«_l, 

the necessary and sufficient conditions that O (5) -» /3 be solvable in 
the field for arbitrary p are that the marks 

45) 0(^o), OCfil), 0(/iO;- •*(/*P«-i) 

be identical with the series 44) apart from theii: order. In fact, the 
p'^ yalnes which 0(§) takes mnst all be distinct, since fi is to have 
p^ distinct values. When the conditions named are satisfied, the 
series 45) forms a permutation of the series 44), and the quantic 0(|) 
is said to represent the substitution 

L* (5) J = L* (f^o), O (/ii), . . ., O (ftp.-i)J 
on the nuMrhs of the GF\j>'}. For example, |* represeats the snb- 
stitation ni_{0, 1, 2, 3, 41 

LS»J=LO, 1, 3, 2, 4 J' 

on the marks of the GF[b^, i. e., the field of integers taken 
modulo 5. A quantic of degree k with coefficients belonging to the 
OFIp*"] will be called a substitution qticmtic SQ[h, p*] if it satisfy 
the above conditions. Its degree k will be supposed <jj" in view 

of the equation 5''"'= S satisfied by every mark of the field. 

77. An arbitrary substitution on the marks of the GF[p^']f 

can be represented by the quantic 0(g) given by Lagrange's inter- 
polation formula, 



.=0 

where ^_ ^ 

F(l) =JJ(I - ft,), 

t = 

and F'(^) denotes the function derived from F(^) by formula 41). 
Evidently 0(|) is an integral function of | of degree <p\ 

78. Theorem. Two distinct quantics 0(5) and V(g) beJbnging to 
the GF[p*] cmi not represent the same substUution on its marks. 
For, if c(^.) _ Y(^_.) (i _ 0, 1, . . ., i,«- 1), 

the equation 0(g) — V(|) «= would have in the field p'' distinct 
roots /ij, whereas its degree is less than J>^ By § 15, it must be 
an identity in g. 
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79. Theorem. ^'*' is a SQ[m, p*] if, and only if, m be prime 
to i?»— 1. 

The theorem follows immediately from the corollary of § 63. 
However, to illnstrate a method of proof used below, we will verify 
that, if m be relatively prime to ^'•— 1, |*" takes p* distinct values 
in the 6f l^jj?**] when S does. It is sufficient to prove that from 



m urn 



46) sr - 1 

follows li » §s, provided g^ and ^ are marks of the field. This being 
evident if either be the mark zero, we suppose ii^O, I2 ={= 0, so Hiat 

47) |f-«_ 4f-»_ 1. 

Raising the members of equations 46) and 47) to the respective 
powers t and r, chosen (§ 7, note) so tiiat tm + t(p"— 1) =» 1, and 
forming the product of the resulting equations, we find that §,= J^. 

80. Theorem. — Fop' an arbitrary mark a of the GF{jai^'], 

is a SQ\p, I)"], if p is a prime of the form 5m + 2 and n is odd. 
To prove that, in the GF[jf*], 5i ■" ^2 ^^ *^® ^^J solution of 



or 



Hii) » *(y 



(ii-h){5{Vi + fii, + ^Ul + III? + SJ)+ 5a(6? + |iS,+ s|)+««}==o, 

we set fc 1 I t 1 

here^) limiting our proof to the case p>2. Then 16 times the 
quantity within the braces becomes 

16{5(5A*+ 3a;.«+ 10AV+ «f**+ f**) + «'} 
= {(20A»+ «) + 5(4fi»+ a)}*- 5{2(4^»+ «)}«. 

But') + 5 is a quadratic residue of no odd number of the form 
bm + 2 or bm — 2. Hence (§ 62) 5 is a not- square in the 6rJ'[5*], 
n being odd and p = 5m + 2. Hence, if the above expression 
vanishes, we must have 

4ft»+a-0, 20X*+a-0, 
whence, for p > 2, /i^« 5>l*, so that A = ft — 0, 1^ = Jg- 



1) An analogous proof for p^2 is given in Annate ofMaih,, 1897, pp. B4 — 85. 
For an arbitrary prime p, the theorem is a special case of that of § 82. 

2) Gauss, Disquisitiones Arithmeticae , Art. 121. 
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81. Theorem. — The quanHc belonging to the ^-ffi)"'"], 



fit 



V(X) =2^'^''''^'"""'^ 

wM represent a substitution on its niarls if, cmd only if, X=:Oisthe 
only solution in the field of M'(X) = 0. 

Indeed^ the necessary and sufficient condition is that 

v(Xi - X,) = vrxo - vex,) - 

shall require X^ «= Xj , or X^ — - X^ — = 0. 

Corollary. X''*'^— AXf*"** represents a substitution on the marks 
of the GFljr*^'] if, and only if, either ^ = or else A is not the 
power p^*^— p""* of a mark of the field. 

82. Theorem. — //' k be an odd integer reUUivdy prime fc |>**— 1, 
and if a be an arbitrary mark of the GF[p'^'], the qwmtic 

<l.*(|, a) ^ S*+ *«!*-«+ ^Vl -i)(^-^-2)...(a.-2Hi) ,,^-,. 

represents a substittUiofi on the marks of the GF[p'*']. 
We are to prove that the equation 

48) 0*(g, «) - /3 

has a solution ^ in the 6rJF'|j:>''], P being an arbitrary mark of the 
field. By Waring^s formula, ^*(|, a) is the sum of the t*** powers 
of the roots of the quadratic 

i?«-gT;-a-0. 
Hence, in virtue of the equation 

have the identity . ,^ . , , , x. 

The equation 48) thus becomes 

^8*_- |jry*— a*- 0. 
Setting Y~ rj^, this becomes 

49) P~/3r~a*=0. 

According as 49) is reducible or irreducible in the GFlp^'], it is 
solvable in the GF[p'^'] or in the 6rl^(j>**], and therefore always 
solvable in the larger field. Call its roots Y^ and I^. Since k is 
prime to i^*"— 1, we can determine uniquely (§ 79 or § 63) two 
marks rj^ and rj^ belonging to the GFlp^^"] such that 

^1 = Yif rji = Yf. 



we 
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Likewise y it follows from Y^ 1^^= — a* that 

^1% = — «• 
If 49) be irreducible in the GFlp"], we have (§ 31, corollary) 

Yf=Y„ Yf~Y„ 
and therefore - , 

Hence . . . « 

It follows that 48) has the solution in the GF[p^] 

If 49) be reducible, Y^ and F^ belong to the GF[p^]. Since k 
is prime to p"— 1, it follows that r^i and rj^ belong to the GF[p^]. 

Remark 1. — We have shown in § 37 that ^2« — i(S, 1) com- 
pletely decomposes in the GF\jp^] into linear factors, if |i*= 2*^—1, 
t odd and i > 1. 

Remark 2. — If it be a prime number, 4>^(S, a) is the only 
quantic of degree k suitable to represent a substitution on the marks 
of every GF[p^] for which p*"— 1 is not divisible by k {Annals of 
Mathematics, 1897, pp. 89— 91). 

Remark 3. — The equation 48) is algebraically solvable, having 

as roots ^, i.«./ r\ -, 7 ^\ 

(»«'"+ <y«*'-'» (m «= 0, 1, . . ., ifc — 1) 

where k y - 

(>,<y-y/3/2±y/JV4 + a*, 

and £ denotes a primitive ib^^root of unity. This result is a direct 
generalization of Cardan's formula for the roots of the reduced cubic 
and of Vall^s' solution of the quintic^) 

83. Theorem.^ — If d be a divisor of p"—! and v be not a 
df^ power in the GF[p^^j the qwmtic 

0(|) = g(&'-i;)(^-^)/'' 
is a 8Q[p%p''l 

We are to prove that 0(|) — /J has a solution g in the GFlp"*] 
for jS chosen arbitrarily in ilie field. This being evident if /) » 0, 
we will suppose that /J — p 0. Writing 

n = I''- V, 

1) Formes imaginaires en Alg^bre, 1869, vol.1, pp. 90 — 92. 

2) For the case r = n, this theorem is included in the theorem of § 85. 
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we are to proye that 

has a solution ?/ in the GFlp"*]] for, if tj be such a solution 
(necessarily — = 0), then 

will belong to the 6rjP[p*] and will satisfy 0(5) — /J. 

Setting 7j «» l/cD in 50) and multiplying by aP^, we find 

This has a solution o in the GF[p^] for /3 arbitrary in the field. 
Indeed, by § 81, corollary, 

represents a substitution on the marks of the &i^[l>"], since v/p^ is 
not a d''* power and hence not a (p''—!)*' power in the field. 

Note. — For p — 3, 5, 7 and partially for p « 11, the author 
has shown ^) that the only SQ[p,p^~] which exist are reducible to 
the form |^gd_ ^y, ^ D/e,^ 

where e^ is a divisor of p — 1 and v is not a d^ power in the &JP[p'»J. 

84. Theorem.*) — Ihe necessary and sufficient conditions that 0(g) 
sJuM represent a substiiuUon on the tnarks of Oie GFlp""] are: 

1®. Every fi^ power of 0(5), for t<^p''— 2 and prime to p, shdU 

reduce to a degree <p'*— 2 on applying the equation S***— 5; 

2^. There sJuxU be one and only one root in the GI [p*] 

of 0(6) - 0. 

After the exponents of 5 are reduced below p*, let 

[0(1)]' =2 «'"^''- 

1 = 

Put for S the p" marks fty of the 6? J'Lp'*] and add the resulting 
indentities. We find, on applying § 75, 

> = ^*=0 ^=rO 

If 0(6) represent a substitution, we must have 
5Ww]'=^Vj-0 (<<!>-- 1). 



1) Dissertation, uinnaZs o/* MathemaHcs, 1897, pp. 101—108. 

2) For the case n = 1, this theorem is due to Hermite, CompUs Bendus, 
▼oL 57 (1868), pp. 760-757. 
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Hence a necessary condition is that 

«2._, - (< - 1, 2, . . ., p«- 2). 

The condition 2^ is evidently a necessary condition. 

SnpposC; inversely^ that 1^ and 2^ are satisfied. Consider the 
equation satisfied by the marks 4>(fty), 

YjLv- Hi^j)] =^ nn'^- '- o, 

J — 1=0 

the sum of the m^^ powers of whose roots is denoted by 6^- Then 

since all but one of the 0(fty) are =1= by 2® and hence have unity 
for their (p"—l)*' powers. Applying Newton's identities 40), we 
readily find 

y.= [i « 1, 2, . . .,!>»- 2; i ^ (modi>)] 
<^p== ^%p^ • • • = Cpn^p^ <yp»— 0, yp«— 1« — 1. 

To determine yp, y%p^ . . ., we apply the identities 42), viz., 

^k+ yi<y*-i+ y2<yit-2H h yp«<T*_p»i=. o (* >i>"), 

which here reduce to the form 

51) <yfc+y|,<y*~p+y2;><J*— 2pH hyp*-/.<yii-p«+p+ ypw-icJit-p^+i-^O, 

since by 2^, pw— i 

>=o 

Furthermore, since any mark equals its (jr>")*'* power, we have 

<y,_l_p»_i== <T, (s = 1, 2, . . .) 
Applying 51) for i — ^"+p — 1, we find 

yp(yp«»_i= 0. 

More generally, for A; «=-|)'»+ ^1> — 1? ^ <!>''"*— 1? w® g®* 

yip<Tp«_i-=0. 
Hence y^p— 0. We have therefore the result 

BO that the marks <t>(^y) form a permatation of the marks (if of the 
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86. Theorem.*) — If r he less than and prime to p*— 1 and s 
he a divisor of p*—l, and if f{if) he a raUonal integral function 
of g* with coefficients hdonging to the 6rF[p"] such thai f{^) — has 
no root in fhe field, then 

ri/(S')]('^->^' 

represents a substitution on the p"^ marks of the field. 

The conditions of the theorem of § 84 for a snbBtitution quantio 
are all satisfied by the given quantic. In fact^ upon raising it to 
any power I, not divisible by s, we obtain a set of terms whose 
exponents are of the form ms + Ir and therefore not divisible by s 
and consequently not by p^— 1. If, however, we take the power 

l^ts<p^—l, 

we get the result ^^% since the power p*—l (tf /*(g*)=^ Q is unity in 
the field. But Ir is not divisible by p^— 1. 

Condition 2^ is satisfied by our quantic, since it vanishes in the 
field only when S « 0. 

86, As examples under the preceding theorem, we note first I*" 
if r be prime to ^"— 1 [Compare § 79]. Next, if ^ > 2, 

52) |r(go.«-iv2_^)«= _ 2r{rH-Cp"-*Vi-i^,; + A)gr} 

represents a substitution on the marks of the GFljo^] if r be any 
mark in the field except +1, —1, 0. For the remaining jp"— 3 
marks r, the quantics 52) coincide in pairs. We note the following 
special substitution quantics 52): 

M« 1, p = 5: 5«, g, 

w«l, p^l: |*± 3g and 55± 2g» (Hermite), 

»«1, p^U: S«±2g, 5«±4S, 

n = 2, i)-3: S, g», g*, i'±2H- 

For M = l, p — 7, v^= — 1, the theorem of §85 gives the 
quantics ^ ^g,_ ^^3^ _ ^^^^,_ ^^.^ ^^,^^^ 

|6(g»_y)8_ 2 (|^+2i;S»+3(2t/)»g), 
which together give the following iSi^[5, 7] of § 80: 

f+«l*+3a»g (a - arbitrary). 

1) For w = 1, this theorem is due to Rogers, Proc. Land. Math. Soc., 
▼ol. 22 (1890), pp. 210—218. 
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87. If (I) = ao6*+ aig*-*+ • • be a SQ[k, i>»], then will also 
0^(g)^ obtained by forming the componnd sabstitution. 

Us + p) Ud)) (yl + *) - (<t>i(l))' 

if a «= 1. We may dispose of y, fi, S to simplify <t)i(S). We take 
y = ao~S *^^? ^ ^^*^® * ^^ prime to p, we choose /S so that 

Finally, we take d = --y0(/5). The quantic 4>i(S), in which the 

coefficient of |* is unity, the constant term zero, and, when k is not 

a multiple of |>, the coefficient of |*""^ is zero, will be called the 
red'iiced form of 0(|) for the GF[p^\ 

88. To illustrate 'the use of the theorem of § 84, we apply it to 
determine all reduced SQ\^j p"]. For |> =^ 3, the reduced cubic in 
the 6rjF|j)*] is |^+ a^- The sub -case |>*= 3w + 1 must be rejected, 
since the w*** power of |^+ a| contains the power |»««=|p^--i with 
coefficient unity and hence =f= 0. For the sub-case i)"— 3w + 2, the 
condition given by the power m + 1 is (m + 1) a — 0. But if w -f 1 ' 
be divisible by p, then would also 3m + 3 ~ p^+ 1 . Hence must a «= 0. 
The resulting form |» is a SC[3, p^= 3m + 2] by § 79. 

There remains the case 2)"= 3", when the reduced cubic is 

Raising it to the power 3«-*+ S^-^H h 3 + 1 =(3"- l)/2, we 

find (mod 3), 

ig +ai g +a, I )\l +ai g +aa § ^ • • • (§ +ai6*4-a2S). 

The highest exponent of | in this product is <2(3*— 1). The 
coefficient of , , 

is evidently a J "*"' "^ '"\ Hence must ai=0. Applying then 
the corollary of § 81, the resulting form S'-f ajg is a SQ\^y 3"] if, 
and only if, either a%^0 or else — aj is a not -square in the 
(?F[3»]. 

89. To treat a more characteristic example, we seek the 8Q\byp^\ 
when p^ is of the form 5 m -f 3. The reduced quintic is 

l^+al^+n^+yt 

The power m-f 1 gives (m+ l)j3 as the coeJBficient of |5m-|-a^ |'"— ^ 
If m -f 1 = (mod jp), then 5m + 5 ^jp^-f 2 = and therefore jp = 2. 
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Hence, for p =^ 2, we must have /J = 0. The power m -\- 2 o{ 

53) 5'+«S*+yl 

requires (j^^^ ^y, + C„+,,,- Sa*y + C„+,. *«« = 0. 

If jp is neither 2 nor 7, C^-j-j, 2=|= (mod p) and may be divided out; 
for, if w 4- 2 be divisible by p, then is also 6(m + 2) ■=ji*+ 7. 
Multiplying the resulting equation by 5^ and replacing 6 m and 5(m — 1) 
hj p^~ 3 and p^ — 8, respectively^ we have for jp =j= 2, p =4= "^^ 

25y«- 15aV + 2a^ = (5r - «*)(5y - 2a«) - 0. 
The power m + 4 of 53) requires, if ^) p* > 13, 

CU+4,65ay*+C^4.4.620aV+C,„+4.721aV*+C,„+4.88aV+Cm+4.9a*-0. 

If p is not 2, 3, 7 or 17, we may divide out the factor 

(m + 4) (m + 3) (w + 2) (m + l)w. 

Multiplying afterwards by 5* • 7! and replacing 5(m — 1) by — 8 (modp), 
etc., we find 

210a(5y)*-8. 140 «8(5y)»+8.13.21aS(5y)*-8. 13. 18a'(5y)+ 23-26 a»-a 

This equation is an identity for 5y = a*, but reduces to — 10a* for 
by «= 2a* In the latter case, a —» y -= 0, if p =j= 2. Hence, for 
jp«=^ 13^ 2*, 3*, 7" or 17", the only possible quintic which represents 
a substitution on the marks of the GF[p*== 5w + 3] is reducible to 

5S5+5ag»+a«S. 

We have shown in § 80 that this quintic is indeed a SQ[6jp^= bm 4* 3]. 
The special cases above excluded require separate treatment. 

90. The foregoing methods may be employed*) to show that the 
following table gives every reduced SQ\kyp*] for k < 6: 

Seduced quantic Suitable for p^ « 

i any I?" 

6* 2- 

g» 3«, 3w + 2 

$'— «6 (a = not -square) 3" 

l'±H 7 

S* + ajS* + ^3 S (if it vanishes only for | « 0) 2» 

6^ 5», 5w±2, 5w4-4 

1^— a 5 (a not a fourth power) .... 5" 

r±2^^| 3« 

S«±2|* 7 

S^+«l^±S*+3a*S (a = not-square) . 7 

1) If j?»»=13, the power m + 4 = 6 brings in terms i**=5*(p»— i). 
. 2} Compare the author's Dissertation, I.e. pp. 77— 86 and 101—102. 
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Seduced quantic SuiUMe for p* = 

l*+a6'+y6 (a arbitrary) bm±2 

$«+«!»+ 3a«| (a « not- square) ... 13 
1*^— 2aS*+a*i (a — not-square) . . . 5» 

That in fact these qnantics do represent substitutions on the 
marks of the corresponding ff2^[p»] follows from §§ 79, 80, 81, 83 
and 86, with the exception possibly of the eleventh and thirteenth 
forms. To verify^) that the latter two are substitution -quantics, set 

0(1) = l^+ a|» + 3a«6, Y(6) = 0(1) ± l\ 

^^ /i-*0(fi|) = S'+(ft-*«)S*+ 3(fi-»«)»i 

Since a is a not-square, we can choose an integer il so that ff^a 
shall be a particular not- square v. But 

Since fi^= ± 1 (mod 7), we can choose the sign of ft = ±(a/v)'/* to 
make the coefficient of S' unity. It follows, therefore, from § 87 
ihat 0(1) and M^(S) will be substitution -quantics modulo 13 and 7, 
respectiyely, for a an arbitrary not-square, if they be such for a a 
particular not- square v and for the + sign in ^(6). We take v=»5, 
a non-residue of both 7 and 13. In the notation of § 76, these 
reduced forms represent the substitutions, 

/ g \ = /O, 1, 2, 3, 4, 5, 6\ 

V6^+5g»+|«+5SJ-i,0, 5, 2, 3, 1, 6, 4^ 

/ I W/0, 1, 2, 3, 4, 5, 6, -6, -5, -4, ~3, -2,-l\ 

V|^+ bi^+ lOi; - VO, 3, 1, 5, 6, 4, -2, 2, -4, -6, -5, -1, -3/ 

modulo 7 and 13 respectively. 

The BeUi-McUhieu Group, §§ 91—94. 
91. It was shown in § 81 that the quantic belonging to the OF [p""*], 



m 

,ii(to — 



V^(X)=2'-l/X'' 



1 = 1 



represents a substitution upon the p^"* marks of the field if, and only 
if, X — * is the only solution in the field of the equation 

M'^(X) = 0. 



1) For a verification by means of the theorem of § 84, see the author's 
paper, American Jawmdl, vol.18, pp. 210 — 218; in particular, §§ 7 and 9. 
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Suppose that this condition, is satisfied by two functions ^a{X) and 
M'ij(X) and consider the eflfect of applying first the substitution^) 

m 

A: X' = V^(X) = V ^«^^"^"""^ 

and afterwards the substitution 

The result is equivalent to that produced by the single substitution 

X" = V^,[Y^(X)]=V-B^^"^"-"-^^X'>"^'"-"'-^\ 

us 
After reduction by means of Xp*'"=X, this equation may be written 



m 



i—l 

each d being a definite fonction of the A/a and B/s, By hypothesis^ 

requires V^(X) = 0, which in turn requires X « 0. Hence, X— 
is the only solution in the field of Vc(X) = 0. It follows that the 
transformation C represents a substitution upon the marks of the 
6rjF[p**"]. C is called the compound, or product, of A and By and 
the above relation is expressed in the symbolic form, 

C^AB, 

Giving to the coefficients At every possible combination of values 
in the GFlp''"'] such that 

tn 

represents a substitution on its marks, we obtain a set of substitutions 
having the property that the result of applying first any one of the 
set and afterwards any one of the set is identical with the result 
of applying a single substitution of the set, called the product of 
the two. Such a set of substitutions is said to form a group. In 
the present case, the group will be called the BeUi-McUhieu Oroup}) 

1) The present notation is used in place of and as equivalent to 

2) For n == 1, this group was studied by Betti, Anndli di Scieme Mat. e 
Fisiche, vol. 8 (1862), pp. 49—116, vol. 6 (1866), pp. 6 — 34; for general n, by 
Mathieu, Jtmrnal de Math., (2) vol. 6 (1860), pp. 9—42, vol. 6, pp. 241—328. 
The theorems of §§ 92—94 are due to the author. Annals of Math., (1897), 
pp. 94 — 96, 178-188. 

Dickson, Linear Groups. ^ 
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92. Theorem. — The necessary and sufficient condition ihat ike 
transformixtion 

m 

shall represent a subsiituMon on the marks of the G^[p"*'] is 

Af ^S" ... A'C 



A = 



.p»(m— 1) .pii(m — 1) ^(m— 1) 



+ 0. 



We seek the condition tinder which 54) is solysble for X. 
Rusing 54) to the powers 1, p", p*", . . ., p"('»— ») and reducing the 
powers of X by ^ 

we obtain the following m equations (written with detached coefficients): 

^y.(«-l)^,»(m-») _j,» ^ 

X'- 



X'J^. 



A, 

Ai 



Ai 
Af 



• • • -^^ — 1 -^^ 

• • • -^^ -^l 



TjT^fpii(in — 1)^ 



P^(m — 1) .pn(in — 1) pn(m— 1) .pii(m— 1) 

The solution of this system of equations in X, X''", . . . gives 

Ai Ai ... Am-i X' 

Af Af ..,aC X'^" 



55) 



AX 



56) ^X^"^~-*'^« 



^l . . . JLi — 1 Jv. ^,* _|_ 1 ... A^fn 

At ,,.Af X'p" ^1, ...^f 



^n(m-l) jp«('»-l)j^fpn(m-l) jp«("»— 1) ^1»»("»--*) 




The condition -4 =f= is necessary, since otherwise there would exist 
a relation between the powers of X' with exponents <|>*"*. To 
prove that the condition J. =f= is sufficient, we need only verify 
that the X given by 55) satisfies the relations 56) for i -= 1, 2, . . , m — 1. 
Observing that A^^ ^A in the field, we find the following relations 
upon raising 55) to the power p»<'» — and moving the first i rows 
below the last m — i rows: 
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^-jjrp«(m-o_(_iy("»-o 



Ai 



• 4-1 



A, 



4-2 



. . .Ai^i 



X' 



pii(m-i— 1) p»(m-i-l) pn(»i— t— 1) , -(,„_;_i) 

^(m — 1) ^(m — 1) p^(m — 1) ^,n{m — l) 



Moving the last % columns before the m — i preceding colnmns^ 
which brings in an additional factor (— IJ^^—^ we obtain the deter- 
minant of formula 56). 

It foUows as a corollary that formula 55) gives the reciprocal 
of 54). 

A second proof may be given^ based on the theorem of § 72. 
The condition that 54) shall represent a substitution on the marks 
of the GF\fi*^'\ is identical with the condition under which 
Xi, X%y . . ., Xm shall be linearly independent with respect to the 
GF[p^'\ when it is given that X^; X^^ . . .; X^ are similarly indepen- 
dent. We seek the condition under which 



jp 



nt 



Xi x% 



Xm 



Xi 



fp' 



X, 



ffr 



IP' 



Xfn 



^^(m— 1) ^pii(m— 1) 

Xi X2 



,pii(m— 1) 
Xfn 



+ 0. 



Substituting the values of Xj, Xj , . . ., X^'^ in terms of Xy, 

Xy , . . ., Xy and the Ai, as given by the above table, we find that 



x; 



IP"' 



xr 



A. 



The required condition is therefore that J. =j= 0. 

93, To illustrate a general method^) of obtaining sub-groups of 
the Betti-Mathieu Group, we take m » 3 and consider the totality 
of substitutions in the £rJF[p'*] on a variable X of that field, 

57) X' = ^iXi^"+ ^2X^4- ^X, 

which multiply by a factor q the function 

Z={BX)p'''+ (BX)'»"+ BX (B in the (?-F|>»"]). 



1) See the author's paper in the American JoumcU^ vol. 22, pp. 49 — 54. 

6* 
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The conditions for the identity Z' "^ qZ are readily seen to be 

59) BA^ + B^Mf + ^"^f "== qBp% 

60) BA, + BP^'A^" + Bp'^'Af"^ qBp'\ 

Since the left members of 59) and 60) are the powers jp" and p*% 
respectively, of the left member of 58), we must have ()^"= q. Hence 
the totality of substittUions 57) for which {he expression 

is a mark of the 6r2^[p"] farm a group leaving Z reUxtvody invariant. 

94. Consider next the substitutions 57) which multiply the 
function y._ DXP^'+H Dp"Xp**-^'*"+ Dp*"Xp^*+i 



by a parameter p, where D is a mark =4= in the GF[p^^'\, 

To form the function Y' into which 57) transforms Y, we 
note that 

X''^+'^AUf:^+AUi'X»^+ A,AfX"^''+ {j^+'+A,A^)Xp''+^ 

Denoting by W the product of the expression on the right by D and 

forming the sum T = W+ W''''+ TT'*", we find that the conditions 
for the identity Y' =• qT are the following six relations: 

T-0, r?^-=0, tP^'-O, f-gB, fp"- qBp", /**"=pDp*", 

where, for brevity, 

61) T = DAUf + D^AfAt "+ Df^ 'A^Af " 

62) f= D{Af+'+ A,Af)+ 2)'"Uf "+'"+ A^'Af) 

+ I)''"'{Af''+'+Auf''). 

In particular, it follows that (j'"— q. Hence Hiose substitutions 57) 
whose coefficients Al^, A^, A^ make r = and give to tfie futuiion f/D 
a value belonging to the OF[p'*'\ form a group with the relative in- 
variant Y, 

The method may be readily extended to determine for general m 
the substitutions 54) which leave relatively invariant the following 
function ^--1 

Y, = ^BP''^XP''''tv''^"^^^ (J) in the (?-F[p«»»]), 
where s may be any integer < m, except perhaps m/2. 
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It is found that the nnmber of independent conditions npon 
the coefficients Aiy in order that 54) shall leave Tg relatively in- 

variant; is at most -^(m + I) or ^^(m + 2) according as m is odd or 

even. One of these conditions merely requires that a certain function 
of D and the Ai shall belong to the (? J'O*]. 

96. We proceed to identify the Betti-Mathieu Ghronp in the 
6r2^[p'»"»] with Jordan's linear homogeneous group on m indices with 
coefficients in the GF[p^'\. Let 22 be a primitive root of the 
GF[p^^'\y so that any mark of that field can be expressed in the 
form yQ+ yiR + y«-B*+ •*• + ym— i2t""~S where each y^ is a mark 
of the GF[p^']. Consider the general substitution 54) of the Betti- 
Mathieu Group. We may set 

m — 1 m — 1 m — i 

where each 6,, |,- and ai*^ belong to the OF[p*'\, 

Substituting these values in the identity 54) and reducing the 
powers of jR to a degree ^ m — 1 by means of the equation of 
degree m satisfied by the primitive root It, we may equate the 
coefficients of like powers of JR in the resulting identity. Since 

hi ^'^ hi} Si ^ 6»> 

we evidently reach a set of m equations of the form 

in — 1 

63) ^'.--^atjij (»-0, !,...,»» -1), 

immO 

in which the coefficients aij belong to the GFlp"^], By hypothesis^ 
equation 54) is solvable for X in terms of X'. Starting from this 
solved form^ our process evidently yields the ^ as fdnctlons of the 1^, 
so that equations 63) are solvable in the field fl^JF[p"]. Hence | a,/ 1 =j= 0. 
According to the definition given in § 97; the transformation 63) 
belongs to Jordan's linear homogeneous group. 

Inversely ; every linear substitution 63), with coefficients in the 
GF[p^'\ such that the determinant \aij\ ^0, can be represented in 

m — 1 

the form 54). We note first that 63) transforms X=^|,JB» into 



X' = 
where 



m — 1 / m — 1 \ m — 1 / m— 1 \ m — 1 



m— 1 
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Furihermore, to, ti, . , ., tm^i are linearly independent with respect 
to the GF[p^]] for^ if xo^ . . ., Xm-.i be marks of the latter field such 
that ^ 

then ^_j 

^XjUij « (i - 0, 1, . . ., m - 1), 

and therefore^ since | atj 4= 0^ each Kj » 0. Hence^ when each S,- rons 
independently through the series of jp* marks of the 6r-F[p"], the 
expressions Xand X' both run through the !>•*"» marks of the GF[p^^]. 
Every substitution 63) therefore gives rise to a permutation on 
the marks of that field. 

But we can always find a set of marks Ai, A%, . . .^ A^ of the 
GF[p^^\ such that 54) will transform the set of marks 1, R, IP, , . ., 
R^'-\ linearly independent with respect to the 6r-F|j)"], into an 
arbitrary set of m marks of the GF[p^^], 

Bi=^PijRi (»• - 0, ...,»» - 1), 
linearly independent with respect to the GFlp'^. The conditions are 

2 MliT^"' "- -B* (* = 0, 1, . . ., m - 1), 

which can be solved for Ai, Ag, . . ., Jimy since the determinant in JR 
is not zero by § 72. The resulting substitution 54) will transform 

m— 1 m — 1 

the |}»»» marks ^ A,- JB* of the (t-FIj)»'»] into the marks V A,- -B,- all 

«»0 1 = 

distinct; indeed; we have the identity 

lit t / fW \ 

96. EXERCISES ON THE TEXT OF CHAPTER V. 

Ex. 1. Verify that g*+ «J^— a*J* (a arbitrary) represents a sub- 
stitution on the marks of either the GF[^^] or of the GF[2^\ 

Ex. 2. (Hermite). A group of order 168 is generated by the sub- 
stitutions I t r\/ \ / 1 \ 

ar = arc + &, a; = a^{x + 6) + c (mod 7), 

where Qix)^ — cd^— 2 a?* and a is a quadratic residue of 7. 

Ex. 3. (Rogers.) In applying Hermite's conditions (§ 84) for a 
substitution quantic, it suffices, when n » 1, to test only the first 

-r- (p — 1) powers. This result of Rogers does not generalize inmiediately 



= 0. 



t t 
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to the case n>l; for iSQ[6, 3^ it is necessary to consider, besides 
the 2** and 4*^ powers, also the power 5 >y(^*""^)' 

Ex. 3. By the theorem given by Weber, Algebra, 11, p. 299, every 
substitution on |>" letters, each affected with n indices ^i, ^a, . • ., ^n taken 
modulo i>, may be represented by the transformation (mod |>), 

jpj — ^i{zx, z%, . . ., z^ (i = 1, 2, . . •, n) 

where each 0,- is a rational integral function with integral coefficients. ^ 
Apply the method of § 84 and show that, on raising each 0^ to the - ' 

powers 1, 2, . . ., |) — 2 and reducing by means of s^^2f (mod i>), the 

coefficient of xff"" ^f "^ , . .zji^ in each power must be congruent to zero. 

Ex. 4. The following substitution in the G^jP[>*"] 

a) Z'-^iZP"+^Z (^^4=0, ^f+i-^f+i+0) 
can be reduced to the form Y^ ^ BY by introducing a new index 

b) Y=B^X^+B^X (^J^+i-J^+i+O) 
if and only if there exists no root in the GF[p*] of the equation 

A^-B A^ 

If .^ + -^^^ 0, it is not possible to reduce a) to the form 

r' - KY^"" (K in the aFlp^""]) 

by a transformation of indices of the form b). 

[The first result is in marked contrast to that of § 214 for m — * 2]. 

Ex. 5. By the method of § 95, show that the sub-groups of the 
Betti-Mathieu Group defined in §§ 93—94 by means of the invariants Z and Y 
are identical with certain linear homogeneous groups on m indices in 
the GF[p^] defined by a linear and a quadratic invariant respectively. 

Ex. 6. (Moore.) The multiplier - 6rjP [jp*] of the additive -group 
[Ai, . . ., Am] is the (largest) additive -group conmion to the additive -groups 

[li Xiy . . ., Af Xfn] (t — 1, . . ., m) 
and is contained in the p"*— 1 additive -groups 

[A-U, . . ., A~i A^] (A + of [Ai, . . ., Am]). 
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CHAPTER I. 

GENERAL LINEAR HOMOGENEOUS GROUP.*) 
97, First definition. — Consider the j)""* letters, or symbols, 

characterized by m indices, each running through the series of marks 
of the GF[p^], The general linear homogeneous substitution A on 
the m indices g,- with coefficients in the GFlp"*] replaces the letter 



m 



A: 15 -^ aijl^f (i - 1, . . ., m) 



the coefficients a,-/ being marks of the field. But A will indeed 
permute the jp"*" letters if, and only if, the determinant of A is not aero, 

|^| = |«.vl4=o. 

In fact, there must be one and only one system of m indices which A 
replaces by a given system |' and hence an unique set of values |/ 
satisfying the equations 

m 

^ ciijh = S!' (♦ = 1, 2, . . ., m). 
Let B denote a second substitution with coefficients in the GF[p**], 



tn 



B: ^-^Pkiii (A-1, 2, ..., m) 



where 



■Bi = i^».! + o. 



1) Jordan, Traits des substitutionB, Nos. 119, 169; author's dissertation, 
Part n. Cf. § 96 above. 
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The result of applying first the substitution A, which replaces l^^, . . ., c 

m 

64) l\~^«u^ (i = l,...,m), 



i-1 



and afterwards the substitution By which replaces the general letter 



m 



65) li'=2l»»'^' (ft - 1, 2, . . ., m); 



ti«l 



is identical with the result of applying a single linear substitution, 
called their compound or product AB, which replaces h^y...,^^ by 
^V'v . , 5'V ^1^®^®; ^y eliminating the |{ between 64) and 65), we haTe 



m / m V 



1, . . ., W). 

Setting 

y*/ =^Pki€tij Qcy j = 1, . . ., m), 

we may write the product of A and B in the form 

m 

^B: 1*^2^*^^ (ft«l, ..., m). 

By the theorem for the multiplication of determinants 

■,AB\ = \y,j\^\P,i\'\aij\^\B\^\A\^0. 

Moreover, the coefficients y^j belong to the GFlp"*]. Hence the 
compound AB is indeed a substitution and has its coefficients in the 
same field as those of A and B, If therefore we let the coefficients 
of A run through all the sets of values in the GF[p^] for which the 
determinant | a,/ 1 =H 0, we obtain a set of substitutions forming a 
group called the general linear homogeneous group on m indices unih 
coefficients in the GFlp"*] and denoted by the symbol GLH{myP^), 

Remark. — If the substitution A be identical with the substitution 



m 



^^^aij^ (i = l, ..., m) 

then must a»7== Uij (iyj =- 1, . . ., m). This follows by taking in turn 
for ^* ^ 1, 2, . . ., w the particular set of values 

I>=1, Sifc=0 (A;«l, 2, ..., w; i+j). 
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98. Second definition of GLH{m,p^). — The essential thing in 
the substitution A is the matrix of its coefficients {atf). Taking the 
indices Si, • •, Im to be variable marks of the ffi^|j>*], we obtained 
an immediate interpretation of ^ as a permutation of certain j?***^ letters, 
so that the linear group was recognized as a permutation -group. 
We may, however, let the indices Si, ...,!»» be arbitrary variables 
and consider the linear transformations 



m 



A: S;-2^>^> (i==l, ...,m), |a.v!+0, 

where each coefficient belongs to the GFlp"*^, As in § 97, the 
compound of two such transformations will be a linear transformation 
of determinant not zero and with all its coefficients in the GF[p^\ 
Since | Uij \ =^ 0, the inverse of A exists and has similar properties. 
Hence the totality of transformations A form a group, evidently 
the GLH{m,p''). 

Employing this second definition, we may represent the trans- 
formation group as a group of permutations on p^^ letters. Consider, 

indeed, the p^^ linear functions A1S1+ Ag^sH + 'Ulm where each 

A runs through the marks of the GFlp"*]. These functions are merely 
permuted by the linear transformations A. 

99. Theorem. — ITie order GLH[myP*] of the group GLH^m^p*) is 
The number of distinct linear functions 



m 



by which the substitutions of the group can replace the index 1^ is 
pnm_^ 1, since the marks atj may be chosen arbitrarily in the 6ri^[p*] 
provided not all are zero. Let T be one of the substitutions which 
replace l^ by a definite linear function f^. If then 

Ri = I (identity), U2, -Rs, - . ., Rn 

denote all the substitutions of the group which leave ^^ fixed, the 
JV^ products, ^ ^^ P -,p 

will replace Ij by fx. No other substitution of the group has this 

property; for, if -tT" replace |i by /i, T~^U will leave 1^ fixed and 

hence be a certain i?,-, so that J7«= TRi. To each of the p**"— 1 

distinct functions f^ there corresponds a set of N substitutions. 

Sence 

GLH[m, i)»] = Nip"""^— 1). 
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The sabstitatioiu Ri are of the form 

li = li, 5* - ^«»>ly (fc « 2, . . ., w) 

where the m — I coefficients ati ai^ arbitrary and the coefficients 

(iij{kfj ^ 2f , m) are sach that their determinant 4^ in the 

field The hitter set of coefficients can be chosen in OLH\m — l,f^^ 

ways. Hence N^p^i—^)GLHlfn - 1, p^l 

OLH\m, ^^ «|)«(— ')(^»_ l)GLH\m - 1, /)•]. 
This recorsion formnht gives, since 6rZJ?[l,|)"] «=!>*— 1, the result 
GLH\m,p^^ «p-(— 1)(^-_ 1)^(— «)(p-(— D- 1) . . .p-(p*-- 1)0^- 1) 

100. Theorem. — Every linear homogeneous substUution A on m 
indices with coefficienfs in the Gi^[jp"] can be expressed as a product BD^y 
wkere B is derived from the totality of substUutions of the form 

Br,,x: S!- — Ir+Ai, |i-=|. (»— 1, .. ., w; i4=r; r4=«) 

X being an arbitrary mark of the GF[p*']f and tchere D^ denotes the 
substitution altering only the index Im which it multiplies by the deter- 
minant of A. 

Let the giyen snbstitation A be the following: 

^: If ^^^als (» = 1, . . ., m). 

The product AB\,t,i has the form 

m m 

li -=^(«jy + ^a«>)|y. ii -^«'>l^ (» =- 2, . . ., m), 
the matrix of its coefficients being 

OU + ^ff2l «fU + ^«2« • • • aim + ^0%m 
«Jl fffj • • • «Sm 



Simikrly, the matrix for the product Bi,%^iA is 

«fl - «M + Affji ff,j ... aja, 




^1 ttm«+ ^flfml «m8 • • • «iiim. 
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To multiply A on the right hy Br,»,Xf we therefore multiply the 
s^ row of the matrix («,y) by I and add to the r^ row; to miodtiply A 
on the left by the same substitntion, we multiply the r*^ column by X 
and add to the 8^ column of the matrix (a^y). We make use of 
these operation/^, which are recognized to be identical with the 
elementaiy operations permissible in reducing a determinant^ to sim- 
plify the form of the matrix A. It is shown below that, if m > 1^ 
we can set a,i «- 1. Then by multiplying A on the right and left 
by suitable generators Bij^i, we can reach a new matrix A* haying 
the elements of the first row and first column all zero, except a^^ 
which — 1. After m— 1 such steps, we would reach a matrix J.(«— i) 
having every element zero except those in the main diagonal and 
the latter all unity except that lying in the last row. The resiodting 
substitution would be Dm. From the identity thus established, 
BiABi = Dfnf where B^ and JB, are products derived from the Btj^, 

we find , 

A « Br'BmBT'-- Br'B,Dm = JBD^. 

It remains to be shown that, if m > 1, a matrix can be obtained 
from A having an » 1. From the given generators we derive the 
substitution 

66) BijxBj^i-x'^BijX' 5l-i|y, ^ - - A-^g,, 

affecting only the indices g, and ^, In particular, for i -° 1, t — 1, 

we get f f 

We deterime a substitution K derived from the Bij^x snch that the 
product A'=:KA will have the coefficient a^is^O. If a,i4"0, we 
take K-=-Iy the identity; if o^j^O, but aj^^e 0, we tf^e K^J. 
The product .,,_ .,^ 

A. z=zA Joui,x 

has the coefficient an = an + Xa$i, which can be made equal to unity 
by choice of A in the GF{p*], 

Corollary L The only linear homogeneous substitutions commuio^ 
tive with every Br.s, x(r,s '= 1, . . ., m,r =j= s), where X is a fixed 
mark ^0 of the G-F[p"], cM^e those of the form 

6!- ^Qii (* — 1; •., ni). 

It follows by inspection of the above two matrices for ABiy%yx 
and BiyiyxA that they are identical only when 

«ii = ^t^y a»i=" (i — 2, 3, . . ., m), asy=" 0' — 3, . . ., m). 

Since the indices 1, 2 can be replaced by any pair r, s of distinct 
integers ^ w, it follows that every element of the matrix (a/y) must 
be zero except those in the main diagonal, which must all be equaL 
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.:>>MlaK5 EL The group of Una/ry linear homogeneous sub^ikUians 
i i^mmumut mt^ is generated by the substUutions Bt,^i and 

T: ^i I,, |i = li. 

bidoed, T transforms ^^s^-z into Bt^x. 

101. IVansforfnation of indices. — We can introduce in place 

v>f &> hf ' - -f im the m new indices 



m 



67) 



provided the determinant { ^/jb | 4= 0. In £ftct, the sobstitation 



>«i 



1 . • . m 



will replace rji by^'/Ja«*/Sy, which, by solving 67), can be put into 



m 



the torm^^ yijry. The sabstitntion A becomes 

m 

B-^AB: rii-^nsry (» - 1, 2, . . , m) 

where f denotes the substitation 67) replacing the !< by the r^i. 
In fact . . , 

^-^-(i)(i)0-©- 

The determinant of the transformed substitution equals that of Ay 

^B'''AB\^\B'-^\'\A\- B:^\A\. 
This result is, however, a special case {g = 0) of the next theorem. 

102. Theorem. — IJie characteristic determinant (with parameter q) 
of a linear homogeneous substitution Ay 

an — Q «i2 ttlS . . . ttlm 



^ml 



ami 



CCmi . . . « 



mm 



is unchanged under every linear transformation of indices. 

It is only necessary to prove the theorem for the following types 
of transformations of indices, since by § 100 every linear trans- 
formation can be derived from them: 

^l"" 5l+ Afe, 1?2= §2; • • -J '^Im^^- 




GENERAL LINEAR HOMOGENEOUS GROUP. 



81 



Under the transformation of indices D^, A takes the form 



m 



m 



Vi = D^ «iili = «ii Vi + ^^ «u^; 



>=1 

m 



>=2 
m 



.;- 2 



ccij 6> — ;g- «a 171 + ^ «.7^i (i - 2, 3, . . ., m). 



The characteristic determinant of the transformed substitution is 



ail— Q Dcci2 . . . Dai 
flfgi/D au—Q • • • ff«m 



m 



(imi/D Orni 



• Cfmm— (> 



ail — Q Cfl2 • • • ffJm 

aji a22— (> • • • ««m 



Oml 



f^mi 



• ^tnm Q 



= A(p). 



Under the transformation of indices Bt,i,x, A becomes 



m 



rlx — ^(ffii + ^^2^)^ = (an + ^a«i)i7i + (ai2 + ^Wm — ^«ii — ^*a«i)i?8 



>==! 



m 



+2^"*^+^^*^)^^' 
> = » 



r» 



m 



rii — Va/^ly « a.iiyi + (a,-2— ^ccii)ri9+^aijrjj (i « 2, . . ., m). 

The characteristic determinant of this substitution is 

«ii+Aa2i — 9 ai2+Aa22— Attn — A*a2i ai8+ Xan • • . aim + ^aa 

a«l ««« — Afifgi — (> a83 • • • «Jm 



m 



flffrti 



a»n2 — A^ml 



^mS 



• ttmrn — (> 



Multiplying the second row by I and subtracting from the first row, 
and afterwards adding the first column multiplied by A to the second 
column, we reach the original determinant A((>). 

Corollary. — Tlie transformed of A by any linear stjibstiiution B 
has the same charadieristic determinant as A. Lideed, by § 101, A is 
converted into B^^AB by the transformation of indices indicated by 
the substitution B. 

Factors of composition^) of GLII{m,p''), §§ 103—107. 

103. Let p be a primitive root of the GF[p^]. K two linear 
substitutions have as determinants (>'*' and p'', their compound has 

1) For the case n = 1, Jordan, Traits, pp. 106—110; for general n, author's 
dissertation, Annals of Mathematics, vol. 11 (1897), pp. 168 — 175; also Bumside, 
The theory of groups, pp. 340 — 341. 

Dickson, Linear Groups. ^ 
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the determinant p^''+'>'. Hence the totality of sabstitations in the 
group G EI GLH(in,p*) having as determinants powers of p' forms a 
subgroup Gr/. Suppose that 

where |>i,|)t, -••>!>* are all primes. Denote by G^, Gp^^y . . ., G>«_i= F 
the subgroups of G formed of those of its substitutions whose 
determinants are respectively powers of q^y Q^^y .... q^~^ = 1. By 
§ 63, the orders of these groups are respectively 

Q/Pif Q/PiPtf ' ' -y Q/P^- 1 (where Q = GLH[myp^]). 

In fact, by § 100, G contains substitutions of every determinant =f= 
in the GF[p*] and contains the same number of one determinant as 
of another. 

If S and T be linear substitutions, S and T~~^ST have the same 
determinant (§ 101). Hence the groups Gp^y Gp^p^, . . ., f are sdf- 
conjugate under G, i. e., each is transformed into itself by any sub- 
stitution of G, Since ^^i, . . ., pt are primes, there is no group lying 
between G and Gp^y no one between (r^ and Gp^p^, etc. Hence we 
may descend from G to f by. the composition -series 

G^j ^Pij Gp^p^y . . ., G/>«— 1 = r. 

The group V of all substitutions of determinant unity is called 
the special linear homogeneous group SLH(myp^). It has a self- con- 
jugate subgroup H formed of those of its substitutions which are of 
the form 

M^: 6: = ^S* [P-^I] (a = 1, 2, . . ., fit). 

The mark ft must also satisfy the equation 

fi^-^« 1. 

Hence, if d be the greatest common divisor of m and ^—1, we 
find (by the method of proof used in § 79) that 

68) 11^^ 1. 

Inversely, each of the d distinct solutions in the Gi^[p"] of 68) 
[see § 16], leads to a substitution ibf^ belonging to the group H, 
The order of H is therefore d. 

If d be a mark of the Gi^[j)"] which belongs to the exponent d 
(§ 17, Corollary), then ft is a power of d. Suppose that 

^ '^ Q1Q2 ' ' ' Qt (each g, a prime). 

Denote by fl^, jH,,,,, . . ., Ha= I the groups formed of those sub- 
stitutions of H which multiply every index by a like power of d^y by 



GENERAL LINEAR HOMOGENEOUS GROUP. 83 

a like power of d^»^», . . ., by a like power of d**— 1, respectively. 
Since we have, for any mark v, 

a composition -series of JS is given by 

In view of the theorem proven in §§ 104 — 107, we may state the 
complete 

Theorem. — The factors of composition of GLH(mjp^) are 

Pu Pty • • •, Pky Q/rf(l>"- 1), qu gtt, . . ., qij 

except in the two cases 0w;|)'»)«=-(2, 2) and (2, 3), when the factors of 
composition are 2, 3 and 2, 3, 2, 2, 2 respectively. 

104. Theorem. — Ezduding the above two cases, the group H is 
a maximal self -conjugate sxibgroup of V, 

Suppose that V contains a self- conjugate subgroup J which 
contains all the substitutions of H and still farther substitutions. 
We will prove that, aside from the two exceptional cases mentioned, 
J coincides with f. 

By hypothesis, J contains a substitution 



m 



Si ii — ^a,-^li {i — 1, . . ., w) 

which is not in H and therefore does not multiply all the indices by 
the same factor. Hence, by Corollary I of § 100, S is not com- 
mutative with every Br^^^i (r, 5= 1, 2, . . ., w; r =4= s). Changing the 
notation if necessary, we may suppose that S is not commutative 
with JBi,2,;i, a substitution of determinant unity and therefore in the 
group r. It therefore transforms the substitution S of the self- conjugate 
subgroup J into a substitution belonging to J. Hence J contains the 

product m_ Q_i T>-1 OT> 

which does not reduce to the identity L In calculating this product, 
let <t> be the linear function by which S~^ replaces ^. Then T is 
seen to have the form, in which the values of the Pij need not be 
determined: 

T: g'l-^^iiS^; Sl— l»— Aaa<J> (i = 2, 3, . . ., w). 

Suppose first that the an are not all zero, say a2i=j=0. For 
w > 2, we introduce new indices 7]i defined by the substitution V of 
determinant unity, 

Vi = Si; ^2 = Si; Vi — Si — — - Ss (t = 3, 4, . . ., w). 

6* 
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The resulting substitution F-*TF belongs to J and leaves i7<(i> 2) 
unaltered: 

V* -(i - Aa.i0) - ^(1, - Xc«<l>) = I, ^ Ji|, = rii- 

"si "si 

If, however, every a,i = 0, T itself leaves fixed m — 1 indices. In 
either case, J contains a substitution ^ J of the form^) 

m m 

-R-- Vi ^^yijvjy 'yi ^^njvj, n'i = ^^ (** = 3, . . ., «•). 

Then J" contains the two substitutions leaving i/s, .. .7 i^m fixed: 

Ui == ^a — f*y2ii?8. 

These substitutions are both of the form 

U: y(x =« i?i + tfiiys, i?i = i?« + <y2^8, i?i = 1?/ (t = 3, . . . , m). 
If T2 and Tg reduce to the identity, B itself becomes 

-Bi: rli = lyi + yi8l?8 H + yi»n1?m, 1?2 = 1/2 + y28^8 H f- y2m1?m, 

lyj-iy, (i>2). 

If yi^= ys>= (j = 4, . . ., w), this substitution =j= J is of the 
form U. In the contrary case, we may suppose that y^^ and y^^ are 
not both zero. Then 

p-iT?-i T? T> . J *?! = ^1 — ^yu»?8, 

1^2 = i?2 — (^ynv»7 Vf = ^» I* > ^>) 

is a substitution =f= / of the form V and belonging to J, Hence, 
in every case J contains a substitution U not the identity. For 
definiteness, let Oi =i^0 and introduce the new indices 

^2 



^1 



Then J7 becomes i5i.8,<j,. Transforming the latter by the substitution 

where >l is an arbitrary mark =|= of the GF[p^'], we reach in J 
the substitution Bi^s^ia, and therefore every Bi,s,i» The latter is 
transformed into Bk,i,x(k^ 1, 3) by the following substitution of f: 

S; - - 6*> i;«Si, 1;— fe (i = 2,...,A-l,ft+l,...,m). 

1) From this point, the proofs by Bumside and Jordan (1. c.) are incomplete. 
The specific errors were made in the Traits, p. 108, 1^ and in The thtory of 
groups^ p. 316, "This process may now be repeated", etc. 
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Finally, for j =f= k, lik,z,x is transformed into Bk.j,i by the substitution 

It follows from § 100 that, if m > 2, J is identical with f. 

105. For m >= 2, we are given that J contains a substitution 

which is neither the identity I nor 

We proceed to prove that, for |>*> 3, J contains a substitution of 
the form Bt^i^x in which X^O, 

a) Suppose first that /3 — 0, so that J contains 

where a' 4= if a — a~^, since Sj 4= ^ ^^ -E. 

a^) If a «= cT"^, whence a — ± 1, the group J contains both S^ 
and iSi-E, one of which has the form 

aj) K a =4* a""^, eT" contains the substitution 4^ J, 

S.B^liST'B^ X, i: i; - |„ li - 1,+ (1 - a*)li. 

b) Suppose next that /S =4= 0. The following substitution 

Z: rx = xa$j+x^|„ |; = _ i±^'|,- xafe 

has determinant unity and therefore belongs to f. Hence J contains 
5,= Z-»/SZS; viz., 

If |)«— . 4 or if ^>*> 5, X can be chosen in the GF[p^] so that 

x*4=i, x-2 4=x«. 

Proceeding with 5} as in case a,), we obtain in e7 a substitution ^t, i,;i> 
where X ^0, 

If |)*=- 5, we take x «= 1, when S^E becomes 

5i "■ fci > Sj ■" p 5i f €«• 

Our result follows unless /?' + a = (mod 6). But J contains the 
product SB^l I S" ^ JBo, 1. 1 7 viz., 

1; = (1 + ap)i,+ fi%, i; » (1 + a^ - aOI,+ (1 - a^ + ^*)g,, 

for which the snm corresponding to the abore /S' -f- a is 

(1 + a/J) + (1 - a/S + /J») = /J»+ 2 =!- (mod 5). 
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We have now proved that, if ^*> 3, J contains a snbstitntion 
52, 1, ;i (^ =)= 0). It is transformed into 5«,i,z^ by the substitution 

Also 

By § 64, there exist solutions in the GF\p^\ of (>*+ <J*— «/''' ^^^ x 
arbitrary in the field. Hence J contains ^, i,x- Transforming the 
latter by (|; == g,, |; = - y we get JBi,2,-x. It foUows from § 100 
that J=iV, By §§ 99 and 103, the order of the group V of binary 
linear homogeneous substitutions of determinant unity is |)*(jp** — 1). 

106, For i)*= 2, m — 2, the group V is of order 6 and is identical 
with GLH{2, 2). It contains a subgroup of order 3 generated by 
the substitution 

The index of this subgroup being 2, it is self- conjugate. The factors 
of composition are therefore 2 and 3. 

107. For p''=3, m«2, the group G = GLH{m,p^) is of 
order 48 = (3*— 1) (3*— 3) and contains the following substitutions 



A 
B 
C 
D 
E 



bi ™ ~ §1 > Is — 5l + ?2 ) 

Ij "^ 6«? §2 ^ 5l"l" ^5 

§1 *=* fe« ; b2 ■" «1 5 

fel "■ fel + §2; ^2 ^ 5l~" ?2) 

^1 =* blj §2 "^ fe? 



of which A has determinant — 1 and the others determinant + 1 
modulo 3. In virtue of the relations 

£2«1; 

D^^E, DE^EB, 

C^ ^E, CE^ EC, CB = EBC] 

B^'^E, BE^EB, BB^CBB, BC^BB, 

A^=l, AE^EA, AB^CA, AC^BA, AB-^ECB^A-, 

it results that the groups generated as follows: 

[E]', {E,Dy, {E,D,CY, {E,B,C,B], {E,D,C,B,A} 

have the orders 2, 4, 8, 24, 48 respectively and that each group is 
self- conjugate under the following group. The last group is identical 
with 6r, whose factors of composition are therefore 2, 3, 2, 2, 2. 
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• 

108. From the linear homogeneous substitution J. of § 98 on the 
arbitrary variables Si, ^2, • • •, l»i, we obtain the linear fractional substitution 

A: Xi-=^ p 1 1 -, u «= 1, . . ., m — 1) 

upon setting a;,= |//|m for t — 1, . . ., m — 1. It being only a question 
of the ratios of the coefficients aij in A\ its determinant | cc^j \ is 
determined only up to a factor ^% ft being a mark 4= 0. Also, A^ 
is the identity if, and only if, A be one of the p*—l substitutions 

The products MfiA and no other linear homogeneous substitutions 
correspond to the same linear fractional substitution A'. Hence the 
group G '-£ GLH(m,p*) has (p^— 1, 1) isomorphism with the group L 
of the substitutions A\ K Q denote the order of 6r, the order of Xr 
is Q ;- (i)*— 1). To the subgroup f formed of the substitutions of G 
having determinant unity there corresponds a subgroup A of X com- 
posed of those of its substitutions whose determinant is an m^^ power 
in the field. If d be the greatest common divisor of m and p^ — 1, 
there are exactly d substitutions of the form ilf^ in f and they form 
the group H (§ 103). Hence f has (d, 1) isomorphism with A. The 
order of A is therefore Q ;- d(/)*— 1). Aside from the cases (ni,p^) = (2, 2) 
and (2, 3), H was shown to be the maximal self- conjugate subgroup 
of f; hence A has no self- conjugate subgroup other than itself and 
the identity and is therefore simple. 

The group LF(mfP'^) of aU linear fractional stibstiMions in 
the GF [2>*] on m — 1 variables and Jiaving determinant unity or some 
w*^ power in the field has the order 

1. (p»m_ \)pn{m-l) (j^n(m-l)_ l)p»(m-2; ^%n _ l^pn 

d being the greatest cotnmon divisor of m aiid p"*— 1. It is a simple 
group except in the two cases (m, p^) — (2, 2) and (2, 3). The group 
of aU linear fractional substittUions of determinants not zero has d times 
iJie order of LF{mjp^). 

The notation LF^m^p"^) emphasizes the point that the essential 
quality of the linear fractional substitution lies in the matrix (ccfj) 
of degree m and not in the m — 1 variables :ci, . . ., ^_i which play 
the ro le of indeterminates. For m » 2, we use the suggestive notation 



(".'*)' 



In virtue of the identity of the two substitutions 

of determinants A and fi^A, we may choose ft so that the substitution 
takes its normal form, viz., of determinant unity if /> >-* 2, but of 
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determinant unity or a particular not -square v if p '> 2. In fact^ 
if A is a square ; ^^A may be made equal to unity by choice of fi 
in the field; while for A a not -square, iu^A may be made equal to v. 
If p*^> ^, the group LF{2,p'') of all linear fractional substitutions 
in the GF\p^] of determinant unity (when in their normal forms) is a 
simple ^) ffroup of order 

JfO«)-^^^^ {2',\ amyrding as p>2',p^2), 

Tliere are p^{p^^— 1) linear fradional substitutions of determinant 4= 0. 

Prom the formula of composition of binary linear homogeneous 

substitutions (§ 97), we derive the product SS^ of linear fractional 

substitutions 5 - h-^\ S,-.2 (^): 

yz-hS' ^ y^z' + d,' ^ {Yi^ + ^Y)z + (Y,P + d,d)' 

Hence if S operate first and S^ afterwards, the product SS^ is*) 

ly,*/ {ri.^J \Yi<' + SiY.Yi§ + 9i^ J 

109. The quotient -group V/H may be readily represented as a 
permutation -group on q ~ (p^"*— 1) -',- (jp*— 1) letters*). Of the 
I)***"-- 1 letters l^^ ^^ •• .^m ^^ which |i, I2, ...,!»» denote marks of 
the GFIp'^I not all zero, we combine into a single system the 
^••-- 1 letters Z^^^ ^^^ •• »/*^m "^ which fi runs through the series of 
marks =j= while |i, Si, . . ., |^ denotes a set of fixed marks not all 
zero. Any linear homogeneous substitution on Si, . . ., Im with co- 
efficients in the field replaces the letters of any one system by letters 
all of some one system and therefore permutes the q systems amongst 
themselves. In particular, the substitutions Jf^ do not displace any 
system. Hence the group f of substitutions of determinant imity 
corresponds to a permutation -group on the qsjBiems, which represents 
concretely the quotient -group r/H, 

1) Cf. Moore, Congress Mathematical Papers, pp. 208—242, Bull. Amer. 
Math. Soc., Dec. 1898; Bumside, Proc. Lond. Math. Soc, vol. 25, pp. 113—189 
(Feb., 1894); also see § 261 below. 

2) For the same product of matrices , the notation S^ S is sometimes used, 
jS^ operating first. 

8) Compare the method of §§ 228, 224; also, for m = 2, that of § 239. 
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THE ABELIAN LINEAR GROUP.O 

110. A linear homogeneous substitution on 2m indices with coeffi- 
cients belonging to the 6ri^[p«] is called Abdian if, when operating 
simultaneously upon two sets of 2m indices, 

iiiy i^ii; lity ^i% (i «- 1, 2, . . ., m), 

it leaves formally invariant up to a factor (belonging to the field) 
the bilinear function „< 



74) 



.r.2 



1 = 1 



Si2 '^i 



The totality of such substitutions constitutes a group called the 
general Abdian linear group^ G-4(2w, j>*). These of its substitutions 
which leave tp absolutely invariant form the special Abdian linear group 
SA{2m, p*). For other definitions of these groups see § 160 below 
and the author's article, Transadi<ms of the American Mathematical 
Society, vol. 1, pp. 30 — 38. 

The conditions that the linear substitution 



75) 



S: 



m 



i'i^^i^j^+yij^i) 



m 



(i — 1, 2, . . ., m) 






shall leave tp formally^ invariant up to the factor ft are 



76) 



m 

1 = 1 
m 

2 

1 = 1 



a.i 


yu 


frv 


Su 


a.v 


Oik 


P<j 


Pik 



m 

1=1 



0, 



m 

2 

1 = 1 



Oil 


y<* 


Pij 


«Ja 


ya 


y** 


<J/y 


*,» 



-0, 



Q, i«l, ..., w; j4=ft) 



0. 



For w « 1, the Abelian group (t^(2, jp") is evidently identical 
with the general binary linear homogeneous group GZJ2'(2, p^\ In 

1) Investigated by Jordan, Traits, pp.171 — 186, for the case n = l; by 
the author, Quar.Jour.'ofMath.^ 1897, pp. 169— 178, ibid., 1899, pp. 383 — 4, for 
general n. 

2) To distinguish these groups from the ordinary Abelian, i. e. commuta- 
tive, groups, we prefix the adjective linear. The Abelian linear group is not 
commutative in general. 

3) The indices gi and ij; are treated as arbitrary quantities. Formal in- 
variance is used in antithesis to numerical invariance. 



( 
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•lecezniimiig the stmctare of the Abelian group, we may therefore 
^appose M > 1. 

m. We proceed to determine the substitution reciprocal to S, 



S-h 






-2 



Vi^^jiP'jh+Shrij) 



Supposing 5 to be Abelian, we obtain the same result upon multi- 
plying g> by fi that we obtain upon operating the substitution S upon 
the two sets of indices. The identity of the two results is not 
destroyed by operating the substitution S~"* upon the indices |,i, tjn 
(» — 1, . . ., w) of one set. The result obtained upon multiplying 9 by /i 
and then applying the substitution S~^ upon the indices |,i, i/,i is 
therefore identical with the result obtained by applying the substitution S 
upon the indices ^a, rja alone. Equating the two results, we find 

i'J 
l .....m 

From this identity in the indices 5,-^, rjij^ we find 
Hence the reciprocal of the Abelian substitution 75) is 



77) 



S-': 



m 



si=~2(^>»^>""y>»^>) 



m 



. (i = 1, 2, . . ., w). 



V'i = \ 2(" P^^^J + ''>'^^) 



y=i 



When S"^ is operated upon the two sets of indices, 9 must be 
multiplied by 1/ff. Forming the relations expressing this fact, we 
obtain the following conditions, together entirely equivalent to the 
set of conditions 76): 



78) 



m 

1=1 
m 

2 

1 = 1 



am 


nt 


hi 


S,i 


t>ki 


rti 


"Ji 


Vii 



m 



^ = 1 



m 



=0, 2 



«tl 


y*i- 


ft* 


Sii 


fiki 


Ski 


A.- 


Sji 



= 0, 



(J,k = l,...,m;j^k) 



= 0. 
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112. Since the conditions 76) and 78) will be used repeatedly 
in this and the succeeding chapters , it will be found to be of great 
assistance to apply the following scheme by which these conditions 
can be read off by inspection from the matrix of the coefScients 
of 5: 



fin *ii 


1 1 

Pli ^12 : • • • Plm 

1 


rim 




^n > 22 1 • • 

K22 ^22 • • • 

1 


a2m 

Pirn 


«2« 


1 

• • 

• • 

• • 


• • • • ' • 

• • • • ' • 


• 
• 
• 


«^ml rml 


^ms rm 

Pmi ^m2 


• ; «aim 
Pmm 


rmwi 
dmm 



The 1** and 2**^ rows of this matrix will be called complemefUary, 
likewise the S'^ and 4*** rows, . . ., finally the 2m — !■* and the 2m^ 
rows. Similarly, the 1** and 2**** columns will be called complementary, 
alsa the 3** and 4***, . . , finally, the 2m — 1** and 2m^^ columns. 

The left member of each of the relations 78) is a sum of deter- 
minants built from the coefficients of two rows, the elements of each 
individual determinant belonging to complementary columns. If the 
two rows be the s^ and t^, we denote this sum by iJl^. The 
relations 78) may then be written (taking s <{) 

79) Itii—i.ii= f*; i?,r=* (unless / « s + 1 = even). 

Similarly, if we denote by C,t the sum of the determinants built 
from the coefficients of the s^^ and t^ columns, the elements of each 
individual determinant belonging to complementary rows, we may 
write the relations 76) in the compact form 

80) Cii—i 21= I'', Cgt — (unless t = s + l = even). 

113. Theorem. — The factors of composition of GA{2m,p*) are 
the prime factors of p'*—! together with the factors of composition 
of SA{2m,p^). 

Let (> be a primitive root of the GF [p*]. The general Abelian 
group contains the substitution 

U: i; = p|„ rj'i = fji (i = 1, 2, . . ., m) 

which multiplies q> by p. Let S be any Abelian substitution and 
fi ^ Q*" the factor by which it multiplies (p. We have 
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S - U'T, 

where T is a new Abelian substitution not altering q) and hence in 
the special Abelian group. Since r may be any one of the integers 
1, 2, . . ., |)»— 1, the order of GA(2m, p^) is p*— 1 times the order 
SA[2m, I)*] of the group SA(2m, ^'•). 

Let a, /3, . . . be the prime factors whose product gives p^— 1. 
Let Ay Aa, Aa^, . . ., Apn^i e:: SA(2m, p") be the groups formed by 
the combination of the substitutions of SA(27n, p"*) with 

respectively. Evidently these groups have the respective orders 

^(2>"- l)'S^[2»n, p'l . . ., 8A[2m, i>-], 
while each is self- conjugate under A r^i GA(^m, p^). 

114, Theorem. — Tlie group 8A(2m, p^) is generated by the 
stiistUutions^) 

Mil li-^/., n'i^-in 

where i, j « 1, 2, . . ., wi; i =j= j; and where k is an arbitrary mark of 
the 6ri^[jp*]. Every substitution of the group Ms determinant unity. 

From these substitutions leaving q) absolutely invariant, we 
obtain other simple substitutions of SA(2m, p^) ^ 6r as follows: 

L[x = Mr^ Lf.^xMr. 7i\ = >;,■ + A^; 

Bij^ X - 31^^ Qj^ f^xMji rj'i = i]i - X|^, rjj = tjj ~ Xg,-; 

Z^x~n,xL.^^x-iL[,x3l: i; = Xg,-, i/=A-ii?,; 

Let S be any substitution of G and let it replace 5i by 

fi>i^^(gi>S/+yi>%) [«fi/^ y^J iiot all zero]. 
/-I 

We can set S — VS', where V is derived from the above substitutions 
and S' is a substitution of ff in which the coefficient corresponding 

1) In the expression for each substitution we omit the indices not altered. 
For example, Mi alters only 'the two indices tji and S/. 
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to ffji in £ is not zero. Indeed, according as ai^=j=0 or yij=^0, 
we may take F— Pi_^ or PijMj, Let S' replace Sj by 

m 

We can determine a substitution S^ derived from the above types 
which shall replace li by Oj, viz., 

where a and fi are determined by the conditions 

a = — «ii + «i2 yi2 H f- aimyim, 1 + pdn =- /ii. 

Hence S' = S^ iS", where S" is a new substitution of G which 
leaves Ij fixed. Let S" replace ly, by 



m 



For f* = 1, ffn «= 1, yjj = ttj, « y,j = . . . = aim^ yi,„« 0, the relation 
Ri2 =■ f* of 79) gives ^n — 1 in the substitution S". The substitution 

will replace rj^ by (o, if we take 

Hence 5" « Sj 5'", where S"' is a new substitution of G which 
leaves S^ and i;^ unaltered and thus has the form 

S'":\ ^r (t = 2,3,...,m). 

Applying the following relations of set 79), 

-Ri/^0, iJa,«0 (^ = 3, 4, ..., 2;n), 

we find ^ * rw /. rt o \ 

a,i = p,i = y.i « d,i « (* — 2, 3, . . ., w). 

The relations between the coefficients atj, ytj, fiij, dfj (*,^* = 2, . . ., m) 
of S'" are seen to be precisely those holding for a special Abelian 
substitution on m — 1 pairs of indices. Furthermore, 

S - VS' « VS^S'' ^ VS.S^S"^ 

where F, 5^, S^ were derived from the types of substitutions given 
in the theorem. 

After m operations similar to that by which S'" was derived 
from Sf we reach a substitution which leaves fixed all the indices 
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and is therefore the identity. Hence S is a product of substitutions 
of the given types. Since the latter are all of determinant unity, so 
is also the general substitution S of the group. 

115, Theorem. — The order SA[2m, p»] of the special Abdian 
group equals 

There are (jp")**"— 1 sets of values of a^j, yij (j — 1, . . ., m), not all 

zero, which give distinct functions w^. In the function 072, ^ii"" 1 

while /3ii, Pijy Sij (j « 2, . . ., m) are arbitrary in the field. Hence (o^ 

may be chosen in Q)")*"*""* ways. We have therefore the recursion 

formula 

SA[2m, i)"] =- 0»^«"') - l)jp«(«"»-i) . SA[2m - 2, p^l 

116. Theorem. — For |) > 2, the factors of composition of 

SA(2mf p"") are — 5J.[2m, !>'•] and 2, the case ^*=3, m — 1 being 

exceptional.^) 

Every substitution of G ^SA{2m, p*^) is commutative with 

The group X = {/, T] of order 2 is therefore self- conjugate under G, 
In order to show that' K is the maximal self - conjugate subgroup 
of Gy we prove that a self- conjugate subgroup J of 6, which 
contains K without being identical with K, must coincide with G, 
Let S, given by 75), be a substitution of J not in K, Then / 
contains the products 

where it is a fixed mark =|= 0. Suppose first that all of these 
products reduce to the identity. Then, for example, S is commutative 
with both Li^x and 2i'i,a, so that, by the proof of Corollary I of 
§ 100, S has the form 



/ 



Oil ... 
aji ... 

P22 *22 • • • P^m *« 



oM 



m 
/n 



1 



ami ymi • • • OCmm Ymm 

/3to2 ^m2 • . • Pmm ^mm J 



1) For w = l, /Si-4.(2w,|3») is identical with the group of all binary linear 
homogeneous substitutionB of determinant unity. Its factors of composition are 
therefore given by the theorem of § 103. 
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But S is to be commutative with every pair L/,^ and L/,^. It follows 
that S reduces to the form 

S: 15 — ociiii, rj'i -» aufii (i =-1,2,..., w). 

By the first type of Abelian conditions given under 79), we have 
«<*"= ±1- Since S is not in K, the an are not all + 1 and not 
all — 1. Transforming iS by a suitable product of the form PirPfs, 
we may suppose that a,i= 1, flfjj=— 1 in S. Then J contains 
NTifiSNi^i^ft, which replaces Si by l^— 2(ir]2 and is therefore (since 
p =^2) not of the form S, Taking it in place of our initial sub- 
stitution S, we are led to the case next considered. 

Suppose that not all of the above products reduce to* the iden- 
tity J; for example, let 

S^ S Li,iSLi^x^ I. 

If S""^ replaces iy, by the linear function ©/A, the product denoted 
by S^ has the following form, in which the coefficients of 5i have 
not been calculated: 



S,: 



m 

II - ^(ffyli + yjVj\ If - l»' - «<i® (i — 2, . . ., m) , 
>-A rii=rji—pn(0 (f — 1, . . ., w). 



From S^ we proceed to determine a substitution =f= I belonging 
to J and leaving 2 m — 3 indices unaltered. S^ itself is such a sub- 
stitution if a,i— Pii^ (t « 2, . . ., m). In the contrary case, the 
transformed of /S by a suitable P^j or P%jMi will have a^^ =j= 0. 
Consider therefore S^ when Cj^ =|= 0, and introduce the new indices 



m 



li=li^ ^1==^!^ I»""l»^ %"== — — //O^yili- «yi^A 
l.-l.-7^l», ^•""'^•""■£^^2 («• — 3, ..., w), 

•*81 '*21 

an operation equivalent to the transformation of S^ by the following 
product T belonging to the group G: 

where ,„ 






y_2 21 **21 

We obtain the substitution Sj= T^^S^T, leaving fixed 2m — 3 in- 
dices, viz., 

% —(If— a.ic') — -^(Ij - ttjiO)) — If, 1^! = tji (i — 3, . . ., m) 

m 
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Writing g,, rji for g,-, i^f in S,, and applying conditions 79), viz., 
Ru=l, i?u=i284=0, Rij^R^j-^Bsj^O 0-5, 6, ...,2m), 
we find that S^ takes the form 

the indices §,•, iy,- (i — 3, . . ., m), not being altered by 8^ and the 
substitutions below, are not written in the formulae. 
The group J contains the product 

where $ is a linear fanction of ||, 17^, i;,- 

a) Suppose first that Sj is not the identity. If 1 — a^ 4= ^^ ^® 
may define t by the equation 

(l-flrii)r«/Jii. 
Then eT" contains ^4 = LJ^T^/SsJ^i,*? which has the form 

Si •=• Si + yi2 '/s^ ^i =* ^n /y u= 0) 

S'2-S, + cr2iSi + y»ii?i + y2«%; ^i-%- "^ ^ 

Applying the conditions J2is«= ^^3^ of 79), we find that 712'*' Vfu 
^91 = 0, so that S^ has the following form (with a =|= 0): 



81) jSi-Si+ai72, Vi = %, 



Si - S» + aiyi + |5i7„ i7i = %. 

If, on the contrary, 1— ajj^O, eJT will contain M^^S^M^, which 
is not the identity and has the form 81). In either case, J contains 
a substitution 81) in which a and p are not both zero. 

If a = 0, /3 4= 0, 81) is of the form L^^^^^L If a 4= 0, 
J contains the transformed of 81) by Ci,i,i> ff^^^S ^^^ substitution 

Si = Si + «i?2; Vi-^-^i. 

Si ■= S2 + «^i + (/* + 2aA)iy2, V2 "^ %' 
Taking X — — P/ia, this becomes -N'j,2,o. Then J contains 

Transforming by P^j, we reach Li^^cfl- In either case, J contains 
a substitution of the form L2, x {X ^ 0). 

We next prove that J contains all the generators i,-,^. Mi and 
Nij^ft of the group G, Having L^^z, J contains the product 

T2Tt^ Li^i Ti^t = ii, iT* (1^ any mark =|= 0). 
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The product of two such substitutions gives l/2,;i(fj2^r»«)- ^^^f ^J 
§ 64, marks t^ and r, can be found in the GF[p^], p> 2, such 
that i^J + trj has an arbitrary value fi in the field. Hence J contains 
Li^ff Then I contains the product 

Hence J contains L,-,;, and Mi^ the transformed of L%^fi and M^ 
respectively by Pj,-. Finally, J contains^) 

b) Suppose, however, that S^ = J. Then 5^ is commutative 
with Ni^9,ft9 so that 

Applying the Abelian conditions R^^ « U^j = 0, we find that d^^ = 0, 
y,j=y2j, so that S, becomes 



g . j^i = Si + yii^i + yi2Vif Vi - ^i: 



iS, is not the identity since S^ is not. Hyn «- 0, Sg is of the form 81) 
considered under case a). If y^ =|= 0, J" contains /Sg, the transformed 
of iSg by ^2,i,i, where X = - yia/yn? ^i^.. 

For * — 0, Si = ii,y,i. For d 4= 0, / contains the transformed of S*^ 
by Ti^ajTs,^, A and |[i being arbitrary marks 4=0, giving the sub- 

stitution ' i;-=Sx+AVni?i, v[-%. 

ii = fe + f*^*^2^ V»="%- 

Forming the product of two such substitutions and noting that, 
for i!> > 2, the equation A* + AJ — x has solutions in the GF [p^] for x 
an arbitrary mark =4= of the field, we find that J contains 

where a and fi are arbitrary marks =f= 0. A suitable product of two 
such substitutions gives 

In every case we reach in eT" a substitution Li, x, where A 4= 0, and 
therefore also Li^ i. It follows as in case a) that J^G. 

117. Theorem. — For p ^2, SA(2m, p^) is simple excqfft when 
w = 2, jp* =- 2, and when m — 1, jp* — 2. 

1) We might reach Ni^i^a by 82) and then obtain Nij^/i in the group J. 
Dickson, Linear Onmpt. 7 
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For jp «= 2, a substitution /S of 6? ze SA{2m, p*) is commutative 
with every L,,ji and every L\^i only when S is the identity. Proceed- 
ing as in § 116, we find that a self- conjugate subgroup J of G, 
which contains a substitution S ^ Ij will contain either a substitution 
of the form 81) with a and /3 not both zero or else a substitution S[ 
of the form 84) in which y^ =^ 0. 

We next prove that J contains either Li^x (A =f= 0) or else 
Ni^%,iL^ 1. For * « 0, /Si =- Li^Yn- For * «4= 0, we transform SJ by 
a suitable Ti^xT^^ii &nd obtain tibe substitution Li^\L%^i. Hence J 

For a = 0, 81) becomes 1/2,/j, so that we reach Zi,^ in J. If 
/J « 0, 81) becomes ^1,8,0, so tibat, by 82), J contains Li^^ca- 
Finally, if a^=0, /5 4=0, the transformed of 81) by Ii^xT^^^ gives 
the substitution 

In the Gi^[2*], we may take 

when the last substitution becomes ^1,2, ii«,i- 

Having a substitution Li^x (^=4=0), J will coincide with G. 
Indeed, Ti,t transforms Li^x into ii,it*. Since every mark of the 
field is a square, we reach L^a, <f arbitrary. Then, as at the end 
of case a) of § 116, J contains every Li^ay ^i, ^fj.o aiid hence 
coincides with G. 

There remains the case in which J contains ^1, 2, 1 jL2, 1 . Then 
J tvill contain aU the products, two at a time, of the subsUtxitions 

85) Z;, 1, Mi, Nfj^ 1 (r, j = 1, 2, . . ., w; f =i= j). 

Indeed, if i and j be any two distinct integers ^ m, cJT contains 

Li^lNij^ 1 • Zy,i Nij^ 1 — Z/,1 iy,i, 

Li^xLj^i ' Lf^iMi = Lj^iMi=^MiLj^iy MiLj^i • Lj^iMj = MiMj. 

Our statement is therefore proved if m =* 2. K w > 2, let i, j, Jc be 
any three distinct integers < m. Then J" contains 

Ni^j, 1 A, 1 • Li^lLk, 1 «= ^,>, 1 it, 1 = i*, 1 -^#,>, 1, 



1) This relation follows from 83), if p = 2, by taking t = 1, ^' = 2, fi = 1. 
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We next prove that, for m> 2y J contains Li, i. Since, for ^ «=» 2, 

it follows that J will contain the snbstitntion 

-D = X»i,iLi,iLi,iiii, »,ii?i^i,ii?8,i, 1, 

the latter being the product of an even number 24 of the sub- 
stitutions 85). This product is seen to be 

D: $:— I/, I?:— i?.+ gi+S2+l8 (f-1,2,3). 

But D is transformed into Li,i by the following Abelian substitution 
of period two: 

li- S», ^i- li+ ^1 + Is + % + Ss; 

Si-Is, V8-ll + 1?i+|,+ ls+1?s. 

Hence J contains Li,i and therefore also 

i/, 1 ii, 1 • ii, 1 = A, 1 T{^ t L'l^ 1 ^1, t = i/, t*> -Mi Li^ 1 • ii, 1 — Mi J 

Hence, for ^ — 2, w > 2, J" is identical with G, so that (? is simple. 
For |) — 2, m — 2, J" contains M^M^ as above, and therefore also 

Hence J contains every Ti,o. But iii,8,;i transforms Ti^a into 
-Ri,a,a(i + a)^i,a- Kn>l, the 6-F[2*] contains a mark a neither 
zero nor unity, so that 1 + « =t= 0, a =|= 0. Hence, for n>l, the 
group J" contains iii,s,a(i4.o) «- i?i, «,i, by proper choice of A. It 
therefore contains Ni^%,\' Having the products in pairs of the sub- 
stitutions 85), J contains Mt and L/^i. Thus J ~ G. 

The fact that the case w — 2, i? — 2, n = l is exceptional is 
shown in the following section. 

118, Theorem. — Uie Abelian group 8A(4, 2) on four indices 
modulo 2 is hdoedrically isomorphic with the symmeiric group on six 
letters.^) 

By § 264 of Chapter XHI, the symmetric group on 6 letters is 
holoedrically isomorphic with the abstract group Gqx generated by 
B^y B^, B^f B^, B^ subject to the generational relations 

^2 ^^i =.B^ =B^ ^B^ =^Iy 

(s^B^y = (-4-B,)' - iB*B,y I (B^B,y - /, 

(^i^»)*° (^i-B*)*- (^-85)'= {B,B,y= {B,B,y^ {B,B,y-L 

1) This theorem was first proved by Jordan by means of the groups of 
Steiner, Traits, No. 335. The proof given in the text is due to the author, 
Proc. Lond. Math. Sac., vol. 31, pp. 40—41. 

7* 



:r// fnxyrrsi n 



«1k^^ X A^iwA^m tfa« AMuoi mi)misatafm of period two: 



1 : ^*T/Mti;»v 





1, 


'rt 


s> 


% 


i;- 





1 


1 


1 


"5'.- 


1 





1 


1 


^- 


1 


1 





1 


«:-. 


1 


1 


1 






W#; r#;adilj r^fy that the nsrlatifiiis coirespondiiig to the abore 
g^^^ratiVmal relatioiui are satisfied in rirtae of the corresiwndences 86). 
Hinr^e SA(4^2) ham the order 

the imnnorifhinm between 8^(4^ 2j and G^* is holoedric. 

119* In determining the fjoetoni of composition of the general 
and Mfiecial Abelian groaps on 2 m indices with coefBcients in the 
(iF\p^]f we have been led to a qnotient-gronp, SA{2my />■) JT, 
where /T \ I, T\ in of order 1 or 2 according ss p ^2 or p>2. 
Owing if} the great importance of simple groups, we will designate 
this (quotient- gronp as A{2fn, p*), it being a simple group except in 
the thrwj r;ases m = 1, />" = 2; w = 1, 2)' = 3; m ==2, p^=2, when 

itu (lutiom of ciimposition are 2, 3; 2, 2, 3; 2, y^'? respectiyely. The 

order A\2m, p*\ of ^("2^, j)') is 

where a 1 or 2 acc^jrding as /; = 2 or /> > 2. 

('fmjugaf'.y of (yj^eraUfrn ofjteriod iwo^) in 8A{2m,p^) and A(2m,p'^). 

120. Theorem. Within the special Ahdian group SA(2m, pi*) 
amj HuhHtitniion S defined by 75) is conjugate with a substitution Z 
which rfplaccH {, and ?/, hy the respective functions 

fM^r6' eitlif^ ^\m-\ — or c;/.se di^,— 0. 

Thn ilieorem is evident if wu — yn — i^i,- — du « (/ «= 2, . . ., m). 
in the contrary case, we may suppose that aim, yimj §im, <Jiw are 
not all '/i^ro, first tronsfonning S by P,;,, where i is a certain one 

I) Tukcn from th(^ jiuthor's article, Quarterly Journal, vol. 32, pp.42 — 63. 
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of the integers 2, 3, . . ., m. According as aim 4= 0, yim =t= 0, /5i„,=f=0 
or <yini=f=0, we transform S by J, Mm, Mi, or Mi Mm respectively 
and obtain a substitution S' in which ai wi =f= 0. Transforming S' 
by Lm,x, we obtain a substitution S" which replaces l^ by 

Since ffim =f=0; we can choose A in the field to make the coefficient 
of Tim vanish. Transforming S^' (in which now aim=^0, yj^ — 0) 
by L\,^y we reach a substitution iS\ which replaces 1^, ly^ by 
respectively . >.,, , , , f. 

(«ii - QyiO^i + rnni + • • • + «imU, 

We choose q to make ^im+ (>aim= 0. Hence 8^ has crim + Oj 

We next determine an Abelian substitution which affects only 
the indices $2; ^2; §m; Vm £^d which transforms 8^ into a substitution 
Sj having ai,„ + 0, yi^ = |5im — y^ = fts = 0- 

a) Let c'lj — yi2 = 0. If tf^ — 0, the transformed of Si by M^ 
gives iS,. If Pi^ and tf^j are both not zero, we transform 8^ by Li,^, 
where /J^j — Qd\2 ^ 0, and obtain Sg. 

b) Let flfij and y^^ be not both zero. Transforming by M^ 
when ^12 ^ ^y ^® ^*y suppose that ffu =t= in /S^. Transforming it 
by Li^Q, we can make yig^O. If then ^i3=t=0, we transform by 
I^^g and make 1812 =="0. Suppose, however, that d^^^O, It 8im=^0, 
we transform by JBf,m,;i; where P12+ ^Sini==0, and reach S^. But 
if ^^^=0, we have 8^ if ^12 = 0; while for i^ia =f= 0, we transform 
by Qm^i^gMs, where cfi^ - pai^ « 0, and reach 8^. 

In an analogous manner, we can determine an Abelian sub- 
stitution which affects only I3, rjsy Im, ^m and which transforms 8^ 
into a substitution 8^ having 

aim + 0, yi2 = /S12 =- yj3 - /3i8 « yim = ftm «= 0. 
Repeating the process, we may also make 

yu"^ Pu^ • " ^ yim-l = /Jlm-l — 0. 

We therefore reach a substitution 8 conjugate with 8 within the 
special Abelian group and replacing 1^, tj^^ by respectively 



m m 



«n Si + yiiVi +2 "i>S>' ^nii +^^ijVj [aim + 0]. 

j^i >=1 

Transforming S by Qm,i,a, where a^,— craiTO^O, we obtain a 
substitution of the form 8 but having cc^^ "" 0- Similarly, we may 
make a^^= "• = aim—i^O- If; in the resulting substitution 8^, 



102 



CHAPTER n. 



1)^2=: ... «. ^i^— 0^ we have reached Z. KiiB»=4=0, we transform 
^1 ^7 Qh^oy where dif + 6dim'^0, and reach a substitntion of ihe 
form /S| but having also d^ — 0. In a similar manner we make 
^^^ » . . . s=r Ji,„_i — and reach Z. Finally^ if *!,» — « but d^, 
^13; • • •; ^im— I are not all zero, we may suppose that ^im—i 4=0, 
first transforming by some P.m — i- We then transform it by C/,«»_i,^, 
for i — 2, 3, . . ., m — 2 in succession, and make 

*i« — 'is "■ • * • — 'im— 8 ■= 0, 
so that we reach Z. 

Corollary. — If an, yn, fiuy ^u (* — 2, . . ., tw) are tk>^ oK zero 
in S, it is conjugate within SA(2m, ]^) toOh one of tlie two types of 
substitutions: 

^' 6i - «iili + yii J?i + Ly n[ "- Pnil + *ll^l + ^Vmy ' . . 
^: li - «llSl + ynVl + 6m, 1?i = Alll + 'uJ^l + nm-iy . . . 

Since the conjugate substitution Z then has aim =f= 0, we may 
transform it by Tm, aim- Then if dtm-^i^O, we have Z^. In the 
contrary case, we transform also by Tn—i, 'im— 1 and get Z^. 

121, Theorem. — The special Abdian group SA(2m, p"^), p> 2, 
contains exactly m sets of conjugate substitutions of period 2. Ihe 
r^^set includes 

(pn(«m)-l)(pn(Sm^2)-l) . . . (p„(>m~SrH- 2) - 1) o,,^^.,) 

(p»(2r)_ 1) (pniir-- 8) __ 1) . . . (p2«_ 1) * /^ 

substitutions aU conjugate with Tr ~ ^i,— i A— i • • • ^r,-i. 

In order that the special Abelian substitution 75) shall be 
identical with its reciprocal 77), for f* «= 1, it is necessary and 
sufficient that 

Every substitution of period 2 of SA(2my p"*), p>2, has therefore 
the form 



S.. 



"ll 








«11 


*1» 


-yi2 


-/J« 


«12 



a 



12 



/'is 



a 



22 



yi2 • • • ^Im 
Ojo ... P\m 
... a2m 







tti 



22 



. . . ^ 



2 m 



yim 
y%m 

*2m 







a 



mm 



6\m -~yim 'am — y2m • • • «mm 

— film Cflm — Pirn a2w • • • 

For m«l, we have ajj = l, so that Ii,-.! is the only sub- 
stitution S, In order to prove the first part of our theorem by 
induction, we assume that every special Abelian substitution in the 
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G^J'fjj*], jP > 2, on t<m pairs of indices is conjugate within the 
group SA(2typ*) with one of the substitutions Tr (r ^ t) and proceed 
to prove that a like result holds for m pairs of indices. In view of 
§ 120^ we may suppose that S has one of the three forms T^, Z^ 
or jSj, the latter having an -= yn — fin — 5i< — (i — 2, . . ., m). 
An S of the form S^ is evidently a product Ti^ + iS^, where S% affects 
only the m — 1 sets of indices Sj, i^j, . . ., Swi> i?m- By hypothesis^ 
S^ is conjugate with one of the products, /, Ts,—!, A-i ^8,-1^ • • -y 
T»,_i Ts,— 1 • • • ^m,— 1. Hence an 5 of the form S^ is conjugate with 
some Jr (^ — 1? 2, . . ., m). We proceed to consider Z^ and Zj ^ 
the following three cases. 

Case a), d =|= in Zj. Then S has the form 



Zx 



'11 










a 





11 








a, 



ss 













a, 



n 






1 











d 


«»m — 1 


y»m-l a>m 


yim 


ftm— 1 


*iin-l fiim 


'jm 







1 — Pirn Cf2m . . . — Pm — lm ^ — Im CCmm , 



The Abelian conditions 79) give at once 

a«m = Pirn = Vim = Sim (t = 2, . . ., W — 1), ttn + amin= 0. 



Hence Zj = Zj Z^ , where Zj affects only the indices 



while Z[ affects only gi, lyi, 1^, ri„,, viz., 



(t = 2, . . ., j» — 1), 



ll 


ni 


bm 


IJlM 


"ll 





1 








«n 





«$ 


«» 





«n 








1 





"u- 



rim' 
By hypothesis Z^ is conjugate with some product of the 

In order to make the induction from one to two pairs of indices, 
we must prove that Zj is conjugate with a product of Ti,— i and 
jT^, — 1. Transforming Zj by Qi^m.ay we obtain the substitution 

l-2<yaii-o«* 



' a,i + ffd 


1 


«„ + fftf 





* 


— 


[ 1 - 2ffo,i - 


oH 



— «ii — <^d 




a 



11 



<yd. 



164 



men 7: ^r n^ dM^ dr>fl#y«rhi^ Aixdbaa 



ttu^ 



iZ 






7« - 

S.. - 



A: 



4 



Urn 



7*1 
• 



:/ 






ft ^>aryw9 that, if 4 «^ 0, £, i» ewjogaili^ with 

7.«^*.*i— ^' — 2, ,,., m — 1), «n-rc«« = 



T 

79.1 now 

obudn 



jT 










or 



II 














ft 



<1» 



at> 





«»« 



-a„J 



Heniy; JT— 7j,ti'*^'^ ^tere TT' affects only I,, ij, (i = 2, m) 

and rnay thiirrefore^ by hj^thesuiy be transformed into a product of 
the 7;, .1 by an Abelian substitution on the same indices. It will 
transform \V mio a product of the 7^,-.i = 1? --^ **•)? which is 
conjugate with some 7^, 

6V//j^ ('.). In virtue of the Abelian conditions, Z, becomes 



«ll 

















1 







«ll 











1 













«»» 








y»m-i 


Otm 













«2» 


... 


8tm—l 


ftm 




1 





^«ra-l 


— yum—i 


■ • • «n 





Om-lm 
















... 


-Oil 



















... 





-«u 







1 


~Ptm 


O^m 





ttin — Im 


-cr„j 





Traiuironning I, by the product Qi,m,xQm—i,i,a, where 1 — 2Aaji = 0, 
1 + *^<l<tu " ^f ^^ K^^ ^ similar sabstitntion but having zeros in place 
of the four elements 1. Since it is of the form W, we may proceed 
an in case b). 
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To complete the proof of our theorem, we note that 

have the respective characteristic determinants (with parameter K) 

(1 + jsr)«(i- ir)««»-«, {i + K)\i^K)^^'-\ . . ., (1+ JT)""*- 

Hence no two of them are conjugate under linear transformation. 

The most general substitution of 5^ (2 m, p^) commutative with Tr 
is seen to be ^ :::: ArAm—ry where Ar is an arbitrary special Abelian 
substitution on the indices 5i, ^i {i «= 1, . . ., r) and A^—r an arbitrary 
one on the indices |,-, i^, (t = r + 1, . . ., m). By § 115 the number 
of substitutions Ar and Am—r is respectively 8A[2ry jp"] and 
iS.4 [2wi — 2r, j!>»]. Dividing SA\2my p"*] by the product of the 
foregoing numbers, we obtain the number of substitutions of 
SA(2m, |)*) conjugate with Tr within the group. 

Operaims of period 2 of A(2m,p'')y §§ 122—123. 

122. By § 119, we obtain the quotient -group A(2m, p^) by 
considering as identical S and ST:= TSy where 5 is an arbitrary 
substitution of SA(2my p*) and T is the self- conjugate substitution 
Tj,_iT2,-i ... ^m,— 1. In particular, Tr and TrT become identical 
in the quotient -group. But the latter is conjugate with T«,>_r. 
Furthermore, if 5 = m/2 or (m — 1)/2 according as m is even or odd, 
no two of the operators Ti, T^, . . ., T, are conjugate within the 
quotient- group. The special Abelian substitutions of period 2 lead 
therefore to just s distinct sets of conjugate operators of A(27n, p^), 
J9 > 2. To complete the study of the operators of period 2 of 
A(2my f)"), it remains to determine the conjugacy of the special 
Abelian substitutions S for which /S* « T. Being of period 4, such 
an 5 is not conjugate to any Tr. Moreover, no two of the cor- 
responding operators of the quotient -group are conjugate, since that 
would require one of the four relations 

A-''SA=Tr or TTr, A'-\ST)A^Tr or TT„ 

A being Abelian. But any of these would require that S be conju- 
gate with some 2, within the special Abelian group, whereas their 
periods are different. Making use of the result of § 123, we may 
state the theorem: 

According as m is even or odd, ifw group A(2m, jp"), i> > 2, Jias 

exactly - (m -f 2) or y (w + 1) distinct sets of conjugate operators of 

period 2.: 
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123, Theorem. — Within the special Abdicm group on 2 m indices 
in the GF[p^], p> 2, every suhstiMion S, such thai S*— T, is conjur 
gate mih Mei MiM% . . . Mm^) 

Taking as S the general substitution 75) ^ whose reciprocal is 
given by 77) for ft = 1, the condition S ^ S T is seen to require 

«0 = - Sji, yu = yny fiij = Pji {iy j = 1, . . .^ m). 
The matrix of coefficients of the general S is therefore 



"u 


fn 


"12 


yi2 . • • ttiw 


yim 


^11 


-"n 


ft. 


^12 • • • film 


ilm 


-^2 


Yii 


"a 


y%% ' ' ' a«m 


yim 


• • ■ 


• • 


Pit 

■ • • 


— 022 ... fiim 


Sim 

■ • • 



'^mm 



— a, 



mm ^ 



s = 



— Sim yim "-^«in y%m ' - • f^m 

Plm —aim p2m — ^%m - ^ - Pmm 

subject to the special Abelian conditions. 

Take first m = 1. Then S has the form 

It is conjugate with a similar substitution in which a^^ = 0. In fact^ 
if /Jji =4= 0; *^® transformed of S by Zi^ i replaces ly^ by 

in which the coefficient of ly^ may be made zero by choice of L If 

Pu ** ^y yii =t= ^y ^^ fi^^ transform 5 by M^ and then proceed as 
before. If Pn^ yn^Oy we first transform S by ij^i and obtain a 
substitution which replaces ly^ by 2Aaii Ij— a^i^i, so that the new 

ft, + 0. 

With a^ -=0,8 takes the fonn 

(-y-l o) 

and is the transformed of M^^ by the special Abelian substitution 

Indeed; by § 64, there exist solutions in the GFlp"*], i> > 2, of 

To prove the theorem by induction for m pairs of indices, we 
assume it true for t pairs of indices t <m. 



1) For the number of conjugates see Ex. 8, end of Ch. Vin. 
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If an— /Sirf— yi, — ^1,= (i — 2, . . ., w), then 8=^8^8^ where 
5^ affects only 1^^ r^^ and is therefore conjugate with M^, and where 
5i affects only |/, i^,- (i = 2, . . ., m) and is, by assumption, conjugate 
with MtMs . . . -Bfm. Hence 5 is conjugate with MiM^Ms . . . Mm 
within iS-4(2»i, !>*). 

In the contrary case, 8 is conjugate (by § 120) with one of the 
two substitutions Zj, Zj. We consider the following three cases. 

Case a). If Z^, with d 4= 0, be of the form 8 above, the Abelian 
conditions give 

a^m=/J<in=ytm=*im=0 (i = 2, . . ., m — 1), 

Hence Z^ := Zj Z'/, where Zj has the form 









ll 


Vi 


bm 


17m 


"n 


711 


1 





^u 


-"ii 





d 


-* 





«ii 


-*yii 





-1 


-Ai/« 


«ii 



while Z" affects only 5i; Vi (i =• 2, . . ., m — 1) and is, by assumption, 
transformed into Mi Ms . . . Mm—i by some special Abelian substitution 
affecting only the same indices. We proceed to prove that Z'^ may 
be transformed into Mi Mm by a special Abelian substitution on the 
indices ^i, 1^1, 1^, tim- The proposition that Z^ is conjugate with 
M1M2 . . . Mm under 8A(2in, p*) will then follow. 

If Pit = yii = in Zj, we transform it by Ni^m,x and get 



Oil 


-21 


1 








«ii 





d 


8 





-«ii 


2Xd 





1 





a,. 



This is of the form Z^, but has y^ =j= 0. Next, if y^ — 0, /Ju =f= 0, 
we transform Z^ by Mi Mm 2m, s and get a substitution of tiie form 
Zj in which, however, y^ =4= 0, /Su — 0. We may therefore assume 
that yji =f= in Zj. Transforming it by Li,xL*m,x/dy where k = a^Jyi^, 
we get a substitution of the form 



V = 






7u 


1 





p 








8 


8 








-*yn 





1 - 


-fil8 
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If /J — 0; then i — 1 and the transformed of V by l?i,«, — yjj* gives 

yn 

w^ -ru' 

-dy„ 

nT'*""' 

If /S 4= 0, the transformed of F by Xi^ ^n, d/p gives a snbstitation of 
the form W. Since W is the product of a substitution on the 
indices 1^, rji and a substitution on the indices imy r^m, it is conji]^te 
with MiMm- 

Case b). If Zj, with d — 0, be of the form S, the Abelian 
conditions give 

Transforming Zj by Li, ©, where yn — 2<yaii « 0, we get 

r a^i ... 1 

-«,! ... 

Ojo ^22 • • «2m — 1 y«« — I ajm 

Z^ = 1522 "~ ^2 • • • i'sfii — I ^2m-l /^Jm 



., W — 1). 














... 







— a 



0—1 fiim — «2»n • • • /Sin— Im — CCfn — lm fi 



11 







mm 



a 



11 ) 



Transforming Z^ by Qi^myO, we obtain a substitution Z^' which differs 
from Zj only in having the coefficients ± 1 replaced by ± (1 — 26a^j). 
By choice of o, the latter may be made zero. Hence Z" = S^ 8', 
where S^ affects only g^, r^^ and is therefore conjugate with M^, 
while S' affects only |/, rji (« -« 2, . . ., 7n) and is, by assumption, 
conjugate with M3M9 . . . Mm* Hence T'l is conjugate with 

Cdse c). If Z2 be an Abelian substitution of the form S, it 
becomes 



«11 


yii 








.. 





1 


' 




^11 


-«ii 








.. 


1 
















«22 


y« 


. 


r»m-i 


ffSm 













^il 


— Ojj 


.. 


Sim-l 


film 







-1 


- 


-Sim- 


-1 fim — i ■ • 


• «tl 


ym—lm- 


-1 Cf^ — Iw 


• • 

-rii 



















«il ■ 


-A, 






















-Yii 


«u 







I 


-1 


fitm 


««)» 


■-^u 


^m — 1 m 


Pmm 


"11. 
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Suppose first that a^^ =» 0, so that — finyn « 1. Transforming 
Zj by jRi,n,, i, where 1 + Xy^^^^^O, we reach a substitution equal to 
a product S^S^ where S^ affects Ij, rj^ only and S' affects 

only. ^'^ '^' (** -- 2, . . ., m) 

Suppose^ however, that cfji 4=0. Transforming Z^ by Lm—i^gy 

ym^im-i + 2paii — 0, 

we obtain a substitution Z^ ^^ ^^ form Z^ and having ym^im—i'^O. 
Transforming Z, by Lm^g, where /Jwrn— 2(>ofu — 0, we obtain a sub- 
stitution Zjj' of the form Zg, but having i3mm= ym— im— 1= 0. 

If /'ii— yii'^O; we transform Zg by Qm-i,i,x, where 1 — 2Aaii=0, 
and afterwards by Qi^m^q, where 1— 29aii = 0, and obtain a product 
SjiS', where S^ affects only Ij, ly^ and S' affects only |/, iy< (f>l). 

If yii — 0; fti + 0; we transform Z'j by P«_i,^ Jlfi i(f^_i Jf^ 
and get 

-«!! -fti ...0 1 

ffj, ... 1 

00- ...O-a^i 

• . . /3ii «„ 

which has the form of Zg with y^ =f= 0. We therefore treat the 
latter case only. Transforming Zg by L^^q, where 

we obtain a substitution U of the form Z2, but having cfm—ini a^id 
ym-im-i both zero. Transforming U by 12,„_i^„,,;i ii,_i, where 
^11 + ^^11 ■" 0, we get a substitution of the form 

yii ... 01 

-l/yn ...0 10 

— 1 —Sifn-l y2m — l''0 

... 

... 

— 1 Pim — CC2m • • • l/^u 

Transforming this by lii,m,;i, where 1+ ky^^^^ 0, we get a similar 
substitution with the elements ± 1 replaced by zeros, and therefore 
the product of a substitution on 1^, r^^ by a substitution on the 
indices |,-, r^i {1 = 2, . . ., m). It is therefore conjugate with 

Mi ilfj . . . Mm- 









Yn 





1/yti 





Yii. 











Pmm 
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A GENERALIZATION OP THE ABELIAN LINEAR GROUP.O 

124. Those linear homogeneous substitutions in the GF[p*] 
on mq indices^ ^ 

87) S: x\i «2 («*^i ^" + «" ^" + • • • + «i4 ^*7). 

*^^ (f-1, ..., w; j-=l, ..., g) 

which; if operating simultaneously upon g independent sets of mq 
TariableS; the j*^ set of which is given the notation 



x^^i x^A x^^ 



(f = 1, 2, . . ., m), 



leave formally invariant the function 



m 

• =1 



a;i») a;(«) . . . a;<») 



a;(») a;(«' . . . a;<«>- 

11 (9 %q 



form a group G(w, g, p"), which for g = 2 is the Abelian group 
SAimj p"). 

The conditions upon 8 for the absolute invariance of O are seen 
to be those given by formulae 88) and 89), viz., 

''1 a*i . . . a«:^ 



m 



88) 2 



« = 1 



a 



ji ^ji 



78 



89) 



m 

«!=1 



ii a 
«ii*i ^yi*i • 



= 1 



= 1, ..., m) 



ii 



9"? 



«il*l "Jf2*2 



*9 



(each ft = 1, 2, . . ., g; n 
each j «= 1, 2, . . ., w, |. 



jq not all equal/ 



126, The inverse of (he general substitution 87) of G(m, g, 2>*) ?5 



m 



90) S-S a!r.^'^{A'r\x^^ + A!r\x^^+'-'+A!r\x;,), 

(r — 1, . . ., m; 5 — 1, . . ., g) 



>=i 



1) Taken from the author^s paper, ^^A class of linear groups including the 
Abelian group ^\ Quarterly Journal, July, 1899. The group is mentioned, but 
not investigated, by Jordan, Traits, p. 219, No. 301. 
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where A}^ denotes (he adjoint of cijg in the determinant 



1 1 ii « 1 



i q iq i q 

€Cri ^J • • • ^rq 



In fact, the product 87) 90) replaces Xn by 



t ^ If . • .f m 



t =s 1, . . .y m 



Here the coefficient of Xjti is 



2 ^-"-"2 



« 1 



art 



— 1 



tfl 
a*/ 



Or* 4-1 



a 



ii 



«rl 






~1 






•*9 
Orj-fl 



a, 



rq 



and therefore, by 88) and 89), equals unity if (fc, T) — (r, s), but 
equals zero if (fe, I) 4= (^j ^)- Hence the above product replaces Xn 
by Xrs- The reciprocal of S is therefore obtained by replacing a]^^ 
by ^*j for i, fc « 1, . . ., w; ?, j « 1, . . ., g. 

Writing relations 88) for S"^ given by 90), we find 



91) 



m 



J/; . . . J.^« 

il il 



-4^1 .. . ^-^^ 

»9 «9 



m 



f 1 iq 



tfi tg 



9-1 
= 1, 



holding for j — 1, 2, . . ., m. 

Note. — For substitutions 87) which multiply O by a constant g, 
the reciprocal is evidently obtained by replacing a^J^ by — -4*j. 

126, The structure of the group G(m, g, p"^) is essentially different 
in the two cases g -» 2 and g > 2. The case g » 2 has been investi- 
gated at length in Chapter H. In the following investigation we 
assume that g > 2, a restriction necessary for the treatment given. 

Let j^f Jz) ' ' '9 iq have fixed values not all equal chosen arbitrarily 
from 1, 2, . . ., m, and let h^y\y . • .,lcq have fixed values chosen 
from 1, 2, . . ., g. Then for j^ « 1, . . ., m; ft^ — 1, . . ., g, we obtain 
mg equations 89). In fact, since q^^, Ju 3%, - - -y jq are not all 
equal and hence do not lead to conditions of the type 88). Expanding 
the determinants of 89) according to the elements in the first columns, 
our mg equations may be written 
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• = i, 



where 



92) 



^i/*i ^ 



9 






\il = l, . . ., ^ / 



. a'*«. 



^7*9 









in which 6^, 63, . . ., 6^ denote the integers 1, . . ., ? — 1, Z + 1, • • •; 2- 
Since the determinant a^^^ I 4= 0; being the determinant of S, we have 

^^»*^ = W = l,..,g/ 

Hence the determinant 92) vanishes for i — 1^ . . .^ m and for 

b^, b^, ' . ., bg bh arbitrary combination of 3 — 1 distinct integers < q. 

K g — 3, we have reached the relations 95) below. If g > 3, 

mm mm 

we denote by C' ' the adjoint of a' * in the determinant 92) and 
consider the following expansions: 



93) 



.1=2 






Of these consider the mq equations in which i, j^, . .,jq have fixed 
values chosen arbitrarily from 1, 2, . . ., m, but such that j^, j^y • ■ -, jq 
are not all equal^ and \y . . ., kq fixed values chosen arbitrarily from 
1, 2, . . ., q, while lastly j^ takes the values 1, 2, . . ., m and k^ the 
values 1, 2, . . ., gr. Since the matrix 

T//'** \ (^^ « 1, . • ., »i; Ag = 1^ • • •? i\ 
V'J^kJ \s^2,...,q J 

comprises $ — 1 rows of the matrix of S, not all of its determinants 
of order q — 1 are zero. Hence the q -—l determinants C, which are 
the same in each of the mq equations 93)^ must be zero^ viz.^ 



94) 









JqKq 






•Co 
iq^q 



0, 



where c^, • . ., Cq denote any q— 2 distinct integers < q. 

If g =» 4, we have reached the relations 95) below. If g > 4, 
we proceed as before. After q — 2 such steps, we reach the set of 
relations 



95) 



ftr 



tir 






V* 



a 



tn 



/*' 



= (^'^'^'^^' •"' mf=¥J 

\r, s,k, J(f = 1, . . ., q 



> 
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In virtue of the relations 95), the conditions 89) all reduce to 
identities. In fact, in each relation 89), at least two of the fs are 
distinct, say j 4=^2; and therefore all minors formed from the first, 
and second columns vanish in virtue of 95). 

A substUution S belongs to the group G(m, q, p**), q> 2, if and 
only if its coefficients satisfy the conditions 88) and 95). 



127, Theorem. — Every substitution S leaving O invariant can 
he derived from the totality of linear substittdions of determinant unity 
on q indices 



^'^j-^p\i^^^ 



0* « 1, . . ., q), 



*=sl 



together with the linear substitutions, each on 2q indices, 

Pi J = (Xii xji) {xi2Xj%) . . . (xig Xf g) (i, j — 1, . . ., m). 

We can evidently derive from these generators a substitution T 
which belongs to G(m, q, p^) and replaces an arbitrary index Xki by 
any particular index as oo^. We may therefore suppose that in the 
product S' ^ TS, S being defined by 87), the coefficient a\{ + 0. 
If then we set 

«!*«= Qkcc\[ (j — 2, . . ., w; ft — 1, . . ., q) 

it follows from 95), for i — 1, r — 1, / — 1, f — 1, j > 1, that 



96) 



"}t ^ ^>* "ii =» 2, . . ., m; ft, s — 1, . . ., q). 



Substituting these values in the relation 91) for j — 1, we find 



a 



11 
11 



"ii 



aiq 






3-1 



m 



+ y. 



f=i 



Cn all 



It follows that 



|9-1 



D'-'-l, D 



^a«il 



an . 



'*ii 



CiqC^l 



%q 11 



a\\ 



a} 9 



9-1 
-1. 



Hence the following substitution is of determinant D =^Q, 



R: 



X^t ^ ttj^j x^^ -f- 



/ .' 



41 



+ CCVqXlg, 



Dickson, Linear Oroopt. 
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m 



If we denote the determinants of O by D, so that O = ,^ D,j 



1=1 



we readily see that B multiplies 2>, by the factor D bnt leaves 
unaltered D. (i «= 2, . . ., m). Hence; if W denote the substitution 

Wi x\i — Dxit (i = 2, . . ., m) 

the product WH multiplies O by the factor D. The product 
S^~.{WIC)'^ S^ multiplies O by D""* and therefore satisfies the 
relations 89) and consequently also relations 95); derived from them. 
But Si affects the indices x^^, x^^, - - -, ix^ig sb follows: 



m 



x'li - XX, + V (a»{ «„ + ••• + «i> a;,,), 



»— 1 



where aj{ denotes D times the earlier aj^, for i «= 2, . . ., m. For 
the substitution S^ we have ajj — (5 «- 2, . . ., g^). Hence by 96), 

")* "" ^ (j -= 2, . . ., m; ft — 1, . . ., gr; 5 — 2, . . ., g). 

Also all « (5 = 2,.. ., g), aj^ = 1. Hence, by the following cases 
of 95), ii ^11 



Jk If 



"' \s-2 fl / 



s— 2, . . ., gi 

we find ttjl = 0. Hence every a^* -= 0, for j>l, so that 5, leaves 

nxeu **^i ^ ^*^9 } * ' ' 9 ^1 9 * 

Applying the Note of § 125 to form the reciprocal of S^, we 

find that the matrix of ST has zeros throughout the first q columns, 
except the diagonal terms D in the first q rows. By the above 
argument, the remaining elements of the first q rows must be zeros. 
Reciprocating this matrix by the same rule, we find that 2) - 1 and 
that S^ reduces to a substitution on the indices 

Xj2f Xji, . . ., Xjq (j «= 2, . . ., m). 

Since W is the identity, S ^ T~^ S' ^ T^^BS^, where I and ii 
are derived from the generators given in the theorem. Proceeding 
with Si as we did with S, we reach a substitution ^2 on the indices 
Xjs, . . ., Xjq. Finally, we reach the identity. 

128. It follows from § 127 that the group G(m,q,p''), q> 2, 
has an invariant subgroup f composed of the substitutions 

^U ==2 ^«*^'* (i - 1, . . ., w; j = 1, . . ., q) 
where, for i = 1, 2, . . ., m, the determinant 
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The quotient- group is generated by the substitutions Pfj and is thus 
holoedrically isomorphic with the symmetric group on m letters. The 
group r is the direct product of m groups each the special linear 
homogeneous group in the QFlp^"] on q indices (§ 103). The sub- 
stitutions of the i^ group are given as follows 

x'a -"2' (^%^iky ^\i " ^,> (s - 1, . . ., m; s 4= t; j « 1, . . ., q), 

k — i 

The structure of the group G (m, q, p^) is therefore completely de- 
termined. 



CHAPTER IV. 



THE HYPERABELIAN GROUP. 
129. The totality of linear homogeneous substitutions in the 

S: 5;=2«'^^> (i = l,..., 2w) 

which leave absolutely invariant the function 



"-2 



/rsl 






forms the hyperabdian group^) fl"(2w, p^"*). Its name is derived from 
the fact that the totality of its substitutions whose coefficients belong 
to the included field GF[p^'\ constitutes the Abelian group 5-4(2m,p*), 
which is therefore a subgroup of the hyperabelian group. 
A general substitution S transforms V into 



m 



im 



2 2 



^21 — ij ^iij 









^>5r 



The conditions upon S for the absolute invariance of V are thus 



97) 



m 

2 

1 = 1 






— f>* 0, * — 1, . . ., 2m) 



where ^/jk— 0, unless j and ft differ by unity, when 

f2»--12i=l> f2t2» — 1*— — 1 



(i — 1, . . ., w). 



1) Introduced by the author, Proc. Land. Math. Soc.^ vol. 81, pp. 30 — 68. 
It will hardly be confused with Picard*8 hyperabelian group of infinite order. 

8* 
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The reciprocal of the hyperabelian substitution S is 



S 



— 1 



m 



lif-1 =-^(«f>2j2>-i~ af^-isJsi) 



m 



^=' (l-l,..., m). 

Indeed, the product SS replaces Is;—! by 



1, • I w » 



aay — 12* — I «2>8* — 1 



**2i — 12i 



** 2> 2 / 






1, . . .f m 



flf2i — 12* «2i2* 

"2/— i2f ""ijii 



I 



2* 



m 



' — ^^ (*2*— 12;|2* — 1+ f2*2fS2*) - |2( — 1- 



*=1 



r— 1 



Similarly, iSS replaces Is* by 



fii 



~~^^ (^2*— 1 2/— 1 |2t — 1 + f2* 2/— 1 S2*) "^ |2i- 



*=1 



The relations 97) in which j > h are derived from those in 
which j < fc by raising the latter to the power jj^- We may there- 
fore express the hyperabelian conditions in the convenient form 



m 



98) 



2 



Cf2i— li «2/> 
*^2i — 1* '*2U 



-(J 



1 (if fc — j + 1 "= even) 
(unless A; « j + 1 = even) 

{j, i « 1, . . ., 2m; j ^ ft). 



—I 



The corresponding relations for S are found by replacing 



by respectively 



Cf2/ — 12> — 1? «2/_l2i7 a2/2i— 1? ttj/sy 



2/20 '*2i— 12/7 "2^2/ — 1> '*2i--12/ — 1- 

Writing out the four sets of relations 98) according to the evenness 
or oddness of j and k, and making the replacement just indicated, 
we obtain four sets of relations for the invariance of V by the sub- 
stitution S~'^ and therefore together equivalent to the relations 98). 
We may combine the four sets into the single formula 

1 (if A; « j + 1 — even) 
(unless ft « j + 1 = even) 

(j, ft-l, ..., 2w; j^ft> 

130. The determinant L of fhe hyperabelian substitution S must 
satisfy the relation 

100) A^**-^! = 1. 



99) 



m 
i — 1 



"'i2/ — 1 "y2/ 

akii^i cckii 
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For proofs we reflect on its main diagonal the determinant of 
5"" , then change the signs of the 2? — 1"* row and column for 
Z — 1, . . ., m, and finally interchange the 21 — 1"* row with the 21^ 
row for Z = 1, . . ., w, and likewise interchange the corresponding 
columns. We obtain the determinant 






Hence AA^*«= 1, being the determinant of the product SS" . 



181. Theorem. — The maximal subgroup M of the hyperahdian 
group H{2m,pl'^) which transforms into itself the Abelian group 
SA(2my pi^) is given by the extension of (he latter by tJie substituiion 

where q is a primitive root in tJie GF[p*^], TJie index of SA{2m, p^) 
under M is p* -f- 1. 

We determine all hyperabelian substitutions 

2m 

S: i'i-^<^,jij (i-1,..., 2m) 

which transform the Abelian group into itself. Now S transforms 
the Abelian substitution^ affecting a single index ^ 

Sir— 1= Ssr— 1+ Isr 

into the substitution 

Si*- l»+ ai2r-i^(— afj2,._i£8>~i+ afi^isr-iM 

'"^^ (i == 1, . . ., 2m), 

whose coefficients must therefore belong to the Gri<^[j>*], viz., 

a,«r~i aj'ar-i (*? J'^h • f 2w; r — 1, . . ., m). 
Likewise, S must transform the Abelian substitution 

Isr = ?«r+ 52r — 1 

into a substitution belonging to the OF[p^], Hence the products 

«,2r ajjr (*' J ^h "9 2w; r « 1, . . ., w) 

must belong to the GFlp""]. The reciprocal S"^ must transform 
the Abehan group into itself. From the above results, it follows 
therefore that the products 

^^'•'"Sro ''8'— i*^2r-ir (s, t '^ I, , . ., 2m; r = 1, . . ., m) 
must belong to the GF[p^]. Combining our results, every product 
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101) airttf^^ ariaf. (i, j, r « 1, . . ., 2m) 

must belong to the GFlp"^], 

But, if /S, y be marks of the OF[p^''] such that 

|jyp"« ^ « mark of 6?-F[>*], 

then, if y 4= 0, /J/y = ^y-p"-i is a mark of the GF[i^l Hence 
by 101), the ratios of the non-vanishing coefficients in any row or 
any column of the matrix of 8 must all belong to the GFlp*']. 
Suppose first that m = 1. If aj^ 4= 0, we have 

«2i — ^«ii; «i2 ■" f*«ii {^> fi in the 6?jP[>«J). 
Then if X and ft be not both zero, 022 ^ ^^i; ^ being in the GFlp'*]. 
For A — ft — 0, the hyperabelian condition gives ^ncc^^h whence 
a,2«=vaii. If, however, an «= 0, both a^j and a^i ^® ^^^ zero. 
Hence <)(s2 "* (^^12^ P ^ ^^® 6ri^[i>*]. By the hyperabelian condition, 
~ ^12^21 — 1? whence flfji^-c^ffia, <f in the 6ri<^[|>»]. In either case, 
we have reached a substitution of the form 103) below. 
For m > 1, iS transforms the Abelian substitution 

Sir— 1 «= |2r—l + I2*? Si* — 1 = S2« — 1 + ^ir (f =^ S) 

into 

m 
15 « I1+ «i2r-l^(— a5"3,_j|2i-l + afy_i8,_il2i) 

m 



Hence the sums 

anr-i ajg*-! + «'»»-i "i2r-i (*> ) ^ 1; • • •? 2m; r, 5 = 1, . . ., m) 

must all belong to the GF[p^]. In like manner, if S transform 
each of the following three Abelian substitutions (in which r =f= s), 

|2r— 1«= S2r — 1 + S2# — 1; Si* ""12* "" 52r5 
S2r ■■ |2r +^2*7 Si«— 1 = S2« — 1 — S2r— ij 

Sir — S2r + S2* — 1? S2« ~ S2« + S2r— 1 

into substitutions belonging to the 6ri^[|>*], then must the respective 
sums 



a,-2r-iaj2, +a,-2. 


<-i 




a<2r ajgj__j+ at2*- 


- <r 


A,j«l, ..., 2m 
Vr, s— 1, . . ., m 


a/2r a?2, + ccns 


•*y2r 


7 / 7 



) 



belong to the (?2^[|)*]. Combining our results, every sum 

102) a.., aj; + «,,«;; (i, j, r, s « 1, . . ., 2m; r 4= 5) 

belongs to the 6ri^[|)"]. 
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Of the coefficients in the i^^ row of the matrix of S, we may 
suppose that a,r4=0, for example. If, then, ajr^O, the ratios of 
the coefficients in the i*** and j*** rows must all belong to the GF[p^] 
[by the result following from 101)]. If, however, a^r^O, we may 
suppose that, for example, cry, =:J= (5 =f= r). Then, by 102), the 
products «,.«?" belong to the GFlp'^]. We have in either case the 
result that the ratios of the coefficients in the i^^ and j^ rows belong 
to the GFIp"^], Hence the ratios of all the coefficients in iS to any 
one non- vanishing coefficient belong to the GF[p**], so that S may 
be written «„ 

am 

103) 1; « a^ Xij I, (i - 1, . . . , 2 w), 

where the X/^ belong to the GFlp*^], 

Inversely, every hyperabelian substitution of the form 103) 
transforms into itself the Abelian group defined for the GF[p^]. 

The conditions that 103) shall be hyperabelian are 

^J/ — li ^2 



104) 2 



^2/— 1* X%lk 




(if A; = j + 1 = even) 
(unless A- — j + 1 = even) 

(i, j-1, ..., 2m; i^j). 

The substitution (A,-^), or 103) with the &ctor a deleted, therefore 
belongs to the general Abelian group GA(2m, p^) and multiplies Y 
by the mark a-^"-^ of the (?jP[jp"]. If then we set 

105) fiii^ij-Xit-ij, fi2„-:aP"+U8,y (,• '^i' ' * *' 9L) 

we find that S =« Way where 

2m 

U: 1:— 2^^^^ (i-l,...,2m), 

Vai |2,_i==a|2/-i, l2i'= a-'^'ls, (? = 1, . . ., w), 

so that Vay and therefore also U, is a hyperabelian substitution. 
Moreover, in virtue of the relations 104) and 105), U belongs to 
the special Abelian group SA(2m, p^) and is therefore of determinant 
unity. The first part of our theorem is therefore proven. 

If we form a rectangular array of the marks 4= of the GF\p^^\ 
with those belonging to the GFlp"^] as first row, the 

p^ + l-(p^*-l)/{p^-l) 

'' multipliers" form a set of marks cr^, cr^, . . ., a^n^i such that none 
of their ratios belong to the GF[p*], while every mark of the 
GFIp*^] not of this set has with some mark of the set a ratio 
belonging to the GFlp"]. Furthermore, the product 
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belongs to SA(2my p*^) if and only if a'~^a' belongs to the GF[p^]. 
It follows that the substitations Va^ (i =» 1, 2, . . .,^*»+ 1) give the 
totality of substitations Va such that Va^V^^ does not belong to 
SA(2m, p"^). Hence an identity of the form 

UVa^^U'Vaj (i and j^i)- + l; i4=i) 

is impossible when U and J7' both belong to SA{2m, p"). Every 
hjrperabelian substitution 103) is therefore of the form UVa., i being 
chosen from the series 1, 2, . . .,|)**+ 1, wlule an identity UVa. =» V Vaj 
requires i « j, U^ U\ Hence the number of distinct substitutions 103) 
is (|)* + l)iS-4[2w, |)*]. The second part of our theorem is there- 
fore proven. 

132, Those substitutions of the hyperabelian group H(2m, p^*) 
which have determinant unity form a self- conjugate subgroup H^ of 
index i>'* + l. In fact, for <s any mark =^ of the GF[p^**], the 
substitution 

• li-<^li, i;=iJ-''*fe, i: = S.- (i-3, ..., 2m) 

belongs to H(2m, p^^). Its determinant a^^^**"^^ can, by choice 
of <y, be made equal to any one of the p'^+l roots of Ap"+^ «— 1. 
Hence there exist hyperabelian substitutions whose determinant A is 
any root of this equation. By § 130, there are no other values of A. 
The group H^ contains a self- conjugate subgroup formed by the 
substitutions 

106) T,: |5-x|.- (i = l,...,2m) [x«"»- 1, xp"+i = 1]. 

The quotient -group will be denoted by the symbol HA{2m, p^^). 
It will be proven simple except in the special cases m « 1, i)" « 2 or 3 
(§§ 138, 145, 148). By the same references its order HA[2my p^"^^ is 

_L(|,2mn_ l)pn(2m-l)(pn(2m-l)^. l)^n(2m-2) ^ ^ ^ {p^''—l)p% 

where q denotes the greatest common divisor of 2 m ojiA p^+ 1. The 
order of H(2m, p^"^) is 

The Abelian group S-4(2m, i)**) has an invariant subgroup formed 
by the identity and T^i, The quotient-group A(2m, p"*) is simple 
except in the three cases m •= 1, |>* = 2; m — 1, ^" «— 3; m — 2, p*^ 2 
(§ 119). But H(2m, p^'^) contains SA(2m, p*) as a subgroup. In 
order that jTx shall belong to the latter, the coefficient x must belong 
to the GFIp*"]. But x^"«x and xp''+*=-1 require x* — 1. Hence 
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would Tji be the identity or 3l_i. It follows that A(2m^ p**) is a 
subgroup of HA(2my p"). We proceed to determine the number of 
conjugates to the former group within the latter group ^ using the 
result of § 131. 

183, Theorem. — The largest subgroup M^ of HAi^niy |)**) which 
transforms A{2m, p"^) into itself is identicai with A(2m, p*) if p '==2 
or if p> 2 and i?" + 1 contains a higher power of 2 than m contains; 
in the remaining case, the order of M^ is double the order ofA(2m, p^). 

The determinant of S^^UVa being supposed to be unity and 
that of U being unity ^ it follows that Va has determinant 

107) a-'"(P"-i)=l. 

Now Va and T^Va correspond in the quotient -group HA(2m, p^"^) 

to the same operator. We investigate the conditions under which 

TxVa has its coefficients in the CrJP[p"]. The necessary and sufficient 

condition is seen to be 

(x«)p"-i = l. 

Hence must x*«= a^"""^ and therefore 



1 

^2 VP-~l^_;,P«+l«l, 



(r»« 



or a must be a square in the GF[p^'^'\. The remaining condition 
x^^^ 1 becomes an identity in virtue of 107). Hence, if the solutions 
of 107) are all squares in the 6ri^[2>*"], the substitution S= UVa 
will correspond in the quotient- group to an operator belonging to 
A(2m, p^). But, if there occur not- squares as solutions of 107), the 
resulting substitutions Va may be expressed as products VyVii*, v being 
a particular not- square. Then Vpt corresponds in the quotient- group 
to an operator of A{2my p^)y while F» does not. In this case the 
group A {2 m, |>*) is transformed into itself by a subgroup of 
HA{2m, p^"") of double the order of A{2m,p''). 

For p -^2, the theorem follows at once since every mark of the 
GF[2^^^ is a square. For jP>2, we are to determine in what 
cases 107) has as its solutions in the GF[pl^^] only squares. A 
common solution of the pair of equations 

108) a'^^p'^-iJ-l, a^"~i-l 

is required to be a solution of a* ^'^ ^^«=-l. A common solution 
of 108) satisfies a*'^^"^^)— 1, where d is the greatest common divisor 
of m and j?" -f 1. The condition is therefore that d shall divide 

2 (-P" + ^)- ^^ ^^ satisfied if, and only if, p'^+l contains 2 to a 
higher power than m does. 
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Corollary. — If jf « 1 or 2 according as the order of JIf' is 
equal or is double the order of A(2mf p**)y the number of subgroups 
of HA(2m, p*") conjugate with A(2m, p^) is 

HA[2m, 1?* »] -f 5^ . A[2m, i>"] — 

5f JL 

where a = l if|)«*2, a — 2 if|)>2, and g denotes the greatest 
common divisor of 2m and p"* -\- 1. 

134. The conditions that the quaternary substitution in the 

jQg\ bi = ^11 bl + <^8*8; Sj — ^22*2 + ^ibi; 

. ^8 = ''aiSl + «8858> 11 "" "42^2 + ^Ai^Af 

shall be hyperabelian include the following: 

«n«S + «8i«£ == 1^ «ii«Sl + «8i«4r -^ 0, 

Setting A^a^^a^— a^^a^y we find from these conditions that 

a.^AP'-aP^, a^AP" <, aijAP'^-aSI, a„ A"" =»«?;. 

The above substitation then takes the form 



T: 



I'l — {-^) 5l — y-^) ls> IL — Ojjlj + «845«> 



Inversely ; the substitution T is seen to leave absolutely invariant 

if «22> ^4> ^42; ^44 beloug to the G-F[p^'^], so that T belongs to 
£r(4, jp*»). The totality of the substitutions T forms a group G 
holoedrically isomorphic with the general binary linear group 
GLH(2, p^*). Among the substitutions T occur the simple ones of 
the form 

where A and B are arbitrary marks of the GF[p^"^] such that 4=}= 0. 
We proceed to determine every hyperabelian substitution 

S: i'i-^^ijh (i«l,...,4) 

which transforms the subgroup G into itself. The product S" I\<S, 
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IJ - (o.!^-""- a,,Bn2 «,,hj-i - <_i,S.>) 

must belong to G, Hence the coefficient of |s>-i must vanish if i 
be even and that of Is^ if ^ be odd. Taking first B = 0, we find, 
after dropping the common factor (— 1)*, 

«,j «f, A''^ - a.., afj A + a^ af^ Af^ - a^ af^ ^"^ = 0, 

where i and A; are both even or both odd. 

If !>*• > 2, this leads to an equation in A of degree 2p^ <p^ ** — 1. 
Being true for every A^O, it is therefore an identity, so that 

110) a/ia»j = 0, a/8«*4 = (i, k both even or both odd). 

Taking next the terms in B, which can have two values 4= 0^ 
we find 

111) a,-8a*2 = (i, k both even or both odd). 
Similarly, if S transform the following substitution of the form T, 

into a substitution of G, we find from the terms in C that 

112) a,iaA4=0 (f, k both even or both odd). 



If any a^y =4= 0, i and j being both even or both odd, the sub- 
stitution S reduces to the form 109) and must therefore belong to G, 
In fact, the relations 110), 111) and 112), holding if i?" > 2, may 
be combined as follows: 

113) a2/_i2,_ia2ifc_i2^ = 0, «2i2/-iaj*«a = (i, ?, A;, ^ = 1, 2). 

Hence, if a2i,-i2*,-i +0> ^® g®* a2*-i2i=0 (fc, A = l, 2). Then, 
for fixed A, ami is not zero for both A- = 1 and ft = 2, since other- 
wise all the coefficients in the 2X^^ column would be zero and 
therefore the determinant of S would vanish. It follows therefore 
from the second set of relations 113) that a2<2<— 1 = (i, ? = 1, 2). 
Hence S has the form 109). Similarly, the hypothesis «2*,2i,=4=0 
requires, successively, 

a9/2/-i-=0 (i, Z = l, 2); a2*-i2;i=0 (ft, A =1,2). 
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If every Uij = 0, when i and j are both even or both odd, for 
p**> 2, S reduces at once to the form 

Is =''82^ + ^SA^Af K = «41 ll + «43ls- 

This is of the form Vg, where g is of the form 109) and V denotes 
the hyperabeUan substitution not in G, 

The theorem stated below has thus been proven for p^> 2, 

For p" ^ 2, we consider the reciprocal of S and find the 
conditions corresponding to 111) and 112) that S~^ shall transform 
Tj and T^ into substitutions belonging to (?, viz., 

114) cciiaAk=0, a2i<'s*=0 (i, k both even or both odd). 

By 111), 112), 114), S must be of the form g or Vg, g being of 
the type 109). To illustrate the method of proof, let a^^ 4= 0. Then 
^41 — ^48==0 by 114). Since a^ and a^ can therefore not both 
vanish, cfij = «i4 = by 1 14). Likewise from 111) a^^ = ffjg = 0, 
a^^z= a^=0. The hyperabelian condition involving the coefficients 
of the first and third rows then gives cc^^a^^O, whence a3^=0. 

Then a^^ and Ojs ^^"^ ^^* ^^^^ vanish, so that a2i'=0 ^y 114). 
Hence /S has the form 109). 

The order of (? is (i)*«- l)(i)*''-i)2«) by § 99. The order 
of H(4, i)^") is (i?*" - l)i)»''(i)»« + l)i?*" (P^"- l)i>" (i>"+ 1) by § 132. 

Theorem. — The quaternary hyperabelian substitutions T with 
coefficients in the GFlp^^l form a group G holoedricaUy isomorphic 
mth GLH{2f p^"^). The only substitutions of H{4:, p^"^) which trans- 
form the subgroup G into itself are of the form T or VT, H(4, p^) 

contains exactly N:.-. — {p^ " + 1) jp' " (i>" + l)p*^ subgroups conjugate 
with G. 

186. Consider the subgroup H^ formed of the substitutions of 
H{4:y p^^) of determinant unity. By § 132, its index \b p^+\. The 

determinant of the substitution T is seen to equal A^^ . Those 
substitutions T in the GF^p^^"] whose determinant is unity form a 
group 6r' of order (p*"— l)^**'(p"— 1). Since T^ and T^ are of 
determinant unity, the proof in § 134 leads to the following theorem: 

Witlnn tlie group W of quaternary hyperabelian substitutions in 
Hie GF[p^^'\ of determinant unity, the subgroup 6r' of tlie substitutions T 
of determinant unity forms one of a complete set of N conjugate sub- 
groups y eacJi being holoedricaUy isomorphic mth the group of bifiary 
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linear substitutions in the GF[p^^] with determinant in the GF]p"]. 
The only substitutions of H' which transform (?' into itself are the 
substitutions g^ of G' and the products Vg\ 

186. The substitutions T for which A = 1 form a group G^ 
holoedrically isomorphic with the group of binary linear homogeneous 
substitutions of determinant unity in the GF[p^^\ Since G^ con- 
tains Ti and Tg, it follows from § 134 that g^ and Vg^ (g^ in (?') 
are the only substitutions of jff' which transform G^ into itself. 
Hence G^ is one of a complete set of N conjugate subgroups of ff. 

For p = 2y jff' is the simple group HA(4:, 2*") and G^ is the 
simple group LF(2, 2***). For p > 2, we pass from H' to the simple 
quotient -group HA(4, p^"*) by making the substitutions Tx 106) 
correspond to the identity. Li particular ^ T_i corresponds to the 
identi^, so that G^ becomes LF(2,p^'*). The only Tx belonging 
to G^ are T— i and the identity. We have therefore proven the 

Theorem. — The simple group HA(^, p^^) contains a complete 

set of - {p^" + l)p^*^(p" + l)i?" simple conjugate subgroups LF(2, j)***). 

137, Theorem. — The group of hfperabelia/n substitutions S of 
determinant unity on 2 indices with coefficients in the GF[p^^] is 
identical with iJie group of binary linear substitutions of determinant 
unity with coefficients in the 6r-F[p"]. 

For w — 1, the conditions 98) and 99) that S shall be hyper- 
abelian are 

<«22 - «?2«21 == 1^ <S2-<«11 = 0, <a22-<Sl = 0. 

Hence the products a^^af^, ^u^^y *'ii^i2 ^^^^^g *o *^® ^-^[-P"! 
being equal to their own (p**)*^ powers. Hence if a^^ =f^ ^f *^® ratios 
of or22, «2i^ ^12 ^^ ^11 ^ belong to the (tjP[j)"]. Similarly, the 
products €t^^a^, S2"i2> ^'22"^ *^ belong to the GFlp"] and there- 
fore, if a^g =4=0, the ratios of a^i, a^^? ^1 ^ ^22 ^^ belong to the 
Cr-F[|>*»]. Finally, if a^^ = a^ = 0, we have ffji^'w'^""^^ ^^ *^* 
the ratio of a^^ to a^ belongs to the GF\jf*'\. In every case, 
S has the form 

where the a,^ belong to the GF[p^']. Since it is to be hyperabelian 
and since it is to have determinant unity, we have the respective 
relations 

«^"+K«ll«22 - «12«2l) =• 1; «*(«11»22 - «12«2l) = 1- 

Hence, by division, «i^-i = l, or a belongs to the GF[y*], 






THAFTEK V. 

TMK HYyKHfPKm(}(i(}SAL ASD BELATED 

USZAH GKOCPS.'; 

1M« W^ tind ittv^nKtiipit^ th« liivar homogeiMoai group in the 
OF\j/\ 4^A^ \fj m ftlMk^Iot^ inrnimt of ihe gcnenl type 

wb^f#j *<ii/;b X \n % m«rk +• '/f the GF[jf\ 

if r ^p^r^, wts b«ve in the OFlj^] the identity 

M^fi/'^ « »ri(mtitntian which leaTen <t>^ absolutely inTariant will at 
tfumi tfiuliiply the frinction 



m 



hy M mark t/ which Piati«fieii the eqaationB 

h IMcknori, MtUh^maUttche Annalen, vol. 62, pp. 661—681. 
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from which i^ = 1. We may therefore limit our discussion to the 
case in which r is prime to p. 

In order that the linear substitution on m > 1 indices 

m 

i=i 

shall leave <t>r formally invariant; the following conditions upon its 
coefficients must be satisfied 0: 



m 



115) ^ha';j = Xj = 1, ...,»,) 



m 



116) —, — f^ r S^lM^i <• . . . «;; = 0, 

i = i 

holding for every partition of r into s integral parts 

r = r^ + r^ + h ^*, m > s > 1, 

while for each partition jif j^ ..-^i* may take every combination 
of s distinct integers chosen fr^om 1, 2, , . ., m. 

If r be not divisible by p^ the inverse of S is 

* .=1 

Indeed, the product SS^^ replaces §* by 



m / m " \ 



upon applying 115) and 116) for r^=r — I, r^=l. 

140. Theorem. — If r> 2, if r be not a multiple of p, and if 
r — 1 be not a power of p, the only linear homogeneous substitutions in 
the GF[p^] whicJh leave <t>r invariant are those which merely permute 
the terms Aili^ . . ., XJ^ amotigst themselves. 

Consider for r> 2 the following equations of the set 116), in 
which ji and j^ denote two arbitrarily fixed distinct integers < m: 



1) If, as in § 97, the indices are to belong to the GF[p>*] so that the 
invariance of Or is numerical and not formal, we must take r Kip^ in order 
that our results shall still hold true. Cf. § 162. 



I« 



V '*v,^.. - »- 



r — r^^ A^., '<i.^^ 



•_ 



r-/- Z^ ^^^^^ .^'^ ,^*^ .^ - - •- .1 =^;ir 






vsngr "ii^ 4#«wr!iiiittwc \^ f. f&^aiw- ir* i^r* 












r^l^^y i>l. 


















</ ^!rVi';ij2'^^'''<r'''<K,.-0 ij^'\,...,^■.H-k•i^ 



//f irhJ/jh ib^ firut two alr/n#; ^K;cur when iw — 2. We mar Terifi- 
ifini Ui^ nfinrmridil fa/H/ini ar* n^^ diTUiible by jp.*) Then, since o.^ =*=0 

;.X5; ''^< - (t, ^ i, « 1, . . ., m: ;, + j,). 

li follows loi hpsfort^ that /if at most permutes the terms of 0r* 

i) if m — 2f onlj ihf$ ami two equations occur. The same conclasion 
f/fllifWN in ihifi v,unn thai wa« derived for m >> 2. 

9) TliiN fffNuli follows }fj irmpection from a general theorem on the residue 
of a riitihJfKmiinl r^t^iUilnni taken modulo p given in the author's Dissertation, 
Atrnfiln of MfUhmaHcM, 1 897, § 14, p. 76. 
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141, If r is not divisible by p and if r =f=i>*+ 1, the structure 
of the largest linear homogeneous group leaving <t>r (r > 2) invariant 
is now evident. Indeed, the group has as a self- conjugate subgroup 
the commutative group of the substitutions 

I5 = a^<l< (» — 1, ...,m) [«?< = !], 

the quotient-group being the symmetric group on the m letters ^,-. 

142. Theorem. — Ihe structure of ihe linear group in the GF\^p^'\ 
which is defined by the absolute invariant <i>r, r z: p* + 1 > 2, results 
immediatdy from ihe structures of the groups in the GF[p^*'\ defined 
by absolute nwa/riawts of the type 

For the case r = p* + 1; the conditions that S shall leave 0^ in- 
variant may be derived as special cases of 115) and 116), but are 
given by inspection from the identity, 

By either method, the conditions in question are seen to be: 
117) V !..«/;•+> = A^ = 1,..., m), 



= 1 



m 



118) 



2^i«i5'«a=0 (j,A;=l,..., m;j + ft). 



i = l 



By § 139, the inverse of S has the form 



m 



S 



— 1 



^''-^■l<^s 



(f = 1, . . ., Wl). 



i«l 



By the same rule, the inverse of the latter substitution is 



III g 



(t = 1, . . ., m). 



Hence this substitution must be identical with 8, Hence 

119) (^)''~\^'=«*i (i,j = l,...,m). 

The determinant of S"^ is 






a^ 



«>. 



(h j=^h-'} w)- 



Dickson, Linevr Groups. 



9 



T .1 suiti' 









# 



- ; m w 



^ - 



' •'/ *^»- . 



In iU*^ Uf^r (iM(/iiifiriii//ri« ih^ fi/p^f^fnuU ui^ (j > mj are all zero, 
/f, Mn'ffin iim t'.^p*fftU*jt^niM i/tf ( j ^ fn^), any one aa a,^^=*=0, we 
ifKf mtonti iUt^ irirariant /f^ by 7*;,, giving the function 
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But tins fdnction is inyariant under the transpositioii (Si|^,) and hence 
fPr mnst have been invariant under a substitution in which ai^^ ^ 0. 

It follows that /x / .. . ^ N 

OiV = (« = 1, . . ., Wi; J = m^ + 1, . . ., m) 

in every substitution leaving ipr invariant Considering the form of 

the reciprocal, we have 

o^,- =• (i = 1, . . ., Wj; J* = fill + 1, . . ., »i). 

Hence every substitution leaving ipr invariant is the product of two 
commutative substitutions, the one affecting the indices i^, . . ., ^^ 
only and leaying inyariant 

and the other affecting only |iii,+i> • • -yim and leaving invariant 

• = i«x + l 

Proceeding with the latter substitutions in the same manner, it 
follows that the structure of the group in the Cri^[|>'] leaving <t>r 
invariant results immediately from the structures of various linear 
groups in the G^i^[|)***] defined by invariants of the type 0. But 
the relations 119) for substitutions of the latter groups become 

^ij'^^ij (i,i-l,...,»i). 

Hence there is no limitation imposed in assuming that the field to 
which the substitutions belong is the (t-F[p*']. 

143. We designate by Gm,p^» the group of all linear homogeneous 
m-ary substitutions in the GF\^j^*] which leave invariant For 
p>2j those of its substitutions whose coefficients belong to the 
GF[fF'\ constitute the first orthogonal group ^) in the 6rjF[p'] on m 
indices. Indeed, relations 117) and 118), for A,»l, then become 



m m 



^<==1> ^«.7«**=0 (j, i-1, ...,m; j4=*). 



tsi tsi 



The group Gm,p,»f having the orthogonal group as a subgroup, will 
be called the hyperorthogondl group in the GF[]^*] on m indices. 
We proceed to determine its structure, treating first the case m » 2. 

144. Theorem. — J/* p* > 3, the group of (he subsHMions of G^j,,,, « 
of determinant unity has a maximal invariant subgroup of order 1 or 2 
according as p '•^2 or p>2; the quotient-group is LF{2j pf). 

1) See Chapter VJI, § 171. For i? = 2, see Ex. 4 of § 210. 

9* 






■r » 






^ ^ ' iuif&iii*s: wiMRBaiartqg 






i\r "au^ t^s^w^ttrf xi^m^^x "^ifxugs^ v, lai^ ^^J^i ■■*£ x msrrfw* iat 

^; '*' ?- — — §;f «5 — — $jr 

fm/^U/ffmilf; tMf f>7 {^ li$7 15^^ ttm^Jj iiK>morjJ:dc widi die grocq> <k 
liti^mf Uu^irtml if*it0MnUf/tm of 4«>t«rmixiaat mutr in die GF\^p'\ 

^yOrolUry. -- Kr^y hirtMry bjrperciitfaotEOiial sobstitxitioii in die 
OF\f^'\ Uik^i Inu^^ifnudSy m^y b*? gir^n die form 

»;f 'l<fL<;rmiiMnt « nutrk r/f tb<j Of'f^], where ^1,^5 belong to Uie 
^/ /''I ;/*♦!, 

Uiil*m4i, mnii*i fV'^'— J, we may get D = B''"', Bbelongiiigto 
i\w OI<'\j/"\, The fni';tiorwi binary hyperabelian robstitation becomes 

/ "ip «i» \ / /< «„. ■»«,, \ 
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The group may be transformed into the group of all linear fractional 
substitutions in the GFlp^] (see § 138, § 137, corollary 11). i^ 

145. For m general, let 5 be an arbitrary substitution of Gm,p,$j 

m 

S: 



II- =^ ffivl/ (* = 1, • • •? ^0- 



By § 139, its inverse is obtained by replacing ccij by aj^ . Hence the 
relations 117) and 118), for A,==l, when written for the inverse S"^, 

give the equivalent set of conditions for the invariance of ^|, : 

123) yial^+'=l ij = l,...,m), 

1=1 

124) V a^.af. = ( j, ft = 1, . . ., m; j + k). 
By § 146, the number of distinct linear functions 

m 
fl =2 "^^ ^> 

by which the substitutions of Gwm»,« can replace 1^ is the number 
Pm,p,$ of distinct sets of solutions in the GF\_p^*] of the equation 

126) S""^^^^^^' 

Let T be a substitution of the group which replaces |i by a 
definite function ^. Then, if Z, Z', . . . denote all of the Cm,p,« siib- 
stitutions of the group which leave Ij fixed, the products TZ, TZ', ... 
and no other substitutions of the group will replace l^ by f^. Hence 
the order Qm,p,s of the group Gm,p,M is 

But the substitutions Z, Z', . . ., have 



cf,i — 1, fti,= 


(/ = 2, . . ., nM). 


we have 




< = o 


(ft == 2, . . ., wi) 



Hence Z, Z', . . . are substitutions of the group Gm—\,p,^ on the 
indices Ig, . . ., |,„, so that Cm,p,»" Qm-i,p,,. Hence, since 









r^-- 



niune firm «» I^ dun^ <»( y ^ 1 vafaKs a Ae (i^/X^'I £^ ik- ^■^f'^/ 

f^m^ Uf the GF{ff\ and u di«r«fore die power /^H^l of a mark 
»'fl dn^ (iF- j/^ Hfsoitft we hare 

%o^ ^i.^$'^J^+ If ^^ fiiwl bj madientafiral indocdon dnt 

P«.^. = //'*'^''- «;- 1/j/t— '. 

y^ff Mi/4faer prry/f of diis result, we omsider onlj the CMe p'>2. 
T\t*m \t V \tt % DOt'fiqtiare in the OF[jf]f the GF{j^'] may be 
#li!fliied by meaiM of the irredacible eqnadon 

^*'"« r,, = a, -r ^|/ (• = 1, . . ., n) 

ir#9 hare 

n#fn^je - 



nf ^ai-fij. 



I 



^if'^' ^2i'^-vfif)=^- 



tml imBl 



By K fifj, ihi» qtuidrsiic er^nation has j/'*^-^)— (— 1)»|>'(»— i) sets of 
Nolritiofiif Uif...,a„, /Ji,..',/J« in the GF[p*], Hence Qm,i»,« equals 

146* Theorem. — If «ij, a^, . . ., aim 6« owy system of sohUions 
in tim (iF\jj^'\ of tfie equation 125), there exists a substitution S in 
ilw yroup Gfn^p^t whicli replaces 6i % 
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m 



0^/: 



W: 



/-I 

and tohich is generated by the following substituiions [in which otdy ihe 
indices altered are written]: 

T.y. |} = t|, (t'^+^=1), 

an oddi^tona^ generator being necessary if ff=2, m ^ 3, t»j9., 

li= li +11, + 1% [P = I+ 1 (mod 2)]. 
If m — 1, we may take S *= Ii,o,i. If w « 2, we take 

If m > 2; we prove the proposition by induction. Suppose first that 
the a^"*"^ (t = 1, . . ., m) are not all unity, for example, 

The left member belongs to the GF[p'\ Hence we may write 
126) aij+i+^p'+i^l, 

^ being a mark 4= ui the GF[f^*], The group therefore contains 
a substitution of the form Of's"". By 125) and 126), we have 

Assuming our theorem to be true for m — 1 indices, the group contains 
a substitution S^ replacing ^^ by 

Hence the product S S^ Oi'%^^ will replace li by f^. 
Suppose on the contrary that 

ap;+i-l (t-1, 2,...,m). 

If the group contains a substitution S^ rephwing li by 1^ + 1, + • • + U, 

the product ^ . rp rp m Q 

will replace g^ by f^. But the group will contain a substitution of 
the form S^ if it contains & - (^A^iy which replaces |i by 
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If p =4= 2, we can take a — /S*^, since the condition 

can be satisfied by a mark /} in the GFlp^"]. In this case, SgOJJ 
replaces ^ by the function 

and therefore belongs to the group by our assumption on wf — 1 
indices. If 2> » 2, s>l, we can choose a and fl among the sets of 
solutions in the GF[jp^*] of 

127) a^-^^+p^-^^^l 

in such a manner that 

Indeed, the condition is (since |> = 2), 

Since jt>'> 2, we may take for a a mark neither zero nor unity in 
the GFl^p*] and then determine a solution fi of 127) such that 

fi=^fi^. Then will a'^fi^^^ afi. To prove that such a choice for fi 
is possible, we note first that 

a^^aj a*=|=a; hence a'^+^=J=l> /* 4= 0. 

Further, if a', j8' be one set of solutions of 127), then is also a\tfi\ 
where t is any root of 

Not every root r belongs to the Gl^[l>*], and therefore not every 
solution j8 corresponding to a given a belongs to the GF\^fF], Hence, 
if 2> •= 2, jt)* > 2, we may suppose that in the substitution S^ the 
coeMcient a^^ is such that af*+^=|=l, when the proposition follows 
as above. 

For p' = 2, an additional generator Wy for example, is necessary 
since the only substitutions of the form 01]% are the products 

Ti,, r,,p-i and (|,|,)Ti,, Aj-i (p"- 1). 

Indeed, there exists in the 6rjF[2*] only six sets of solutions of 

«»+i8«=l, 

viz., «==(>, /J = and a = 0, j8 = p, where q^ = 1. Hence the 
substitutions T,-,« and 0^/ can not combine to give a substitution 
replacing 1^ by li + ^ + Sg, for example. It follows readily that the 
additional generator W is sufficient, together with the substitutions 
T and 0, to generate the group 6f«^2,i. 
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147. Lemma. — If a substituMon S of ffie group Gn^^p^a be commit 
tative wUh Or'fj for certain values of a, then the foUotaing coefficients 

of S mtist be zero, / . ^ • i ^x 

«r>, ao, «ir, a^t U'=*l,--.,w;;4=r,0. 

Among the conditions for the identity SOr'^f = 0^,fS occur 

(j - 1, . . ., w; i 4= r, t). 
Hence the theorem follows if the determinant 

(a-i)(aP'-l) + pp'-^^=: 2 -a-aP' 4=0. 

The equation 2 — a — a^'^O has j/ solutions in the GFlp^"]] indeed, 

aP**« (2 - cy = 2 - aP'^ a. 
But for a arbitrary there exists a mark /J in the GF[p**] such that 

Cf^ + l+^p' + l«l. 

Hence there are sets •f solutions a, fi tor which the above determinant 
does not vanish^ as well as sets for which it vanishes. 

Note. Another statement of our result is that S breaks up into 
the product of a substitution affecting only |r aiid it by a substitution 
affecting only 1^ ( j = 1, . . ., m; j 4= r, {). 

148, We proceed to determine the structure of the group G^^p^s 
of order Q„i,p,*. For m^l, the group is a commutative (cyclic) 
group of order p* + 1. For w — 2, its structure was determined 
in § 144. 

The substitutions of Gm^p^g of determinant D = 1 form an in- 
variant subgroup Hfn^p^t of order Qm^p^t/{p'+l), Indeed; we have 
shown that D must be a root of 

120) 2)'^+'==l. 

Inversely, substitutions do exist in the group Gm,p,» having as deter- 
minants every root of 120); for example, Ti,^ and its powers, where r 
is a primitive root of 120). Hence the factors of composition of 
Gm,p,t are those of Hm,!,,* together with the prime factors of j)' -f 1. 
Supposing m^3, let 2 be an invariant subgroup of H^,!:,,, con- 
taining a substitution ^ 

Si g5=2'«'>'> 0—1,... ,m) 

not of the form ^"^ 

T: gj = t|; (i = 1, . . ., ^0 [ti^'+i - 1, T- = 1]. 
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With the single exception »i — 3, p' = 2, when Hj, j, i is of order 72, 
we shall prove that I coincides with H. Therefore the snbstitations 
T form a cyclic group of order d^ the greatest common divisor of 99i 
and p'+ 1; which is the maximal invariant subgroup of Hm,|^«. Hence 

the quotient -group gives a simple group of order ,.*"j^* . We shall 
designate it by the symbol HO(m, p^'). 

149. Theorem. — There exists in the group I a substitution replacing 
li ^ x£i+ ^^ <^^ ^^^ reducing to the identity. 

Suppose that a^^ =f= 0, for example. Transforming S by Oj; j, we 
obtain a substitution 5' replacing ^^ by 

m 

i-* 

To make the coefficient of |j zero, we have the conditions 

"is 

The condition for \i is therefore 

Unless af'+^4- af3'+^'= 0, there exists a solution fi in the 6rF[jp**] 
of this relation; indeed, the value of jtt''+^ belongs to the GF\^p*'\ 
and is therefore the {p* + 1)" power of a quantity ii in the GI [ j?**]. 
It follows that we can assume that the only coefficients aij {j > 1) 
which do not vanish are cfu, . . ., ai^^ and that, if m^ > 2, they have 
the property that 

128) afJ+'+frf^+i-O (j, A; = 2, . . ., m,; j + *). 

If m^ «= 2, the theorem is proven. K w^ > 3, the terms in 128) 
must all be equal and therefore zero unless j9 = 2. Supposing first 
that J) =1= 2, our theorem is proven unless m^ «■ 3, when we have 

129) «f;+^ = l, «/$ + »+ ajj +1=0, ax,= (j = 4, . . ., m). 

In the latter case we may assume that not both 

<+^+crf;+^=0 (^' = 2,3); 

for, if so, afj"^^= "fs"^^ ^^^ hence each is zero by 129), Bmeep=^2. 
For definiteness, let 

If the left member be unity, then tfi2*= ^ ^J 129) and the theorem 
is proven. Suppose therefore that the left member is neither zero 
nor unity and consider the substitution 



THE HYPERORTHOGONAL AND RELATED LINEAR GROUPS. 139 

S =L S Cj C2 O C/j Cj EI 8a C^ C2 y 

where Sa= S^^CjC^S is seen to be the substitution 



m m 



The coefficient a^^ in /S is therefore 

«n = - (1 - 2ai^+i-2as;+i). 
Hence 

11 — "ii^ii v"^ *"*ii ^"is /' 

which 4=1 since afj+^+ af,'"'"^ is neither zero nor 1. Applying the 

above process to S in which 15^+^4= 1j ^® reach a substitution in 
the group I in which all but one of the aiy (j ^ 2, . , ,,fn) are zero. 
Suppose next that j> = 2. We have by 128) 

The ratios of a^^, ^is, - - -9 <^imi therefore satisfy the equation 

130) T^+i = l. 

Hence by transforming S by suitable products of the form 

Ti^ri-i Ti^ti (i = 3, . . ., m), 

where the ti are roots of 130)^ we reach a substitution 5' belonging 
to / in which a^j =» ffis -"•••= «i mi • Transforming /S' by the reciprocal 
of 0%]^, we obtain in i" a substitution S" which replaces l^ by 

If I?* =4= 2; we can choose X and ft [see § 146] such that 

;lp'+i + ^p'+i « 1, (a - fi/^)i^+i 4= 1. 

Hence in S" the sum of the ( j/ + 1)*' powers of the coefficients aj', 
and a'j'^ is not zero in the (?JP[2**]. As above we can therefore 
make a^^ = 0. H |/ = 2, we reach at once the same result by 
transforming S* by (S1S4) W{iiJ^^), W being defined at the beginning 
of § 146. 

Repeating the process, we reach finally a substitution in I, not 
the identity, in which either 

«i>— (j = 3, ..., w) 

or else 

«f^+' = «&'+' + <>' «i>-0 (j = 4,...,m). 
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In the latter case, the tabstitatioii S thus obtained has (since p ^^2) 



«• + !«. 1 



Transforming it hj T ~. Ti^tTt^t-iy we obtain in / Uie snbstitation 
where 8^ denotes the snbstitation 

s-i,+«„(.->-i)2'<i>+«..(^-i)2<v 

Hence for S' S^T the coefficient of ^ in |^' is 

5„ _ T + (1 - tX+> + T(t - l)a|J+« - 1 + T(r - l)«»J+>. 

Setting for brevity «J5|+*3: a, a mark 4=0 in Uie GF[p% we find, 
since t'^+^ «= 1, that 

5p;+i» 1 + «(t - i)(ti^- 1)(«- Tl^'-T - 1). 

Since the theorem foUows as above if a[J+^4= ^> ^^ ^'^^ ^ prove 
that a value r can be found for which 

But a root of t'^+^ — I will satisfy 

1 i T^' — T — 1 = a 

only when 

131) l-T*-T-ar. 

The desired value of z certainly exists if j)' + 1 > 3. But if |>' — 2, 
we have a » 1, whence the equation 131) has the single root t = 1 
in the 6rJ^[2*]. The theorem has therefore been proven for aU cases. 

160. Theorem. — Eocduding the case m^3, p* ^2, Oie group I 
contains a substitution leaving one index fixed and not reducing to the 
identity. 

By § 149; I contains a substitution /S 4= ^ which replaces ^^ 
by a function of the form xlE^ + oi^. Hence 



where 6', is a substitution of H^.p,* of the form 



m 

ii-li. S5=2"'^^^ (»• = 2; . . , m). 
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Consider the substitution belonging to H^ 

where i > 2. The group I will contain the product 

since T and Oj^'s are commutative. Since 5' leaves ^^ fixed; our 
theorem is proven unless 5' reduces to the identity. In the latter 
case, we find by comparing the values by which S^T und TS^ 
replace $2 that 

^ii—0 (i — 3, . . ., w; j=^i), rai, — T-V,<. 
If m > 3y i has at least two values and therefore 

ai/^-O (j — 3, . . ., m). 

K m — 3, the same result holds if j)* > 2. For then a value of t 
exists satisfying T^+^« 1 but not t*— 1. Hence must ai, — 0. 
Excluding tiie case m — 3, j^* -^ 2, it follows that /8^| (which was seen 
to leave |^ fixed) alters 1^ at most by a constant &ctor I, Hence 

where £ leaves ^^ and 1^ fixed. Hence I contains 

which leaves 63; • • •; ^ fixed. If 8* =4= 1, the theorem is proven, K 
/S' = l, we find by comparing the values by which STitT^t—^ and 
TitTit-^S replace g^ that . 

Hence, taking for t a value for which x* 4= h ■ ^^ Iw^^e <y = 0. The 
only case left for consideration is therefore that in which 

If S be not commutative with every Oi'J, we obtain at once a sub- 
stitution =f= 1 in I which leaves Is, . . ., |m fixed. In the contrary 
case, X == X*, and therefore 

H m = 3, Z = Ax""*> t^® determinant of S being unity. Trans 
forming S by (SiSs)^; ^^ obtain the substitution 

S2 — Tj^x 2j,x ^i,x— *j 
belonging to I. Then I contains 

SS2 =Ti,x«y8,x— * 

leaving I2 fixed and not reducing to the identity. For that requires 
X* == 1, when we should have 

contrary to the hypothesis made in § 148. 



f— 1 



S-'C,ail^,)S(^,l^,)C,: 



142 CHAPTER V. 

Let m ^ 4. If Z be not commutatiye with every 

then I contains the substitutions leaving 1^ and ^^ fixed^ 

not all of which reduce to the identity. In the contrary case, Z mnst, 
by § 147, have the form 

SS = ©t- (» == 3, . . ., m). 

Hence I contains the product 

ii = l«; S == If (* = 4, . . ., m), 

which does not reduce to the identity; for, if so, x » o and S would, 
contrary to the hypothesis made in § 148, have the form 

gS ^ fi>i- (i = 1, 2, . . ., m). 

161. Theorem. Except in the case m « 3, j)' « 2, the group I 
coincides iviih the group Mm,p,s» 

The proofs of the theorems of §§ 149 — 150 hold for any value of 
m ^ 3. Hence by a repeated application of these theorems, we finally 
reach in the group I a substitution ^ 4=" ^ leaving m — 2 indices 
fixed and therefore of the form OJ[|s, we may assume. If it reduce 
to CjCg, whenp 4= 2, its transformed by 0\\^ gives the substitution 

so that I will contain an Oi^s neither the identity nor C^Cy Indeed, 
by § 144, there exist solutions a + 0, j3 =+= in the GF{p^% P'>2, 
of the equation a'*+^+ /3^'+^«= 1. Hence I contains a substitution 
Oil neither the identity nor CjCj. It follows then from § 144 that, 
for i>* > 3, I contains every substitution Oi, j. Transforming by sub- 
stitutions of the form (|,|y)(7,, we obtain in I every O^J. 

These substitutions suffice, except when i» 5 3, j)' = 2, to 
generate the group Hm^p^s- Indeed, by applying the formula 

132) {0^f)-'Tt,rOtfT,-,'^af,f 

w^here 

it follows from § 146 that every substitution of Gm^p^M has the form 
h or hTm,x where h is generated from the O^f and has determinant 
unity. Hence the substitutions of Hm,p,« (of determinant unity) are 
of the form h. 
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For the case j^* -» 3, we first prove that I contains the sub- 

stitntion CCL. We have shown that I contains an Oi'J not the 

identity and therefore Oi, j given by 132). If j3 4= 0; ^® ^^^^ make 
«'— 0; indeed; if a be not itself zero, we have in the 6ri^[3*] 

a^^fi^ 1 

and we need only take r — — 1. But the square of Oi',S gives C^Cf 
since j8'* = 1 when a' = 0. If, however, /3 — 0, then a =^1. If 
a = — 1, we have at once Oi*2 = C^C^. 1£ a ^ ± 1, then the square 

of o?:S gives ot:^^c,c,. 

Having C^O,, I contains (as above) the substitution 

Ot^, k = a^'+i - jS'^+S fi = - 2ai3 ^ a/J (mod 3). 
Taking for a and /) an arbitrary set of solutions of 

a*= — 1, /S*« — 1, whence «*+ /J*^' 1, 

we have Oj; a where ft » aj3 is an arbitrary solution of fi* — 1. 
Hence I contains « . . « -. - 

o;f»(o;;j)-'-Ti,„.T,,^. 

Transforming the latter by Otli, we obtain bj 132), 

Hence I contains every such 0\'i . For a «» 0, /S* =» 1, we have 

a' - fA, /J' « 0; for a* = - 1, /J*- - 1, we have d 1 — ^. We 

have therefore reached in the group I every Oj;S in which x « /*, 
0, ± 1 + |t*; where /li is an arbitrary one of the four roots of fA*= 1. 
Defining the 6rJP[3*] by the irreducible quadratic congruence, 

»« = -! (mod 3), 

we have x = 0, ±1, ± i, ± 1 ± ». Hence x takes every value in 
the 6?F[3«]. We thus reach all 24 substitutions OjJS. It foUows 
that I coincides with Hm^s, i- , 

For the case i>*= 2, we have in I a substitution Oj^^ =)= 1. By 
the result at the end of § 146, it must be one of the six substitutions 

The transformed of the latter by Ti^tT^^t—^ gives 

Hence, in every case, I contains a substitation of the form 

Ti,,T,,,-i + l (t»-1). 



144 
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It« reciprocal gives Ti,t— iTV,,. If m > 3^ I contains 

T T + 1 T+ 1 

T+1 T T+1 

T + 1 T + 1 T ; 



— 1 



h^-'TmA.-'W'^ 



A.-l 



where 



H^ = 



111 

1 X t* 



1 t 



1 



(t»=t+l). 



Hence I contains 

and therefore W. Hence I contains W^^{li^i^. Hence I coincides 
with H^, ,, J if m > 3. 

152. Theorem. The group Gm,p,i is isomorphic toUh a subgroup of 
tlie linear group^) on 2m indices in the GF[p*] defined by a quadratic 
invaria/ni 



"V-^ia^ + yi + Qxiv:), 



im,l 



Indeed; we may define the GF[p^*\ by an equation of the form 

V^QI+ 1-0, 

belonging to and irredncible in the GF[p'''], Its roots /and I'^ = I^^ 
belong to the GF[p^'l Set 

iiZZXi-^ Ij/i, Oij = ttij + Icij (i, j = 1, . . ., m). 



Then 



if^Xi + I-^yi, |''+' = r^ + yf + ea:,y^ 



m 

The invariant ^ If "^^ becomes the quadratic form ^. The general 



substitution of G, 



rfhPtff 



m 



takes the following form 



(» = 1, . . ., m) 



j-i 



m 



x\ =2 (»'>^i - ^0%) 






(i = 1, . . ., m). 



t/i "2 '^^'^'^'-^ ■*" ^^'^ "•" ® ^'>)*'^1 



i-i 



1) Cf. Chapters YD and VUI. See also the note to § 139. 
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CHAPTER VL 

THE COMPOUNDS OF A LINEAR HOMOGENEOUS GROUP-O 
153. It was shown in § 98 that the linear substitutions 



m 



A: 



ii'^^Oif^ 



(i - 1, . . ., m) 



combine according to the law 
A^' = A'A: I! 



>-i 



m 



'^^'jh 



(i « 1, . . ., m) 



where 



i-i 



m 






—^CCikCcij 



(i, j - 1, . . ., m). 



A — 1 



In Sylvester's nmbral notation^ the general q^^ minor of the 
determinant \aij\ is as follows: 



l| t^ , , , tq 



h h 



J9 



a 






The formula expressing the g^^ minors of \aij\ in terms of the 
2 ^'^ minors of |a,y| and of jaj-^l is the following^: 

1 • * " ? 



133) 



W-^ • • • WQ 

Ji • • ' Jq 



a"~^ 



»|^ • • • Vg 
1 * • * 5 



a 



Ji • ' ' Jq 



d, 



the summation extending over the Cm, 9 combinations Z^, ^, . . ., Z^ of 
the m integers 1^ 2^ . . ., m taken g at a time. 

Consider the linear homogeneous substitutions on Cm,q variables 



•'ii'if -ifj 



*i » • • • » 'fl 



• • • 

1 *2 • • • vg 

1 va * • * vq 



Y 



where the sets (i^, t^, . . ., iq) and (^i, ?2? • • •? ^g) ^^® independently 



1) This chapter giyes a new exposition of results published bj the author 
in the following journals: Bulletin of the Amer. Math. Soc., vol. 5 (1898), 
pp. 120—135; Proceed. Lond, Math. Soc., vol. 30 (1898), pp. 70 — 98; 2Vatw- 
actions of the Amer. Math. Soc., vol. 1 (1900), pp. 91—96. 

2) Scott, Theory of determinants, p. 63. 
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\4ti^ 






*^m 






'iuk v^ *anainnmi 



if iti0t ueurmcamaii 



I i. 



m c 






\t ivrasnA 133 . 



" ^r 



m j^'js-j^' 






^^m- 



^joL^vai ^ lae fli'Sri 



^' ifir 



W> ^tfTitj fine ifa«t St k«tc 4 fobitmmoiii of <?.= GLH m.^) 
^jftrtsit^/iiA t// tiw! ui0fu%ietd iubftitotum in its ^* eompofmd ^a^,. 
In fju!:t^ Umt^ ^rxi^l fii the 6rF[/i^] «xMtlT </ marks d for vludi 
^*« 1 ^1 l^y. F<^ ^'(Tf fodk mark 4, the fabstitntioii bekragmg 
Up O^, 

(6 ()..J)\ 

»..J) 



(»ii) 



, . . * 



gjf#5ii rJiMf t// th#5 »uf;«titatioa [aj^. J in Gf»,^. 

To pror#; th« inferno, consider the matrix J formed of certain 
vM^tiiiiHtiiM of th#5 Mutistitation [a],, in which ^<j^»i: 



12,,,// 1 // 
I 2 , , , 7 1 // 

I 2.,-y Ijf 

I « , . . <f/ — 1 // . 



12,. ,7— I5 
1 2...//-l> 

1 2 . . . (jf — 1> 
1 2...(/-lj 



(-1)' 
(-1).+! 



1 2. ..5— 15 

2 8 ... 5 j 

1 2...g— Ij 

2 3. ..5 j 



.\ 



* '^^ i 1 'i...a Xti !^ ^>' 1 2.../y-lji 



2 3.. .9 
2 8...$ 



J 

.1 

^1 



1; Mttir, 'ilioorj of <lcierminantii, § 174. 
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Consider also the matrix A of determinaat A, 



A = 



tCji Off • . • oty 

ttjq ttqj ... Ofij 



ttfi OCji . . . «u , 

The composition of the matrices J and ^ gives the result 

fA 0...01 



JA = 



A...0 



0...A 

We seek those substihitions of G^ wliich correspond to the 
identity in trg,,). Suppose, therefore, that [a], reduces to the identical 
substitution, so that the matrix J is the identity* In this case we have 

Taking in turn i — 2 + 1, g + 2, . . ., i», we have the result 

A 0...01 
, . A... 

0...A 
Hence A ={= and therefore A^ = 1. 



165. Theorem. — The special linear homogeneous group SLB(m,p^) 
has (g, 1) isomorphism with its q^ compound, if g denotes the greaiest 
common divisor of m, q, j)* — 1. 

The proof is quite similar to that of . the last section. The 
foUowing m-ary substitution of determinant unity in the GFlp^], 



(d 0...0^ 
d . . . 



I 



, d"»«l, *i^-i-l, 



0... 

will give [a]q = I only when d» 
is proven as above. 



1. Hence must d'=- 1. The inverse 



156. Theorem. — The second compound of the general linear 
homogeneous group GLn(m, p^) leaves invariant the Pfaffian 



[1 2 . . . m] _ 



rjn— 1 



m 



10* 



L4& CHAPTER TL 

The maxK of [I 2 . « . «] w the fkev'Sjmmelrie delenninaot 

i ^ ^M* ^U ^4 ^« 

I r,i r., r«, r.4 . . - o 

Bt § 100, G = GLH(m, p") is genented bj Uie sabrtitatioiis 
Br^M,i sn<d ^«' 1*1^ correqpcmdiiig sobstitntioiis of the second com- 
poimd C^M^s ^^ therefore genente the latter group. To Bi,t,i snd D^ 
there correspond the respectire snbstitntions of G^ti 

A: r/^-DFiy = 2,. ..,«•), Yi^-riy (i,j==2,...,i»). 

Bat A is onaltered by an interchange of any two subscripts as 1 
with 3; for, the resulting determinant may be derired from A bj 
interchanging the first and third rows and the first and third columns. 
It therefore suffices to prore that A remains inyariant, up to a 

multiplicative constant, upon applying the substitutions Bt,t,i and D^. 
By inspection, J)j multiplies A by !>*. Also JBl,s,i transforms A 
into the determinant 

Yfi y„ rj4 ... Yin 



Iml + ^^mi Ynti Ymi Y^A ...0 

This reduces at once to A since Fj, + Y^^ = 0. 

157. Theorem. — Far m odd, {lie substitution \a\ of the second 
compound gives rise to the substitution 

F/^^A^jFj (i = l,...,m) 

upon Hie Pfaffians Fj—[l 2 . . . j — 1 j + 1 . . . w], if A^ denotes the 
minor ^) compilementary to aij in the determinant ja,/!. 

1) Or the adjoint of a^, without its prefixed sign. 
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Consider the Pfaffian F^y j being a fixed integer < m. By the 
last section, it is unchanged by the substitutions 

5r,#.2 {r, 5 = 1, 2, . . ., j - 1, j + 1, . . ., ni). 

Furthermore, JB>,«,ji alters no element of F^ and hence leaves jF} 
unchanged. Finally, we prove that JRr,>,2 replaces Fj by 

Indeed, JBi,>,A replaces jF} by 



23 



, ..., Fj/-] 



7 ^«i+l 



, . . ., J: 2 



m 



r,-i 



i+i 






m 
m 






m 
m 



Ym—l 



m 



+ x 



-«^m — Im 



r«_ 



m — Im 



[1 2 3 . . . j - 1 j + 1 . . . t»] + X [j 2 3 . . . j - 1 j + 1 . . . m] 
Fj+i-iy-nF^. . . 

Intercliangiiig 1 with r, we see that ^r,^,^ replaces 

[r 2 3 . . . j - 1 j + 1 . . . r - 1 1 r + 1 . . .m]~- Fj 

-F,+ {-iy-n[2 3...r-l 1 r+l...m]~-Fi + {-iy-*+'-nFr. 
Hence Br,n induces upon the Pfaffians Fi the substitution 

Srji F;^Fj+(--iy-^r^nFr, Fl^F, 

{i -= 1, . . .,i — 1, j + 1, . . ., w). 
By inspection, Dj gives rise to the substitution 

Sii FJ^Fj, Fl^DFi (i==l,...,j-l, j + l,...,w). 

Our theorem is therefore true for the particular substitutions Br^g^i, D^ 
which generate the group Gn- 

To complete the proof of the theorem, we show that, if S:i:(aij) 
induces upon the Fi the substitution 
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Z: 



F/^^A^jFj 



(i « 1, . . ., m). 



/«i 



where Aij is the minor of | Oij \ complementary to a,/, the products 
D^S and Br^,^iS will induce upon the Fi the substitutions called for 
by the theorem. First, the product D^S will induce upon the Fi 
the substitution 



SiZ: 



F!^-AnF^+^DAijFj 

/-2 



(i «= 1, . . . , tn). 



The matrices of the two products D^S and S^Z are respectively 



Da 



^18 



21 



a 



IS 



• «lm 



^ X/ffnij ffni) . . . €Cfnm , 



All DAi^ . . . JJAifn 

A^i -UA^^ . . . DA%tn 



• ■ • ■ • 



, Ani J-^An% • • • -UA 



mm 



Here the second matrix is derived i^om the first by the law expressed 
by our theorem. 

Next, the product Br.t^iS induces upon the Fi the substitution 



m 



Sr.l.: F!'^'^Ai,Ft + {-\y+'-^nAt,Fr (i = \,...,m). 



* = 1 



The matrices of the two products Rr,»,xS and Sr,»Z are' 



^11 ^12 •••^l#+^Oflr .-.ttlm 

• ••••*••• • • I 



f ^11 ^, . . . Air +(r-iy^'^HAu ..Ai„,] 
A^i A^^ ...Air+i—iy^'^^^Au .^'Ain 



The second matrix is seen to be derived from the first according to 
the law expressed in the theorem. 

Corollary. — The second compound of any linear homogeneous 
group Gm gives rise to a linear group on the m Pfaffians Fi, . . ,, Fm 
which is identical with the m — 1*' compound of 6?^. 

158. We can establish in an analogous manner the theorem: The 
linear substitution \a\ of the second compound of any m-ary linear 
homogeneous group Gm, which corresponds to the stibstitution (otiS of Gm, 



effects upon the Cm,2 Pfaffians 









<C • • • \ tffi — 



m — 2 



) 



a linear homogeneous siibstUution identical mlh the substitution \tt\^_% 
of the (m — 2y^ compound of Gm. 

The group induced by the second compound of Gm upon these 
Pfaffians is therefore the (m — 2)*^ compound of Gm- 
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169* Theorem. — TJie q^^ and m — q^^ compounds of iJhe special 
linear group SLHinij p*) are holoedrically isomorphic. 

The theorem follows from § 155 since the greatest common 
divisor of m, q, p*— 1 equals that of m, m — q, |)"— 1. 

We proceed to set np the correspondence between the individual 
substitutions of the two groups. We may express the q^ minors of 
the determinant \Aij\, adjungate to D^\aij\, in terms of the 
m — q*^ minors of the latter determinant by the formula^ 



t-^ • • • ^q 



Ji Ji ' ' 'Jq 



U/" 



— 1 



a 



1 2 ... i\ — 1 I'l + 1 . . . f J — 1 t^ + 1 . . . w 
1 2...ji — 1 Ji + 1 ...jg— 1 jj+1 ...m 

HencC; if we write (for every ij < 1*2 < • • • < f^ ^ m) 

the general substitution [a]»,_^ of the m — q*^ compound of the 
general m-ary linear group takes the form 



K 



.. iq 



1 . . .tn 



1 *2 * * * 9 

• • • 

3i Ji ' - 'Jq 



'/i Jt'Ja 



H we take D = 1, this substitution belongs to the q*^ compound; 
being derived from the substitution (^7) of determinant 



Ai 



ij 



«u 



m 



-l«2)'n-l = l. 



Hence to [ajn—^^ the m — j*^ compound of (o/^) of determinant unity, 
corresponds [-4.],, the 5*^ compound of {Ai^, 

160. Theorem. — The general Abelian group GA(2m, p*) is the 
largest 2m-ary linear homogeneous group in (he GF[jgl^\ whose second 
compound has as a relative invariant the linear function of its Cm^% 
variables Yij, ^ 



1S{« 



lal 



It will be convenient to employ a notation for the general sub- 
stitution S of GA(2m, p^) more compact than that of § 110, viz., 

S: ll^^auli (i-l,...,2m). 






« 

The Abelian conditions 76) then take the form (see § 112) 



139) 



m 



«2/— 1/ ff2/— It 



= ft«>* = 



fA (if i « j + 1 — even) 



(unless h =j + 1 = even) 
(j,Z;«l,...,2w; j<A;). 

These conditions may also be obtained by the method of § 129. 



rf 







Z JBUl 



) 



^** 



■^AJfc 



c(^ vill feaT«^ ai>f6hit^ 



ImLoa ip'fVf GA iwL.]^ vxsaam taut mm^l i ta t iM m 
sf^nii *fimv*nad ^^y^yrifa^r an /► — 2r <,r p> i, 

:i Z...im\ (% 15^;. If rn SA'2m.]^j w*t <r>nfid«r 5 mi J5 to 
fK itffenSMl^ v^ obtain iik^ qo/ybrnt-grcMq^ ^ 2m. /^'. The kt&er s 
:t^»ri>f/yn!; r»mpij ui^/itt/>rpfau^ witfa tbit K<r>iMl eompoioidcf 5^r2R,p*V 

/i»5^>< fr/r ("Zm^ jAj - '% i), (i, 3; aurf ^4 2j fkt, $wmi wmpf^md 
of SA'Jmf jt) u a ftimjJU jrfMp ukieh lea^et aHaolmiely mvariamt Ae 
Pfaffhn f 1 2 , , . 'Jm\ and ik^, linear fuwiion Z, 

162« Vhf 2m — 4^ /> ^ 2; wh introdaee as new Tariabks 

Thu g^fwrral «u(/fftitriti^/n f « jj ^/f the second compoond of SJ[(4y jn*) 
tiikes the fonn; in which the onaltered index Z^ does not appear \>, 



y ^ 



-'u I 



' 14 



y — 



2 
2 
2 
2 



K 

1 2 
12 

Id 
1 2 

14 

1 2 

2 8 
12 

2 4 
12 



U 



14 



n 



24 



-I 



12 
13 

13 
13 

1 4 

13 

2 3 
'18 

'24 

I 18 



I 



12 
14 

13 
14 

14 
14 

23 
14 

24 
14 



12 
23 

13 
.23 

14 
23 

,23 
23 

124 
,23 



12 
24 

13 
24 

14 
24 

23 
24 

24, 
24i 



1; hi I 164 bolow, the Hecond compound [a], of an arbitrary quaternary 
Unmr homo^Dnooiii Hubiititution ii written in matrix form. 
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For example, [a\ replaces F,, by the fanction 



13 

12 



(T+ Z.) + 



18 
18 



r,.+ 



18 
14 



r;,+ 



13 
28 



r„ + 



18 
24 



r,,+ 



18 
84 



(^1-n 



which becomes YL of the table if we apply the Abelian relation 



18 
12 



+ 



18 
84 



'11 



'18 



+ 



^18 



*81 "B* 

SimUarly, it replaces Y by the fanction 



'88 



'14 



'84 



-0. 



2 112 



84| 
12' 






12 
8 

12 
34 



34 
13 

84 
3 



)ri8+--- 



By means of the Abelian relations 



34 
12 



1- 



12 
12 



12 
34 



-1- 



12 
12 



34 
34 



12 
12 



34 
18 



12 
13 



Hence Y is replaced by the fanction F' given by the above table. 
It is therefore a substitntion on five indices leaving absolutely 
invariant the fanction 

CD - Zf - [1 2 3 4] = r*+ r,s3"24- Y,,Y,,. 

For p> 2, ihe simple group -4.(4, |)*) is hdloedricaUy isomorphic with 
a subgroup of the quinary linear group leaving the quadratic function O 
ahsolutdy invariant. 

This theorem and the results of § 163 — 165 find application in 
Chapters VH and Vm. 

163. By § 155, the quaternary linear group of determinant unity 
SLH(4, p*) ~ G[ is holoedrically or hemiedrically isomorphic with 
its second compound Gl^t according as jp «= 2 or |) > 2. By 
§§ 103 — 104; G[ has as maximal invariant subgroup the group 
generated by the substitution 

M^: r, = p|, {i - 1, 2, 3, 4), 

where ft is a primitive root of ft*'^ 1, d being the greatest common 
divisor of 4 and |)*— 1. The quotient -group LF(4,p^) is a simple 
group of order 

To Mft there corresponds in (ri^j the substitution which multiplies 
every index by fi^ and therefore the identity if |) = 2 or |)*=«4Z + 3; 
while, for |)»= 4Z + 1, it is the substitution T multiplying each of 
the six indices by — 1. We may state the theorem: 
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For |)'= 2" or |)* -» 4i + 3, Gl^t is a simple group hdoedricaily 
isomorphic with LF^Ajp"*). For |)*=-4Z + 1, 6ri,t has a maodmcH 
sdf'Conjiigate subgroup {I, T] of order two, the quotient-group being 
holoedrically isomorphic with LF(4y ^*). If e^l or 2 (according as 
p ^2 or p>2, the order of G[^% is 

164. Theorem. — The second compound 0^% of ihe general linear 
homogeneous group G^ in the 6rJPIj)*] contains Uic substitution 

140) Fjj=vFi2, Fi3«Fi5, Fj^=Fi4, Fjj— Fjs, Yur'^iv ^m"^"" ^u 

if and only ifvbea square in the field. 

To the substitution (a,y) of G^ corresponds in ©4,2 the sub- 
stitution [ajj: 







J^l. 




J^18 


• 


J^,4 




■Ms 




r,4 




^84 




F' -- 




12 
12 




12 
13 




12 

14| 


12 
2 3 




12 
24 




12 
34 




F' = 

-^18 




13 
12 




13 
13 




13 

14 




13 
23 




18 
24 




13 
34 




F' -= 

-^14 




14 
12 




14 
13 




14 
14 




14 
23 




14 
24 


• 


14 
34 




-*^28 




23 
12 


23 

!13 


- 


23 

14 




23 
23 




23 
24 




23 
34 




TT' 




24 




24 




24 




24 




24 




24 




-^14 — 




12 




IS 




14 




23 




24 


34 




V « 




34 




34 


34 




34 




34 




34 


-^84"=" 




12 




13 




14 




23 




24 




34 





Consider the "partial substitution", possibly of determinant zero, 



28 



24 



141) 



Its determinant is readily seen to equal 



«22 ^28 ^ 



24 



«32 «S8 ^84 
«42 «48 ^44 



84 



F' = 

-^28 




23 
23 




23 
24 




23 
34 


F' = 




24 
23 




24 
24 




24 
34 


F' = 

-^84 




34 
23 




34 
24 




34 
34 
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If [a], be the particular substitution 140), the "partial substitution" 
141) becomes ^^ ^ ^ 

10 
10 j;-» 

of determinant v—K Hence if 140) belong to Gi^t, v must be a 
square in the field. 

Inversely, if r be a square, 140) is the second compound of 
the following substitution of determinant unity: 

fr'/. 

vV. 

v-'f* 

v-'A 

Note. — The second compound contains the substitution 



-Mt — ^^\%y -Ms* 



"i",,, ^L' 



Y F'. 



■^M> •'»4~''~ -^ii; ^j*"** -*s*' 



In fact, the latter is the second compound of the substitution 



V 

1 











1 

v-i 



165. Theorem. — For p — 2, every stibstitution of G^i,i satisfies 
^ relation 



12 

12 


34 
34 


+ 
+ 


12 
13 

13 
14 


34 

24 

24 
23 


+ 
+ 


12 
14 

14 
12 


34 
23 

23 
34 


+ 
+ 


13 
12 

14 
IS 


24 
34 

23 
24 


+ 

+ 


13 
13 

14 
14 


24 
24 

23 
23 



= 1 (mod2), 

farmed by multiplying each coefficient of {he partial substittdion 141) 
by that coefficient of the matrix [a\g which lies symmetrical to it. 
Grl^t does not contain the substitutian M^ = (1^12^84)- 

The left member of our relation is seen to- be the expansion of 
the expression 



Oil 


"is 


«1S 


«li 


a»l 


"n 


«»J 


«14 


a»i 


«M 


«»S 


«M 


«ii 


^41 


«4S 


«44 



+ 2« 



44 



«11 ^1% «18 



a. 



SI 



a. 



22 



a 



28 



a 



31 



a 



82 



a 



88 



and ii i|(mfare = 1 (mod 2)^ since | a,y | » 1. The substitution M^ 
does not Mufr the relation and so does not belong to the group 6^4,3. 




m 



<a&mx 1M. 






1M« Aanr wnki-mn Jten. wm. vue&aaam is. Sat ^T'j^^jZ>-ii. 
UiAjf hr vmaif ik0t usnmJVL £^. ~ e.^.. w -w;!3aaL jol -sat im 



la Tjfcv ^A f J'/^- ;t m>^tk^?i» V/ pr/r^r lit ii«jw»aii for la* t? 



« 



Multiply Uj^ firwt row by X and nubtraei from the second row: after- 
ward« rritjitifily tli^ firat r^dumn by I and rabtract from the second. 
Wh obtain iha original determinant A* i^// • 

t) TUi$ nmuliM (tf UiE« cbajH^er were given by the sathor in the American 
J(ni/fiuil of MathftnaUcM, vol, 21 (1999;, pp. 198 — 256, and partiallj in earlier 
imitttrn ihurn niUnl. if or the caie n — 1, the order of the first ortiiogonal group 
w«M ditU»rfnined by Jordan, Trait<$, pp. 161^170. 
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2®. Upon applying to f the transformation 

i;-2>ii, i;-i- (1-2,. ..,»•) 

we obtain the fimction 

Its determinant is 

I>^a^ Da^^ . . . Dttim 

^^ ^ • • • ^«« 



DOml ^Mt • • • ^> 



= D*:a.-^|. 



168. Theorem. — A quadratic form f m(k coefficients in the 
GFlp^ly p>2y and of determinant A »)« con be reduced by a linecur 
homogeneous substitution bdonging to tlie fidd to the form 



m 



142) 2 a,{? (each a.- + 0). 

Since A »)« 0, the coefficients a^^, a^^, . . ., ain are not all zero. 
K ffii » 0, we may suppose that On ^ 0, for example. Applying 
to f the substitution of determinant — 2il =f^ 0, 

we obtain a form in which the coefficient of |^ is a^ + 2Jiai^, 
Taking for X any one of the |)" — 2 marks different from zero and 
from — a„/2a^, the coefficient of |J will be not zero. Whether a^ 
be zero or not, we thus obtain a form 

whose determinant A' is not zero by § 167. 
Applying to f the substitution 

rii 

we obtain a form in which the coefficient of l^lj ^^ zerO; while 
that Sf remains /S^i =|= 0. In a similar manner, we can make the 
coefficients of Silj, . . ., I^lm ftU zero. In the resulting form 

Z| • • • y m 

filial +^riM. 

the coefficients ^22? Vnf - • 'jy^m &re not all zero, since the determinant 
of the transformed form is not zero by § 167. 



158 CHAPTEE Vn. 

Proceeding with this form as we did with /) we reach a form 

Pnil + fiAi +'^ nAih 

of determinant =(= 0. After m — 1 such steps we reach the form 142). 

169. Certain of the a,- in 142) are squares and the others are 
not-squares in the 6r-F[p'']. By applying a suitable substitution 
which interchanges the l^i, we may suppose that in the resulting form 
«!;...,«, are squares^ say aj, ... ., aj, .while «,+!,...,«« are not- 
squaresy say val^i, . . ., t/aj,, v being a particular not-square. Apply- 
ing the substitution 

i'i^a-% (i-1, ...,w) 

our form is transformed into 



m 



1=1 i=#+i 

Furthermore, we can transform f, into /i+j and vice versa. In 
fact, the substitution of determinant a^ + j3^ 

transforms gf + ^J into (a*+ /?*)(!?+ ij). By § 64, a and /J may be 
chosen in the GF[p'^'], p>2, such that 

We have therefore only two canonical forms, fm and /!»— i- The 
latter form may be dropped if m be odd. Indeed, fm—i can, for m 
odd, be transformed into 

/•o=t;(Sf + |J + ...+ a). 
But the linear group leaving /*q invariant leaves also 

invariant. We may therefore state the theorem: 

The group of all linear homogeneous m-ary substitutions in ihe 
GF\_p^'], i? > 2, which leave invariant a quadratic form f bdonging to 
ihe field and of determina/nt not zero, ca/n he transformed by a linear 
homogeneous m-ary substitution bdonging to the field into the group of 
aU linear homogeneous m-ary substitutions in iJie 6ri^*] which leave 
invariant ^^^^ 

»»i 

where fi =» 1 for m odd, &w^ p = 1 or a particular not-square v for m 
even. 
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170. The conditions that the substitution 

S: i'i-^^ijh (i«l,...,m) 

shall leave F^t invariant are the following: 

143) al+ah + ...+ a*.-^j + iial,j-\^ (j - 1, ...,».- 1) 

144) ffiyttitH f-«fm-iyain-it + ft«myami— 

0*, A; - 1, . . ., m; j 4= *). 

It follows readily that the iuvene of S is 

m-l 

ii — ^gy<|/+ /»amilm (» «= 1, . . ., m — 1) 

-1. ^ >=1 

fern"" — ^^ ^/in|^+ ^mSm' 

The determinant of S""^ is seen to equal the determinant D of iS. 
Hence 2)* = 1, being the determinant of S^^S^I. 

Writing the relations 143) and 144) for the substitution 8~^ , 
we obtain the following relations, which are evidently together 
equivalent to the set 143) and 144): 



S 



145) all +««, + ... + aU^i + i- aj 



fi '"• 



1 (j«l, ...,w-l) 
ll/p (j-w) 

146) a^iOfjfci H h ffi m-l a* ^-l + --OjmCCkm — 

(j, ft « 1, . . ., w; j + ft). 

171, The substitutions leaving Ff^ invariant were proven to have 
determinant ± 1. Among them occur substitutions of determinant — 1, as 

Gil li = -6/, 5) — !^ (j=-l^---;w; j=(=i). 

The group 0^(W;jp*) of all linear substitutions leaving F^ invariant 
has therefore a subgroup of index two Of^im^p^) composed of all 
linear w-ary substitutions in the 6r-F[j9*] of determinant unity which 
leave Ff^, invariant. The latter substitutions will be called ortlwgonaU) 
For ft "= 1, we have the first ortJiogonal group O^im^ jp*»); for m even 
and f* « V, we have the second orthogonal group Oy(m, p"), 

1) This unusual Testriction of the term orthogonal to substitutions of 
determinant -|- 1 is done in the interest of the later terminology and notation. 
We will be concerned with such substitutions alone. If it became necessary to 
consider substitutions of determinant — 1 which leave Ffi invariant, thej might 

be designated ea:fenc2ee2 (erweiterte) ort^o^onaZ su&^ifu^ton« and the group 0/u(m,jp") 
designated the extended orthogonal group. 




» h- 










. _, ^ L Sx«^ ^ IL'» — L ^ • Is. *9f% tt^i- Isare 

«#x — 1 — 2. ■> 

T'i0t ^ z^^fnl vif/nltnxifjfti of O^fm^jA) and kt it replace ^ by 



•. br 145; f'/rj-l, *"* 

Tbe 2»^iit — 1, //•; ftubttitatioxu 75, TS\ . . . and no others of the 
gr>«:p will r^fpla/;^ {, by «,, If, therefore, P.fiw. jp*) denote the 
immber of difftin/;! linear tunctiouM to^ by which the sabsdtations of 
Op^Wfp^) can rffpUi^'ji Jj, we have for the order of the latter group, 

Q^rm, //•; - P^rm, />^; Q«(m - 1, /i»). 

Thi« recamion fonriula giTe« 

since the identity in the only sabstitation of determinant onity on 
one index which leaven f&^J, invariant, so that Q^(1,|>")»1. 

It will be shown in §g 174 — 180 that P^(l',p^) equals the number 
of sets of solutions in the Gl'^jf^"] of the equation 

«i + «J H h «l-i + --af « 1, 

and \m\VM, hy {^ft 65—66, I\{h,p'')'- 

k (k _^\ 

pn (*- 1) qp /» -p" V"» ; Q. even) 

^«(*-l)-J- / » pn{k^l)/l Q. odd) 

th<i n|)|H)r si^ns liolding if |it-»l, the lower signs if ft » i/, and e 
denoting {- 1 or - 1 iiccordiug as — 1 is a square or a not-square 
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in the GjP[jp*]. Whether the integer t be even or odd, we find 
that the product 

= (2)8»'-l)l>"(«'~i). 
We derive at once the expression for Q^(in,p*) given in the theorem. 



178, Theorem. 
the substitutions^) 



r.». 



— The orthogonal group 0^(m,f^) is generated by 






(65- 
15 = 



— /J6,+ a|y 



-jUyi 



m 



[«» + i8» - 1] (t, j < m) 



[y*+}»*=i] (»•<»») 



-Kiss- 



tf; 



1284- 



'^'^ li84 — -*• 



with Oie following exceptions: 

V. For |)"«=- 5, m 5 3, p-^l, ic^e way taJce as the necessary 

additional generator 

S{ - 5i + I, +2^3, 

2^. For i)'*^ 3, m ^ 4, ^ = 1, we may choose as the necessary 
additional generator 

i%^^ il §8 I fes ' «4> 
bs = §1 + 62 bs + §4? 

3^ For |)*»= 3, w ^ 3, ji4 = V = — 1; M^e way tofe as the necessary 
additional generator 

§1 ^ 61 b2 fen? 

63= bi 5| "h bm; Ml2m = -^« 

bm = bi bj • 

For w = 2, the theorem is readily proven. If any orthogonal 
substitution replaces g, by yli+^Sg? then iS^OiJjiSi, where Sj 
leaves 1^ fixed and is tiierefore the identity. 

For w = 3, the theorem follows from §§ 174—179. For w > 3, 
it foUows from § 180. 



Fi 



im' 



1) For simplicity we write only the indices altered by the substitution. 

Dickson, Linear Oroapi. 11 



>il'^ 



TTL 

■ 

&. c^ fe any set of sclutkms m At 

from the generators of§ 1 73 kUA 
" ,r — ^ mA that 8 replaces i^ by (^^1 + 0^69+^^ 
^v^ \» JowTj if 1 — aj or 1 — a| be a square =+= in 
jj^spuf. if 1 — a| — t', then 

\ vt)'+i(?)'-'. 

^uon will be trae for a^, cr^, a^ if true for the qnantities 

, ^», : yie group contains a substitution S' which replaces ^ by 
-. .A,Si-raj^, it will contain the product S^O^r'^S' which 

l?i« Consider first the case in which — 1 is a not -square in the 
. y u*]' By § 64, there are jp*+ 1 sets of solutions q, 6 in the field 
.'. ^* etiuation ()*+tf*«=l. Not more than two of these sets of 
«vv»lutions give the same value to 

luJe^, upon eliminating ey, we obtain a quadratic for q. Hence aL 

cukes at least -o^(p"+ 1) distinct values. But, by § 67, there are 

exactly y(1^""" ^) ^stinct marks iy =|= for which if—l is a square^), 

so tliat 1 — iy* is a not -square. Hence there exist at least two values 
of cf^ for which 1 — a,^ is a square or zero. If it be a square, our 
theorem follows from the previous section. There remains the case 
«;««!, for which, by 148), 

K fi = l, we have a{ = cfj = 0, since — 1 is a not- square, and the 
required substitution is S = Oi]iK If ft be a not-square, we may 
take p = -- 1, so that 



1) Zero is not reckoned as a square. 
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Bat the theorem is true for ci[, «^, aj if true for the qoantitieB 

< = </}- aiy, < = a;, oj = - aiy + ^jS, 

where /J*- y»=l. In feet, if S" replaces |, by ai'6i + «;'|,+ ejl^ 
then C^,18" wiU replace |, by a%+ a',it+ al^. Thep"-! sets 
of solutions in the 6 J'jj)"] of the equation /J' — y* — 1 are given by 

iS - i-(T + 1/t), q: y = i-(T - 1/t), 

where r runs through the series of marks =4° of the field. Hence 
PT- y niay be given an arbitrary value r =4= in the field. The 
theorem being evident if a^ = 0^ we exclude this case. Then a'/ = 
cc[ (fi^ y) may be made to assume an arbitrary value except zero, and 
hence, if |)"> 3, a value for which 1 — a'/* is a square in the field 
(§ 64). For !?'• = 3, Cj, a^, a^ are each ±1, so that we may 
evidently take 

where C and K are products formed from C^, C^, Cj. But, if O^be 
the product of an odd number of the C,-, we note that 

We may therefore assume that C and K are each products of an 
even number of the d and therefore derived from the given generators. 

176. Suppose next that — 1 is the square of a mark i of the 
(tjP[p"], while fi is a not -square. There exist |)"+ 1 sets of solutions 
in the field of the equation 

149) ^«+ly»=l. 

But the theorem is true for cfj, cfg, ct^ if true for 

Indeed, if S' replaces g^ by aiS^ + aifeH- ^ife, then O^llS' will 
replace g^ by Ojli + ofjl, + o^g,. 

There are at least -s-(jP* + 1) ^^^ ^^ solutions of 149) for which 
the values of a'^ are distinct; for, upon eliminating j3, we obtain a 
quadratic for y. But, by § 67, there exist only yd?'— 1) marks t|, 
and hence as many distinct marks £, for which 

(iiy +1 = 1-1*= not-square. 

11* 
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Hence at least one set of solutions of 149) will make 1 — a][* a 
square or zero. If it be a square , the theorem follows from § 174. 
K it be zero, we have by 148), 

Hence ai = a8 = 0, ct* = l, so that we may take 8=^0^%*. 

177. For the case^) —la square in the GJP[p"] and ^ = 1, it 
follows from §§ 178 — 179 that Oi(3,jp*) contains a subgroup of order 
at least p^{p^^— 1) generated by the substitutions Of/, together with 
■^23 if !>"=' 5, all of determinant +1. But, by § 172, the order of 
Oi(3,i)«) is Pi(3,jp»)Pi(2,i)*). Here Pi(2,jp") =i)»- 1, being the 
number of functions 

"iSi + ^^afe («i + a| = l) 

by which the substitutions of 0^(2, p^) can replace l^. Also 

In fact, if a substitution of 0^ (3, jp") replace l^ by 

^^^ ^i^^ii + ^A + ^z^^y 

150) «f + «| + «I = 1. 

By § 66, this equation has j^^ + p^ sets of solutions in the 6rJP[p»], 

— 1 being a square. The order of 0^(3, jp*) is thus at most 
(j)''»+ jp*)(|)"-- 1). From the two results it follows that this number 
equals the order of 0^(3, jp**) and that for every set of solutions 
of 150) there exists a substitution of 0^(3, jp**), derived from Of/ 
and JJ, which replaces l^ by g)^, 

178. Theorem. — The first orthogonal group 0^(3, jp**) contains a 
subgroup Oi(3,p^) JiohedricaUy isomorphic with the group LF(2,p*^) 
of linear fractional substitutions of determinant unity. 

Let — 1 == I*, so that i belongs to the GF^p^] if and only if 

— 1 be a square in that field. Introduce in place of £i; l^^ Is ^^® 
new indices 

Vi=- i^i y % = Is — ^63? Vs = I2 + * Is* 
so that 

-nl + %»;» - 1! + 61 + il 

1) For a more direct treatment of this case, but one involving considerable 
calculation, see Amer, Journal, vol.21, pp. 202 — 204, in which the proof of 
Jordan, Traits, pp. 164 — 166, for w = 1, is corrected and generalized. 
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The following substitution of determinant unity, 



Y: 



^1 


ad + Py ay fiS 


^1 

^2 


2afi a} iS« 




2yd y* a* 



(«* - jSy) - 1 



leaves %%~" ^f absolutely invariant. Written in terms of the indices 
ii> ^%f it} ^^ takes the form 

aS + fiy i(ay + pd) ay - fid 

^i(afi+yd) A(a« + /}« + y* + (5») |(-.«»+/Jt»y«+at) 
It follows that X has determinant unity (§ 101) and leaves $f + If + I 



X= 



absolutely invariant. Giving to the substitution Y the notation 

we readily verify the formula of composition 

fa' pnra piTaa' + py afi' + fidn 
L/ d'Jly dJ lya' + 8y' yjS' + dd'J' 

The group of the substitutions X, being isomorphic with the group 
of the substitutions Yy is isomorphic with the group of the linear 
fractional substitutions 151). But Y and therefore X is the identity 
if and only ifa — d = ±l; j8 — y = 0. Hence the isomorphism is 
holoedric. 

If — 1 be a square in the GF[p^'\, so that the coefficients of 
X belong to that field, the substitutions X form a group 0{(3;^), 
a subgroup of Oi(3, p"), which is holoedrically isomorphic with 
i F(2, p>). 

K — 1 be a not- square in the Gr2^[|>»], the coefficients of X 
will belong to the GFlp^} if we choose c, /J, y, S in the GjP[|>**] 
such that a is conjugate (§ 73) with d, fi with — y, with respect to 
the GFlp*']. By § 144, the resulting substitutions 151) of determinant 
unity form a group holoedrically isomorphic with LF(2,f^). The 
corresponding substitutions X form a subgroup 0{(3,|)*) of Oj(3,|}*). 

In each case, the subgroup Oi (3, jp*) has the order yl^CP*""^ ^^> 

since it is holoedrically isomorphic with LF(2fP*). We proceed to 
prove that this subgroup does not coincide with Oi(3,p"). In order 
that OSis shall be of the form X, it is necessary and sufficient that 
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According to the definition of a, fi, y, d in the above caseS; the 
expressions 

belong to the GF^p"']. The above conditions then give 

a-2A'-l, b^2AB, A* + S*^l, 

SO that (%|s must be the* special substitution Qs/s defined in § 181 
Any orthogonal substitution Ot^^ not of the form ^2,8? and therefore 
not of the form X, will extend 01 (3, p") to a larger subgroup G of 
Oi(3,jp*). The order of G is therefore at least p''{ii^'' — l). Prom 
the remarks at the end of § 177, it follows that G has exactly this 
order and hence coincides with Oi(3, p*). 

179, We proceed to the proof that, if — 1 be a square i* in 
the 6rl^[2)*]; the group Oi(3,|)") is generated by the substitutions 
O"/ together with Ji^j if jk)« - 5. U p^>5, there exist (§ 64) marks 
/J and r in the GFlp""] such that 

l + fi'-r' (/J + 0, r + 0). 

Then the product 

t/ljS 1^1,8 Ui,2 t/8,8 

1 i/S -^ 

But L. _i L which is an Oj^s, transforms Lx ^ ij^to Lx !j 
Furthermore, 

ri /j«nri ^«|1 p ^W + ain 

Since j3 =1= 0, we can (§ 64) find marks a^ and a^ in the field such 
that j8(aj + of) = x, where x is an arbitrary mark =(= 0. Also 

Hence, if |)*> 5, we have reached from the 0"y the substitutions 

[o l]' [i l] ^* arbitnuy). 

By §§ 100 and 108, these substitutions generate the group iJF(2,|)*). 
Hence the 0^/ from which they were deriyed generate the isomorphic 



-ii ?] 
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group Oi(3, !>*). Then, by the last section, all the 0^/ generate 
Oi (3, jp"). For i>* — 5, i = 2, we have 

"Lo 3J""L0 iJLo 2-U 



-^128 



1 2 1 

2 1 1 



Hence from Uj^s «"id a 2-^ =0j,8'° we reach a 1 ' Itf^^^^s 

as above that JB^jj and Oi^t^ — C^C^ and QCj generate 0{(3, 5). 
The latter is extended to Oi(3, 5) by any 0?/\ 

180. Theorem. — If tx^, c(%7 • • ., «m 6^ ony 5C^ o/* 5o2u^ions in tJie 

aJ + nlH f-«Ji-i+— «Si = l, 

^A6r6 m$te a stibstituMon S derived from the genercUors^) of § 173 which 
replaces gj by ©i^ Ojl, + flr,|jH f-amlm. 

The proposition having been proven for m = 2 and m = 3, we 
will give a proof by induction from m — 1 to m, supposing m > 3. 

Consider first the case in which every sum of three of the terms 

al, a|, . . ., oSi—i, —oil is zero. These terms must all be equal and 

therefore t i q « a 

waj = l, oaj = 0, fi = square. 

Hence p = 3, while m is of the form 3i + 2 or Sk + 1. 

If w — 3fc + 2, we have 1 — aj = aj =4= 0, so that the theorem 
is reduced by § 174 to the case of w — 1 indices. 

ff m = 3i + l, we must have aj — 1. But the product OiJS 
will replace 1^ by ajli H f- aU^f where 

flf{ = aai— /Jflf,, a'^ = pai+aa^, a!j^aj ( j = 3, . . ., w). 

Of the 3"±1 sets of values in the GjP[3»] satisfying 

a»+/S« = l, 
at most two give the same value to a[ and hence at most four make 

2 

«{ = 1. Hence, if n > 1, we can avoid the case aj = 1. For jp" = 3, 
we may take 

1) For the case j)**= 5^ m ^ 4, /i» => not -square, it would appear that the 
generator iSj,, were necessary in addition to the O^f* We can, however, 
express jR^,, in terms of the generators 

leaving invariant 6| + JjH |-6J,„x + 855,. Indeed , 









^•-^^,^^4^74.. r^^Ji,-fri,^yu. ^-^k-rk-iT 



ft 

th^m ifa« fp^'/op ^iU eontaiii Z8^ whieh replaces £| bj 0|. The prop- 
miiitm in tiuar^sffn^ tru0s tm the quantities #y if tme for ai, mi^ o^ 
^»f ^4f ' ' ^f ^—1' ^^ °^7 ^^Q* make our proof by indnction from 
m \ i/9 m hj idtowing that it is possible to choose a, /), 7 among 
tli4f Mds '/f solutions of 152; in such a way that oi — 0. We may 
mppfm^ that ir| -f" 0^ since otherwise the proposition is already proTen. 

If «J + Uf{ •- 0^ then ir, «4" 0- From — aj, = 1, it follows that u 

is a m\vmf^f iay fi •** 1, Then the ralnes 

— ' « — a 

satisfy 162) and make </] — 0. 

If a} + a' 4" 0; the condition 162) combines with oi — to give 
a Ninffle condition for /} and f% 

l)Thsirsaimsntforacate)ikeaf + fl4+a|4"0 it quite similar, taking fi^l. 
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Multiply ing this by aj + a|, it may be given the form 

Since the coefficient of y^ is not zero^ this equation has in the 
GF[p«] (by § 64) jP" ± 1 sets of solutions for y and 

and hence as many sets of solutions /3^ y. 

The stmcture of the first and second orthogonal groups y §§ 181 — 198. 
181. The group 0^(m^|>^) contains the substitutions 






leaving Jf + XI) invariant; where il = 1 if i, j <m, but A = ft if 
i <ij=^ m. For i and j fixed^ while q^ a take all possible values in 

the field such that ()* + Y<y*=l, the substitutions Of J form a sub- 
group denoted by Oi,^. Its substitutions are commutative since the 
following product is unaltered if we interchange q with q^ and a with a^: 

By § 64, the order of 0/^ is p* — £/^, where fi/^ = + 1 or — 1 accord- 
ing as — l/A is a square or a not- square in the (t^[p*]. 

The squares of the substitutions of 0/,> form a commutative 
group Qi^^f composed of the substitutions, 



.» — » 



qH'j ={ai:ty : 



fi;=(2(»'-i)ii+29fff^, 



The order of Qi^ is ^ (-P" "" ^^i)- Indeed, the identity 



' ff' 



holds if and only if ()'= ± p, (j'= ± <y. 
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Let (^/ be a {Mntieokr fnlwthirtion wUdi cxteodi Qig to O; j^ 
the Talnes Q^ 6 iepm/l^Bg on 1. Coonder tlie fobgroi^ &^{m,^) 
(jf Oft(m,f^) geaeisied by Ae t o l i riiiiiiiii n a 

where a, fi take all the Talnes in Aft GF\y} watiMtjmg i^ + ^fP-=^l. 
the geneiaior £, TTor Fbeing added in tlie exertional caeea of § 173. 



182. Theorem. — Tke order of (y^im.p^) is ai Uad half of Ae 
f/rder of Of,(m^p^). 

Bj die theorem of § 173, ererr nbrtitntion of Of,{w^fr) hm 

the form 5^*. Of/i^Otr*, - . - 



where the hi (md the K, K", A, . . . below) are derired from the 
generaton of Ol(m,p^). For « > 2, Oi\ and OiJ* = 0i\ are 
redprocaL Hence 

Hence 

Furthermore, 0{Jt it commntatiTe with ererr ^f and ererr ^/, 
t and J > 2. Since the square of Otjt iB ^j^, whose reciprocal is 

Aside from the aboTe exceptional cases, we may condnde that S is 
of the form h or else h • 0^%. We treat next the exceptional cases. 
1^, For p^=^bf m^d, ii = lf the additional generator is jS^s, 
and the only (j^f are e^/'=C,(7^ and Qh^'^^L Since 

where 2/^ = ($<^); is i^ot in Q/^, it may be taken for 0^/. To complete 
the proof that 5»& or hO^\y we note that 

2®. For jp" = 3, i» ^ 4, f* = 1, the additional generator is W^^;^. 
The remarks of 1^ apply here, if we replace the last formula by 

3**. For p* «= 3, w ^ 3, ft = y == — l^ the additional generator is 

Fi2^ and the only Cf!;S, (a»- /J»=l) are C,C« and I, the only gfiJ 

being i. We may take Oils = 2//^ («> j < m) and 0^^ = C.CL. To 
complete onr proof, we use the formulae 
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183. Theorem. — The group 0{(3,jp*) just defined is identical 
icOh the subgroup of Oi(3yjp") of index two defined in § 178. 

It is only necessary to show that every ^^ and every O^jOt^k 
are of the form X or, if we prefer, 151). We have 



or«oj;S = 






<T 


0] 




X* 


6 


: 


X<T 


X , 





*x + 1 + » <T X — 1 + » a" 

2 

K+1 — »<T 



^12 ^18 = 



y(i-0 



2 

X — 1 — f CF 

_ 2 

tCi + O 



In particular, we reach 7,} Tj, and 7„ Tjg. These suffice to transform 
01;; (^° into 05; f^? and (^?(^;. Transforming these products 
by CjCj, CjCj and C,(7j, we obtain every Otlf O^i, since C,- trans- 
forms (^/ into Off. Transforming ^» (which is of the form X 
by § 178) by r„r„ and T„r,„ we obtain every ^/. 



184. Theorem. — The group Oi(3,i)") is of index two under the 
second orthogonal group 0,(3, p"). 

Consider the substitutions, in which a*+/S'— v, 

£ 



0: 



f li = a|, - ^1, 



Sj — ~" T" ^1 + TT Is • 



Since transforms If + || + v{| into v (5 J + 5} + §), it transforms 
the group Oi(3,p*) of the latter into the group Oy(3,jp") of the 
former. But is commutative with OjjJ. Hence if OJJ serves to 
extend the subgroup 0^(3,^") to Oj(3,jp"), there exists a subgroup G 
of 0,(3, J?*) which 0J;J extends to the latter. We readily prove that 
G is identical with the Oi(3,p*) defined in § 181. For example, 
transform (fi^O^lC^C^ into Oi^C^C^y where 

Q = {a^-pyv, <y=-2a/S/i/, p'+iJ^-l. 

Here Of;? is not a ^i,j since (1 + Q)/2 = a^/v is a not -square. But 
CiCj is a ^1,8 in Oi(3,j>"), but not in 0,(3, jp"). It foUows that G 
contains the product Oj^sOiO,, neither factor being a Q. 

185. It will be shown in the following sections that Oli{m,p^) 
is not identical with 0^(m,|)") in the cases m — 4, 5, 6 and there- 
fore, by § 182, that its index under 0^(f»,p") is exactly two. By 
§§ 181 — 184, the same result is true for m — 2 and w =- 3. For 



n» 







JM^ W<; ^mSOBUt dK SBTCflfi^ttHBi MfB Eft f lO «A 

I. *' ' 

tMfi^A^ iff Oji ti^ gn>iip of afl fBhmftirtwM of itiiiwlBiiin vbist m 
tU Or\r\f p^if ^'ioA kare F^ ^bmJboAj mrsisa. We wiD 
f^//T<; sLjt <r^ k kolfi^dmalk fM«u>rpiije vitk 0^(€u/*). wkoe ^ » 1 
//r f" ^^xf/nlsmgf^ m f^-il-rl or 41 + 3. fLmtot G^ ham ^ut 



h will tiM!nfir>ii!; tfXkm from the tltearem of $ 163 dat ^i^s is m 
fffii>fpr#>9p ^/f fjidez two imder tik« gnxq^ (r^ . 

]^« l^X jt^ 4/ -r- 1^ »o tiiat — 1 b die tqiBie of m mack • 
\f»^mipu^^ v> dM; GF\j^\ We make die f^rfknriiig UmurfuiiiM ttum 

r«-i,-rife, -Y^=U'il., r„=&-r.-5„ 

TIm» ^4 taluM die form « 

Hence G^ in holoedricallj isomorphie widi 0^(6, p^y Bj § 164^ die 
following fabfiitotion of G^ (learing four of die indices fixed): 

iMrlongs to die snbgronp (74,t if and only if x be a sqoare in die 
ffeUL ExpreMod in the new indices, it has the form 

For X an arbitrary mark <^ of the field, 155) may be written 
156) OftJ p=|(,:+t-i),tf=i(^_r-«), ,« + ««= 1. 
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For X ^t\ 155) may be expressed in the form 

157) Ci;;J y = i.(< + <-i), d =-!-(< -<-i), y«+i«=l. 

For X a not-square; 155) is not of the form 157), since that would 
require y*«= (r + l)V4r. It follows that to the subgroup Ql^^ of Q^ 
of index two there corresponds a subgroup of Oi(6,p") of index 
two, where is extended to Oi(6,p*) by any substitution OS;* not 
of the form ^8,4. We proceed to prove that is identical with the 
group 0{(6,jp*) defined in § 181. We first show that contains all 
even substitutions on the six letters Si? • • •; le* Expressing the sub- 
stitution 

ik^ld- li = l«, i; = S., li-Si, 6: = fe (i = 4,5,6) 

in terms of the indices F,y, it takes the form 



12 



13 



14 



88 



S4 



-^18 

F' = 

^f8 — 

F' = 

-^«4 

Y' = 



-i/2 


i/2 








i/2 


-1/2 


1/2 








1/2 - 








1 

















1 





1/2 


1/2 








1/2 


i/2 


i/2 








-i/2 



^84 

i/2" 
1/2 



1/2 
i/2 



By inspection this substitution is the second compound of 






(1 - i) 








U^-i) 





-~(l + i) 


(I + i) 








1(1-0 
1(1+0 





1(1 



t) 









1(1 + 



having determinant unity. Hence contains the substitution (lilsSs). 
In the transformation of indices 154), the pairs ^^ and I2, Is and I4, 
I5 and J^ enter symmetrically. Hence contains the substitution 
(ki^ik)j two of the distinct integers i, j, k, each ^ 6, being chosen 
from one of the above pairs. But the linear substitution denoted 
^y (SiSsSs) transforms (j^^i^) into (SJr^). Hence contains every 
cyclic substitution (|r|ffc) on the six indices and therefore every even 
permutation of the six indices.^) 



1) Netto-Cole, The theory of substitutionfl , p. 36. 
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Having every ^'4, contains their transformed Qi'f (i+'j) by 
the even substitution (SsSOCSil/)- By § 164^ Note^ contains the 
product OjjSOjJ and therefore also every Of'jOj^^y where i,j, k, I 
are distinct. Hence contains 

and therefore every Of^jOj^f in which two of the subscripts are alike. 
For the case jp"— 5, f — 2^ there is an additional generator, viz., B^^^. 
Eipressing R,„ in the indices T,j, we obtain the BubBtitation 



■4 


3 








2 


4 





1 











3 








1 




















1 




















1 


2 

















4 



By inspection, this is the second compound of the following sub- 
stitution of determinant unity with coefficients mod 5: 



2 








4 





2 


4 











3 














3 



The group therefore contains all the generators of 0{(6, p*). 
Since is of index 2 under 0,(6,p*) and 0[(6,p*) of index at 
most 2 under 0^{6,p^) (§ 182), it follows that = 0[(6,p^). We 
have therefore, by § 163, the theorem: 

JPor j?*= 4? 4- 1, fhe group 0{(6,jp~) hus a 7naxifnal invaricmt 
subgroup { J, T= C^Cg . . . Cg} of order two, the quotient-group being 
Jioloedricdlly isomorphic tviiJi the simple group LF(4,p^). 0{(6,p*) is 
of index two under fhe first orthogonal group 0^ (6, p^) and is extended 
to it hy amf Offlj not a Qij. 

188. Let p""^ 41 + 3, so that — 1 is a not -square in the (ri^[j}*]. 
We make the following transformation of indices: 

where a and /3 iB a suitable set of solutions in the field of 
159) a«+/3»=-l. 
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-^28 — ^ ■*^28? 



Under this transformation^ F^ takes the form 

r=ij + ii + i| + ii + ij-i|. 

Hence G^ is holoedrically isomorphic with the second orthogonal 
group 0_i(6,j!>'*). Reversing equations 158), we find 

'*'">' 2g,=r„+r„, 26,=-^r,,+/jr„-«y,,-ar„, 2|,=r„-Y;,. 

The following substitution leaving F^ invariant, 

becomes, when expressed in the new indices 160), 

5i= i(* + *-')l5-Y(*-^-')l., 

It is always an O^^^y but is of the form Ql\% if and only if t be a 
square. It follows that 0--i(6,p'') contains a subgroup 0' of index 2, 
which is the form taken by Q^^% when expressed in terms of the |j. 
The subgroup 0' may be extended to 0_i(6,p*) by the substitution 
CjCg, the new form of T_i. 

We proceed to prove that 0' is identical with the subgroup 
0JLi(6,p") defined in § 181. Expressing the orthogonal substitution 
(^4 in the indices Yij, we obtain the substitution, denoted for the 
moment ^;^. 





y» 


?!» 3"u 


5^« 


^u 


i'»4 


r' = 


Y(l + f) 


-^ 





1 


|(l-f) 




4^ 


|-(i + p) 





-4(1-9) 


1 

2» 


Y' = 





1 


0- 








Y' « 

-^28 








1 








^24 


1 

2*" 


■y(i-p) 





{(l+f) 


1 


^84 


4(i-p) 


^ 





1 


4a+p) 



For (> = 2y«-l, a = 2y8, whence (^; = C;j«, we see that Of;; is 
the second compound of the substitution of determinant (}'*i+^d*)^~ 1 

y 8\ 

y -d 

d y 

— 6 y) 



nB 



<!ailED41IIIIt '^^ 



or: 



1 . 



f, _, ^ 



/ --- 



V 



— # 



r. 



I » 



[x*=~|Cl^p)j. 



j0 » tiift G'F'j^\^ a -widi —1 is a nct-Mnre. if sod 

inLf j: ---1^^ ]m % mr^-^tjpasnt. wkiek OiKozi if and ontr if 0(1 

3 not of die fotm (^\. Htau^ O' wirtaiaa <>t4Qt", i£ Ofl is not 
1 'V* i. bfxc iiDi ia the ^trjinnrr ease. Aj fhown aboTe. (/ contiiiis 
•*v»g:7 ^'4- To pr>7^ that C/ ^jozaiia aQ die ^ni<rajor» of Oli 6,/>^'. 
:r -^Titienslj muuns onlj ro proTi^ oac O' cobsubs all eroi sabsd- 
racfina on ^, ^, |,. l^, ^. aawi. if />^= 3, also Fla*. 

Expnasaig die linear fab^tation ^.ltls^ ^ ^ indiees Ji.. we get 



^>-r; 



\{a-^-a^, 







This sabstitotion is th« second 



-4->-/H-«ff: -A^«-/rO 



'J 

1 








f I 



-<^-«* 






4^1 +«/»;• 



^a-^afl) -\{a^^ 



161) 



X 



lompomid of 
y 



z tc () 

-TT Z 

- r X 

haTing determioant anity^ where 



IT 



x(a - ^«) 



2x 









In order that 101) »hall belong to the GF\^p^'\y it is necessary and 
sufficient that x be a mark =j= of the field. We proceed to proTe 
that, for every set of solutions in the field of a* + /S* = — 1 , the 
expression 
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S = |(a-/l-a/J) 



is a square in the field or else zero.') Eliininatirig fi between the 
two equations, we find 

'+«'+(if?)'-»' 

or 

(1 + « + a*)*- 4«s + 4s*- 
or 

(1 + « + a«+ 2s)«- 4s(l + ay. 

Hence will s be a square.*) Solving; we find 

1 



X 



= s« -!(! + « -/J). 



The linear substitution (IsIa^) expressed in the indices Yij takes 
the following form, say V: 



-i<i+.()) i.' 



-U' 



2 
1 

1 



2 



ifi t/» t«* t<i-«« 

2 2 2 " 



1_ 
2 



2 



-T« 



*/J -i« 



2 '' 2 

The product VE will be simpler than V, if we take as E: 
which is recognized as the second compound of 



-B' = 



1 


— a 


fi 


0] 





1 














1 





lo 


-fi 


— « 


1 

< 



1) The case 8 => reqnires 1 -f a -f «*» 0, and may thus be avoided. 

2) For p»-B 8, 7 or 11, there exist solutions of a* 4- ^'— —1 for which 
is an arbUrary square in the field. Is this always true? 

DiOXSON, lanear Groups. 12 
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The product VE has indeed the simple form {7= 



1 

s 

1 

2 




-=- -7^ a 



1 

2 












1_ 

t 
1_ 

2 





1 

8 

1^ 

2 





a/2 -fi/2 — i- 
1/2 -1/2 a 



1/2 -/J/2 -a/2 
1/2 -1/2 



,1/2 1/2 -fi 1/2 1/2, 
which is seen by inspection to be the second compound of 



U' = 



1 1 

i-(«-/J) 1/2 -1/2 4-(«+/J) 

-i-(« + /J) 1/2 1/2 i-(«-/J) 
-10 1 

Hence F= 17J5~^ is the second compound of V =. U'E'~^:^) 



T y(«-/») -t(«+<») 



y(«+/J) 



2 

2 



2 
2 



y(«+/J) 



-T y(« + « !(«-/») T 



Having the linear substitutions (SxSsSs) ^^^ (^2^4^); 0' contains 
every even substitution on l^, ..., I5. It will suffice to prove this 
for literal substitutions (123), etc. Transforming (245) by (123) and 
by (123)^ we reach (345) and (145). We -then get 

(124) = (154)(245), (314) « (132)-'(124)(132), 
(12)(34) -(124)(134), (12)(45) - (12)(34) • (354). 

But (123), (12)(34) and (12)(45) generate the alternating group on 
five letters (Cf. §§ 265^266). 

For jP*=3, 0Lt(6yp*) requires an additional generator V^^, 
Expressing the latter in terms of the indices Yij defined by 158), 
where we may now take a = /5 == + 1, it becomes V: 



1) The reciprocal of E' is given by changing the signs of tt and p. 
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F' « 



Yu 


r„ 


li* 


Y« 


Tu 


Yu 








— 1 




-1 




— 1 




— 1 











— 1 


— 1 













.... 1 


.1^ 1 


1 


















J 



haying determinant unity. F is seen to be the second compound of 



(-1 






-1 



-1 



1\ 



I 



-1 -1 
1 -1 



^1 -1 






of determinant +1. Hence 0' contains V^^ when|)*=»3. 

Since 0' contains the group 0Li(6,f^) but is of index 2 under 
0-i(6,p"), it follows from § 182 that 0' = 0i.i(6,p«). Applying 
§ 163^ we have the theorem: 

Far |)*— 41 + 3, the group 0Li(6,f^) is holoedricaUy isomorphic 
wUh the simple group LF(4, p») and is of index two under the second 
orthogonal group 0_i(6,p*), being extended to it by CgCg. 

189. Theorem. — The subgroup 0[(5,p^) is of index two under 
0^(6, p^) a/nd is holoedricaUy isomorphic with the simple Abdian 
group ^(4,1>")- 

By § 161, -4(4,jp*), jp > 2 is holoedricaUy isomorphic with the 
second compound ^2 of the quaternary special Abelian group. 
Aa^^ leaves absolutely invariant the Pfaffian [1234] and F^g+^si* 
By the introduction of the new indices (§ 162) 

r=4-(r„-Y„), z.=i-(r„+r„); r„=z,+r, r„=^-r, 

^2 takes a form not involving Z^ and so becomes a quinary group Q 
leaving absolutely invariant the quadratic function 

The group (7 of all quinary linear substitutions of determinant unity 
which leave O absolutely invariant will be proven holoedricaUy iso- 
morphic with Oi(5,p*) and therefore (§ 172) of order 



(j>*" — l)i>»» (p*» — \)p\ 



12 
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Since Q is holoedrically iflomoiphic with A{4,fF), its order is, by 
§ 115, half of that of 0^(5,;^). To complete the proof of the 
theorem, we then ahow that Q la holoedrically iaomoiphic with a 
snbgronp of Oi(5,fF) containing all the generators of the groap 
0K5,l^) defined in § 181. 

Let first -^ 1 be the sqnare of a mark i of the OF[jf^'\. Set 



-4> = « + 8 + S + 8 + e- 



162) 
whence 



Hence O is holoedrically isomorphic with Oi(5,jp"). Proceeding^) as 
in § 187, we find that Q' {Q expressed in the indices !<) contains 
the substitution OS; a if and only if it be a Qz,i, also that Q' contains 
(li^Se)- ^^ latter with (SfliSJ will generate all eren substitutions 
on iff ' 'fi$ by the preceding section. But (SfSfU expressed in the 
indices Tf^ is 



It 



18 



u 



S4 



U 



1/2 


-♦/2 








i/2 


1/2 


-1/2 


-i/2 








-i/2 


1/2 








1 




















1 








-1/2 


i/2 








i/2 


1/2 


1/2 


i/2 








-i/2 


1/2 



Y' « 
Y' = 

Y' — 

This is seen to be the second compound of the following special 
Abelian substitution: 



4(i-»-) 















1(1 + ,-) -1(1-0 



8 





4(1-0 



-t(i + »') tCi-*") 



8 











-t(i + »')1 






It follows that Q^ contains every Qll^f (i, j — 2, . . . 6; i=t=j). Also 
Q' contains OSlJOSS and hence every Of^fOj^f. For j>"=5, we 
take i «=3 2; Expressing the additional generator 2^ in the indices 
Yijf we reach the substitution (mod 5) 



1) Comparing the transfomiationB of indices 164) and 162), we note that 
they are identical as far as S,, S4, {5 and 1^ are concerned. 
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(1 










X 











3 

1 








3 
Q 
1 





0^ 



1 
2 
2 









-1 
1 



which is the second compound of the special Abelian suhstitation 

V 
t- 

rs 1 0^ 

2 
3 1 
2 

Hence Q' coincides with 0^(6,^). 

Consider next the case —la not-sqnare in the OF^f^'l. Set 



163) 






where o« + /5»= - 1. Then <t> becomes SJ + S| + || + gj + If. Hence 
Of is holoedrically isomorphic with Oj (5, p"). Reversing equations 163), 
we get 

2|,-r„+r„, 2|,=«r„-ar„-/jru-./jr„, i^-r, 

^'^^ 2|,= r„-r,„ 2S, fiT^ + pTu-aT,,-aT„. 

As in § 188, we find that Q^ (Q expressed in the indices |j) contains 
eyery Q2I4 and the linear substitution (liSjIs) ^^^ consequently also 
Qi\a, the transformed of the former by the latter. 

Expressing in the indices |i the following substitution of O^, 



K: 






is; 



F' — — y 



84; 



we get C^C^Otr^'^'^. This ()^4 is not a ^;5 since 2rc«-l=a«-/J* 
requires ic*== — /J*. But Ci(74— ^i belongs to Q^. Since jK" does 
not belong to Q (§ 164), it foUows that OgJ 

extends Q^ to Pi(5, j>"). If (^'s denotes Of*s when expressed in the 
indices Tij, we find that the product f Ofjs has the form > 
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18 



U 



88 



24 



-^11 



/J* 


-afi 


a/) 


-a* 


-a/l 


-/J' 


-a> 


-a§ 


a? 


-a« 


-/J» 


a/J 


-a' 


-«/J 


«/S 


^* 



and is the second compound of the special AbeUan sabstitation 



a 


« 





a 

P 









p 

— a 




— a 

-P\ 



Hence Q^ contains (^iJOijS. We next show that Q^ contains the 
linear substitution {^k^J^)j so that with {^1^^^^) Qi ^^ contain all 
eyen substitutions on 1^, . . ., I5. Expressing (ISI4I5) in the indices Y,-^^ 
we get 



r 1 


a 


-? 


-P 


— a 


1 ^ 


2 


2 


2 


2 


2 


2 


P 


1 + ap 


«« 


a» 


l-a(J 


-P 


2 


2 


2 


2 


2 


2 


a 


-<^* 


l-a(J 


-l-a(J 


<^' 


— a 


2 


2 


2 


2 


2 


2 


a 


-P* 


-l-a(J 


l-a(J 


P* 


— a 


2 


2 


2 


2 


2 


2 


-P 


l-a(J 


-a» 


-a» 


1 + crp 


P 


2 


2 


2 


2 


2 


2 


1 


— a 


P 


P 


a 


1 


2 


2 


2 


2 


2 


2 



which is the second compound of the special Abelian substitution 



1^ 

2 

2 



-1 
2 

i_ 
2 



-1 

2 



(a-.^) |(«+/J) ^ 



i(« + /J) -1(«-/J) 



-1 



2 ("-/J) 



2 



!(«+/») 
V («-/») 



1 


-1 


2 


2 


1 


1 


2 


2 



S'oriJ'—S, 0{(5;p*) requires an additional generator Wim- For 
a a j3 a 1^ the following substitution 
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=w^i^i,^). 



•Ms — -MS + ^23 > ^14 ** -^4 + -^4 

when expressed in the indices ^^ . . ., I5 becomes (mod 3) 

ri 2 2 2 01 
112 10 
1112 
12 110 
1 

In every case it follows that Q^ coincides with 0{(5,|)*). 

190. Theorem.^ — J/*i)»-4Z + l, 01(6, p^) is hdoedricaUy iso- 
morphic i€ilh {he simple group HA{4tjp^*^). jy^ |)» = 4i + 8, Oi(6,|)*) 
has ihe maximal inwmant subgroup {I, CiC^C^C^C^C^] of order 2, the 
quotient-group being hdoedricaUy isomorphic toWi HAl^^p^"^), In 
either case, Oj^(6, j)**) is of index 2 under 0^(6, j)*) and is extended to 
the latter by any substitution Oij not a Qij. 

Consider the gronp H' of quaternary hjrperabelian sabstitations 
in the OF[p^*'\ of determinant nnity. It has the order 

V = (p* « - l)i>« • (y " + l)i>* • Ci>* * - l)i>^ 

The special Abelian group SA(4,p^) is a subgroup of H\ Denote 
their second compound groups hy A^% and Si^t respectively. By 
§ 161, A^% leaves absolutely invariant the functions 

-Ml — Ma MI4 "MS ■Mi4 + ^U^2Z> ^ ~ M2 "t" ■*34' 

For an arbitrary mark a> 4= ^ in the 6r^[j)*»], the substitution 



Q = 



CD 





— 1 



CD 





is hyperabelian and of determinant unity. 




m-^ 



Q 



-^12 









It) 






1S> 







Its second compotmd is 



vt-^-^ r. 



Taking p > 2, we introduce in place of F^,, Y^ the new indices 

165) i, = |(r„-rj, i,==^(r„+rj, 

where J is a mark of the (?-F[|>'*] satisfying the equation 
166) J^-^=-l. 



1) Bt«22e^ ^m^r. JlfaeA. i8^., May, 1900; 2VtinMCtiof», Jnlj, 1900. 



where 
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Berenhig relatioiis 165), we find 

167) r„=|,-je„ r„=-i,-j|,. 

Written in the new indioes, the snbrtitxitian Q' becomes 

The coefficienis 6, cTp, q/J belong to the 6JP(ji^] sinoe 

Hence Q" belongs to the (7JP[jp'] and has determinant miity. 

If y in § 162, we set 7= ^j Z^^^Ji^, we obtain the present 
transformation of indices 166). Hence, if we express any substitu- 
tion [a]| of ^s in terms of tiie new indices, we obtain a sobstita- 
tion, not involying |g, the matrix of whose coefBdents is given in 
§ 162. Hence ^s is transformed into a group A^' of substitutions 
belonging to the GFl^ff''] which do not involye {g and which leave 
absolutely invariant m i v v v v 

In order that A" shall contain the substitution 

it is necessary and sufficient (by § 164) that a^"^^ be a square in 
the OFIp"*] and hence that id be a square in the OF{^p^*], 

a>(i»*+i)(i^-i)/2=. + l. 
Hence the group G", given by the extension of A" by Q", will contain 

if and only if oi be a square in the G^JP[j>*»]. Now K leaves 
— If + J '12 invariant and is therefore an 0^^. We proceed to prove 
that, if a he a square in the <?JP[p**], every K is a ^^ and every 
Qif^ is a Kj where a, j3 hdang to the OF^p^"]. Let, in fiEMct, 

168) a = y (a)(i^-i)/« + id(-i^+i)/«), /J = i- c7(a)C«^-i)/>- |o(-i^+i)/«). 

Since a)<^"-^>/* — 1, we see that a and j8 belong to the QF{p''\. Also 

169) a«-i8Ver«-l 

170) 2a/J-yJ(a)i^-i-ai-i^+i), 2a«-l-y(cDi^-i+ai-i^+i). 
Hence K has the form Qiliy where a, j3 are defined by 168). 
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Given, inversely, a ^J, where a, /J are marks of the OF[f^'] 
satisfying 169), we can determine a sqnare co in the OF[f^*'] which 
satisfies 170). In fact, 170) may be written in the solved form 

of which the second follows from the first in virtue of 169). That 
the first can be satisfied by a sqnare oi in the OF[p'^'] follows 
from the relation 

(»+ir-(«+^)(«+i)-«'-^'- 

For a> a not-square in the GF[f^^'], Q" is the product of 
an O^^y not a Q^^ in the (tJP[p"], by the substitution A, neither 
factor belonging separately to Q'\ 

Under the transformation of indices 165), F^ becomes 

V = - 1; + j«u - r„r„+ r,,r„, 

where, by 166), J* belongs to the 6rJP[p"] but is a not-square in ii 
We introduce in place of the Yij new indices such that 

r„Y,,-r,,r„-|| + i; + || + ||. 

6 

Then V becomes J^H "2^- T^^^refore, by § 189, A" will be 

transformed into Oi(5,j>*). 

For — 1 the square of a mark i in the 6rF[p"], we may take 

As in § 187, A becomes an Oi^s, which is a Q^^ if and only if <o 
be a square in the 6rJP[p*"]. Hence O" is isomorphic with a sub- 
group of Oy(6,jp^). The subgroup contains every ^i^e aud every 
O^^O^y neither factor a Q, but does not contain the separate factors. 
For — 1 a not-square, so that |>* ■= 4Z 4- 3, we may take o so that 

aii^+i 1, ai<i^''-i)/«=-l. 

Then A multiplies Y^^ and Fjj by — 1. The required transformation 
of indices, transforming &' into a subgroup of Oi(6,j>"), is the 
following: 

r„ = l,+«l,-/j^, r„=|,+ /j«4+«l5-. "^" ^ 

As in § 189, A becomes in the new indices CzC4,0t,T^'^^^y the last 
factor being not of ihe form ^4,67 while C^C^=^Q\\\ belongs to 
Oi(5,jp"). Hence G^" is isomorphic with a subgroup of Oi(6,j>"). 
The subgroup contains every Q^^ and every O^i^O^y neither factor 
being a Q, but does not contain the factors separately. 




It f/ikm OmG^ m 
0'i(e,,p') M0xuiiaa^ m |r-4l + l or 4i^X 

ifquMk Omt id (/J^^^,rh B»» ^^ IZ^f wl ffmi^P^ an 

B/ i 1.%, ve pw frm ir to Oe qwtiail'gnMp HAf4^^^ 
hj ottkfsg die fdbaiitiitioM naOS; c mi a |w ^ to Ae idadtr. 
er/rr«qi<«idiBg wm\i t Aiimihm^ of fl^Ls are Ae Mi c aiUt / if ^» 4/ 
but ani; /ad dbe whUTtaitifje Tdbsigag Ae agv of Ae 
if /^-4/ + a HaMr W%f'\ m hf^ceintaOr mamorflac wHk 
UA'^j^y if |r-4/-f 1; wfcife, for |r^4/-i^3, («(6u^) bv tihe 
tiMiyififi iorariflrtidbigrc^f/yC^C^CjC^QCficf Ofdo-S^dieqii^^ 
grwp Wag ifonmplue wifli ^^(4^/j^»> 

19L We pr c» <« <i to determine ilie ftmelBie of flbe orthogomJ 
fobgroapi VtSm^ j^), m^l. Hrerj m-zrj linear komogoieoiis sob- 
titiuaUm if ewnmirtariTe with 

C belongi to the groi^ Ol(m,]f) cfslj idien m is eren and fi = 1 
ffee § 1^> Soppofe that 0*^(m^]^) has a oelf-conjagite subgroup G 
itmitaamng a sabstitDtion «9 neither the identitj i nor C: 

/-I 
Bappose first that 5 reduces to the form 

171) g{-«^#fe (i-l,...,ifi) 

where itf^ -• 1, Then 8 is merely a product of an eren nnmber of 
the Cff in which certain ones as Ck are ladbng since 8 =^C. If f^ — v 
and therefore m eren by hypothesis, we may suppose that both Cm 
and Ci (k<in) are lactdng, since CiCm does not belong to 0^(ifi, jp*). 
But if 8 ::z dCfCrCt . . . y its transformed by Ti^Tn (always in the 
main group) gires 8^ ^ CkCjCrC, . . ., so that G contains the product 

8 8 =. Qw* 

From it we obtain in O the substitution CiC^ and are thus led 
to the case treated in § 193. 

Suppose, on the contrary, tibat 8 is not of the form 171). We 
may assume that an, ec^g, , . ., ai« are not all zero. In £Act, either 8 
or its reciprocal will hare at least one o^^ 4^0 in which i<j. 
Transforming the one or the other by TijTuf if j <m, we obtain a 
substitution in G which replaces 1^ by 



LINEAR GROUP WITH QUADRATIC INVARIANT. 187 

If j — m^ we transform S by TuTu (k not 1, i or m) and obtain a 
substitution in G which replaces ^ by 

From the resulting substitution 8 in which €c^^, a^^y * . .^ ffim are 
not all zerO; we derive a substitution 8^ belonging to O and having 
aj, + ^12 + !•• ^® 8®^ ^1 immediately if aj^ + a!>4" 1 ^*^^i = 2, 3, . . ., 
or w — 1. In the contrvy case, we have 

172) afi + «!« - 1. «i« ^ «ig ofm-i. 

If Oij^O, then fffi*-l and therefore aim=0 by 147), contrary to 

the assumption that ffig; ^isi * • -^ ^im ^® ^^^ ^ ^^^^* Hence ciri2 4=^' 
Transforming 5 by a suitable product of the d, we can take 

*^2 ™ ^8 ™ " • * ™ aim— 1 =1= 0. 

Transforming^) the resulting substitution by Otliy we obtain a sub- 
stitution which replaces i, by 

^1 Jl + («ai2 + P^t)^ + (- /'"is + ««18)S8 + «14l4 H h "imlm. 

If jp»> 5, we can determine a and j3 in the GF[p^] such that 

Indeed, since ai2=*ais4=0, and aj^+ajj — 1, the second condition 
becomes 2a/S 4= 0. But, of the jp**— « sets of solutions in the GF[p'*'] 
of the first condition, where « — ± 1 according as — 1 is a square 
or a not-square in the field, only four sets of solutions have either 
a OT fi equal zero. Hence, i{ p*>b, there exist other solutions. 
For |>"—. 3, we transform 8, in which 

"ii "■ 0? "i2 — «i8 — «fi4= «fi6 -" ± 1; 
by TTjI^^ and obtain a substitution in G which replaces ^^ by 

± $8+ "leSeH f" "lmlm> 

for which therefore «ii + ofj — 0. 

For p»= 5, S has an = 0> "12^^18"' "u^ ^ ^ virtue of 172). 
Transforming iS> by a product of tiie d, we may take 

— «12==«18*=«14— 1- 

The resulting substitution is transformed by B^^ into a substitution 
of G which replaces 1^ by 2S,4- Sgj-f a^IgH , for which 

«!i + «i« = 4- 

1) If the transfonner does not belong to OUtn^p^), we afterwards trans- 
form by P?^. Since the product O^^^O^^ belongs to the main group, the 
transformed substitotion will belong to 6^. A like remark is to be understood 
thronghont this section. 



1H8 CKAPTERTIL 

Tddng the l e dp ioal of ilie mhMxhkm of G iribidi 

we obtam in 6^ a sabftitatian 5 in wlndi flE{^+c^4^L Tbai G 
wntaism the prodoet 

where S« = ST^C^CfS it of period two and has the fonn 

(♦-1,2, ..,«i> 

JTj is not the identic since 8 woold then be comnintiitiTe with C^C^ 
and would therefore break np into the prodoet of 

a-ouii + 'hii,, li-»ali + «iife («!,+ < = !) 
by a subsbUibon on l^, . • ., ^. 

We readily obtain the transformed Sa' of 5a by an orth<^^nal 
snbstitation 0, in which iyj<li 

i'i-aii+fi^+rik, €;-«'fe+/i'fe+r'{i, II-«"i+/J"fe+/'li, 

where by 145) 

173) tt'+Z^ + ^y*-! (A-1 if i<m; Z-fi ifi = m> 

We have 8^ — {80f^C^C^{80). But S' = SO has the coeffidents 

a}, ~ fl/o,, + /J'ay, + /aj, (Z = 1, 2, . . ., m) 

cii £= a„ (« — 1, . . ., m; s + ^i, i)- 

If afi+ tf*i + >l«ii4"0, we can find solutionfi in the GF[p^'] 
of 173); which make oSi — 0. We suppose aii4^0; the trans- 
formation of 8a being unnecessary if on be ah-eady zero. Eliminat- 
ing a from 173) and 

174) aOii+fiaji+yan^O, 

we find the single condition on fi and y, 

176) p\ait + aji) + 2/Jya^iaM H- y«(«Ii H- -c^i) - ofi. 

If afi + ofi— '0, so that a/i4^0 and an^O, this equation deter- 
mines p, when T' is assigned any value 4= ^ ^^ ^^ ^^I^ Then 174) 
determines a in the field. But, if ofi -f aji be 4=* ^^ ^® multiply it 
into 176), which then takes the form 

{^(«?i + «;i) + y«>i«ii}* + x«fi(«fi + «?i+ *ali)y«=i4a(«^i+ aft). 
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The coefficient of y^ being not zero^ this equation has solntions for 

in the field and hence solutions /3; y. 

Transforming 8a hj the orthogonal substitution 

176) a«+|8«+y« + ^dt.l, 

we obtain as above a substitution Sa in which 

We proceed to show that solutions of 176) exist in the QF\^p^ 
which make 5ii«-> 0. We may suppose that on, a^i^ an are not zero, 
since otherwise the result follows by inspection. If either of the sums 

be not zero, the problem is solved as above. If both sums be zero, 

«fi— Aali, X-.square = l, afi+ «^i+ ali — 0. 
Then tiie foUowing set of solutions of 176) wiU make «a zero: 
a — — ayi/«fii, /J « Oiilaiiy y — — ati/aji, * — 1. 

192. Transforming 8^ = 8aCiC^ by CWm, Oesim, . • ., 0«-ig4m in 
succession, we obtain in G^ a substitution 8' in which 051, ubi, • • •> 
oi^.ii, are all zero. Then by 143), 

«li + Ofi + «81 + «41 + (*c4ii ■■ 1- 

Also 2 8 

€4i + ail = afi + all + ^•• 

as 8 

Hence osi + ^1 + f^<4ii 4° 0, so that we can transform 8' by a 

suitable Osim into 8"^8a"CiC2 in which 

oil — oil — ail = • • • =» al»'_ii = 0. 

Transforming 5" by Oja^ (j — 7, 8, . . ., m — 1) in succession, 
we can obtain a substitution 8^ = SpCiC^ which leaves I79 Ig, . . .; |m— 1 

fixed and has Pu^ Pn^ Pbi'^^* ^ Put P^f Pvi <^^ ^ ^^^ ^^^y 
we transform 8^ by O^g^ and obtain a subistitution 8i in which we 
can make /3«8=0 except in the case^) 

Pl + PU+Ph-0, 1831+0, i8«i + 0. 

1) K ^1 = or ^i» 0, we tnuuform iS^ by Otaa or Otmis and make 
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In the latter caee, we tnuufonn 8^ by OS^^^t and regime tiwk 

Tak- /»ii = «Ai + 6^1=0. 

the second condition beoomea an identity and the fint takea the foim 

The farther condition a'-i — V+ c*+ <P+ «*— 1 then becomes 

'") ^('+|)+»'(T+f +£)-'■ 

Since /J*, + ^ + l, /Jfx + ft + /?i + f»/fti - 1» it ^o^o^ «»»* 
178) i.+ «Lt=j=o. 

The coefficient of b^ is zero for at most two valnes of fi^. In view 
of 178), these two yalnes of fi^ can be avoided, it p^>3, by an 
earlier transformation of S^ by O^j^, an operation not affecting the 
previous argoment. Also the coefficient of d* is not zero. Hence 177) 
has solutions d,b in the field. The conditions /)^, ^ fi'si^O <^<^ ^^^ 
be satisfied. 

For jp«— 3, 178) requires (i — 1. The coefficient of 6* in 177) 
is then zero only when fi ^0. It fi ^0, we can determine a and b 
(each 4^0) such that 

(^Pn+bfi„2^1, a/J,i + 6/J„i=0. 
Since a^'^V^ly ii^l, the remaining conditions become 

These are satisfied modulo 3 by taking c = fi^i^, d = /J^, e — 0. 

193. We have thus reached in G^ a substitution Z which leaves 
fixed If; S7; . . .y Im— 1 and which is not the identity. If 

Z = Q Cg Cj 0/4 Gj Cmy 

we obtain from it the substitution C^C^ as at the beginning of § 191. 
From the known structure of the subgroup 0^(6, jp»), it follows that 
G contains all the substitutions of this subgroup. Transforming these 
by suitable even substitutions on the |g-, we obtain all the generators 
of 0^(m,p*), with which G therefore coincides. 

194. In stating our results concerning the structure of the 
orthogonal groups on m 4= ^ indices, we introduce permanent 
notations for the simple groups reached. For the first orthogonal 
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group the case m «• 4 is shown in §§ 195 — 196 to be qnit^ except- 
ional. We denote by FO(in,p^) the first orthogonal subgroup 
0{(m,jp^), when m is odd, and the quotient -group of 0[(m,p^) by 
its maximal self - conjugate subgroup {IfC}, when m is even and > 4. 
By § 72, FOimyp") has the order 

FO[w, jp^] =y(jp''<"'-i)- 1)|>»(«»-«)(|)^("»-»)- 1)|>*(«-*). . . (l>*"-l)i)* 

for m odd; while, for m even, «n > 4, 

The second orthogonal group on an even number m > 4 of indices 
has a simple subgroup*) iSO(m, jp^), previously denoted by Oi(w,p*) 
of order 

It will be shown in §§ 197—198 that this result holds true for w = 4«). 
In both places, s equals ± 1 according to the form 42 ± 1 of ff^. 

Theorem. — The first orthogonal group Oj (m, p^) has for m even 
and > 4 the factors of composition 2, FO\m, p"], 2 and for m odd the 
factors of composition 2y FO[m,p*']y the case w = 3, jp*=3 being 
exceptional. The second orthogonal gr&up Op(m,p^) on an even number 
m>2 of indices has Ike factors of composition 2, 80\mjp'^\ The 
orthogonal groups on 2 indices are commutative groups. 

196. In virtue of the identity 

I? + g + • • • + e - i?+i - !!+» — II. =2(^- - ^•+')(fe + S.+0, 

it follows from § 169 that the group') Z,,p» of 25-ary linear homo- 
geneous substitutions of determinant unity in the ff^[jp**], i> > 2, 

which leave ^PXiF^ invariant is holoedrically isomorphic with Oi(2s,j)') 

t'=i 
if — 1 be a square in the GF[p^'\, p > 2, or if — 1 be a not-square 

while s is even, but is isomorphic with 0^(25, p*) if —1 be a not- 
square while s is odd. In particular, L%^^ is, for i> > 2, holoedrically 
isomorphic with Oi(4,j>'»). In determining the structure of 2^,jp» we 
do not exclude the case p = 2. 

1) In view of the not -square factor in its invariant, it first appeared in 
the literature with the notation N8{m, p»). 

2) This result is readily verified for the case j9« = 8 not treated in §§ 197—198. 

3) The structure of this group was first determined by the autJior without 
making use of its isomorphism witii orthogonal groups, Proc, Land. Math. Soc,^ 
vol. 80, pp. 70—98. 
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196. Theorem. — The factors of composition of L%^j^ are 

(if i>>2) 2,|(i>««-l)ii-, |(i>«--l)p-, 2, 
(ifi>=.2) 2, (2«''-l)2», (2««-l)2«, 

eoxept token p*^2 or S, when the composite numbers 6 and 12 
respectivdy are to be replaced by their prime factors. 

To determine the qnatemary substitntioiiB leaving Sxi7i+ls% 
absolntely invariant^ consider the two pairs of equations^), 

179) li + Jcfe-0, %-Jci7i=0, 

180) Ii+Jci7,«0, S,-xi7i = 0. 

The most general qnatemary linear homogeneons substitution^ leaving 
invariant the pair of equations 179), for every value of x in the field, 
is readily seen to be 

181) (5{-«5i + y%^ ^ — y% + «fe, 

having the determinant {ad — /3^)'. For it we have 

II + *Si = «(5i + *W + y(% - *%), 
n[ - «^{ - /JCSi + «l«) + *(% - «%)• 

The group of the substitutions 181) is therefore simply isomorphic 
with the binary group on the variables Si + ^%% ^nd i;, — xri^. Since 
the transposition (l^i^s) transforms the pair of equations 179) into 
the pair 180), we obtain the most general linear homogeneous sub- 
stitution, leaving invariant the pair of equations 180), for every x, 
if we transform the set of substitutions 181) by (1)%), giving the set 

jli=^|, + C$„ li- 51, + DI,, 
The product of any sabstitatioii 181) by any sabstitntioii 182) gives 



183) 





gi 


Vi 


!> 


Vt 


^i- 


uA 


-yC 


uC 


yA 


<- 


-§B 


8D 


-/JD 


-SB 


li= 


aB 


— yB 


aB 


yB 


ri[- 


§A 


-9C 


fiC 


8A 



1) They give the two sets of generators on the ruled surface £ii7i + St^s ^ ^- 
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The same result holds if the snbstitationB be compounded in reverse 
order, so that the snbstitntions are commntative. Further, the only 
substitutions belonging to both of the sets 181) and 182) are seen to be 

184) i[^^ii, i?{ = ai?i, li = a|«^ Vi^^Vv 

The substitution 181) leaves l^i^^ + $2% absolutely invariant if 
and only if a8 — fiy '^ 1. Hence there are (p**— l)p" such substitu- 
tions. It follows that there are 

{(i>*«~l)pM^ (ifp-2) 

i-{(p^--l)p«P (ifp>2) 

distinct substitutions 183) for which 

185) a*-i8y=.l, AB-BC^l. 

The substitution Ts^x; defined in § 114^ will be of the form 183) 
only if 

aA^SB^l, aD=^x, dA = x-\ ^ «. y = JB = (7« 0. 

Therefore -4= a~\ D = jca~^, 8 — x~*a, so that 

It will thus satisfy the relations 185) only when x is a square 
in the GI^p^l. Hence there are at least {(i>*" — l)l>"}* substitu- 
tions 183) which satisfy the single relation 

186) {ad - ^y){AB -BC) = 1. 

For p>2j L^^pfi is holoedrically isomorphic with Oi(4,j)*) and 
therefore, by § 172, has the order (p** — j)")(jp** — l)p*. Hence 
L%^p^ is composed of the substitutions 183) alone. Those of these 
substitutions which satisfy 185) form a subgroup l^,p«» of index two. 
It is extended to the main group L^^j^ by a substitution Tg^x- 

For i> -» 2, the substitutions 183) which satisfy 185) form a sub- 
group Li^^n of index two under Li^^n. In fact, by§ 204, the order 
of U^^n is 2(2«*-l)*2*», which is double the order of Z^',,-. The 
transposition (Si%) serves to extend Zrs,8» to l^,t"; for, if 183) reduces 
to the form (Sii^i), then a-4 =« aC=- aJB — 0, aD = l, whence 
^=C = B«0. 

For either p > 2 or j> = 2, the group L^^pn of the substitutions 
183) satisfying 185) has an invariant subgroup formed of the sub- 
stitutions 181) which satisfy the relation ad — fiy =^ 1. The quotient- 
group is holoedrically isomorphic with the simple group LF(2,f^). 
Indeed, it is clearly the quotient- group of the group of substitu- 
tions 182) satisfying AB — BC == 1 by the group of the substitu- 
tions 184), a'»l, common to the two sets 181) and 182) under 
the conditions 185). 

Dickson, Linear GnmpB. I^ 
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f$!An^. ♦ V> /; T»* /rwiftuft}vi.lj;i57 -/ f 5vlki'«9 fraiL ^oc re ? — 5E. 
U-\%^^nh. it- ^--H^^iff ^-•'%-fc- ii-*^-li.> 

^>f tfc* ;r - I ft^ r/f iz/faHi/M in tfa« OFifr],p>2, of 2r^^-2«*— 1, 
Uro i«iii mftkii; tf ^ -• 0. If4»e« Umt^ sre j>* — 1 rabstitixticiis wkidh 
tnmrfir/nn lAto f^, Tim irniambilitj fA q now follows from that 

tim. TtuHjrmn. — tVhelherp'^2€rp>2,thegnmpE^^eamiaim 
a mibffroup £1^^ of in/iex Uco wki^ i$ hcloedrieaUf isomarpkie witk 
LFOtfj^''). Aaeordimg a$ p^^'J or p>2, El^ is eximded to B^^ 



t) Aceordfnff m % \m % Mqawn or * aot-tqiuu«, the solntioM are gma bj 
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Let 5 be a root of the equation 

which is irreducible in the ffi^[p"] in virtue of the irreducibility 
of q. The second root is therefore 6^^ a, so that 66 ^ l\ The 
substitution 

Z: X -= li — 6riiy r= ^ - aiy, 

transforms the function F^XY+ ^i]^ into f. Let Uy fi, y^ d be 
any set of marks in the GF[p^*'] subject to the condition ad — fiy-^ 1. 
Then F is absolutely invariant under the substitution [see 181)] 

If we regard^) J^, %y l^, % to be arbitrary marks of the GF\^p*]y 
Y will be conjugate to X with respect to the Q-Flp^], while F will 
be absolutely invariant under the following substitution conjugate 
to U [see 182)] 

U: X'=dX-^|„ r^aY+yri„ ^ yX+ag,, v'.-PY+hr 

K therefore the product UUhe expressed in terms of the indices 
ii, fiif ii, Vtf *^® resulting substitution W will leave f absolutely 
invariant and have its coefficients in the GF[p^'], To give the 
explicit form of W, let U and U become Ui and U^ when written 
in the indices ii, rjis Since the reciprocal of Z is 

Z"^S (o- <y)5i= ^X- 6Yy (?- 0)1^1- X- Yy 
we find for Ui the substitution 

(^-<y)S{= 

((y-a)i2; = 

The coefficients of U^ are conjugate to the corresponding coefficients 
of Ui- The product Tr= ^i^i if> readily found to be the substitution 



oa — ad 


k^8 l^a 


ff/j 


tfy 


a-* 


ad — aa 


/J 
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-y 


ay 
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fi 


-*/j 





8 



1) This interpretation is not a necessary one in view of the later explicit 
calenlatioiis. 

18* 
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At ift I liK^ tiM: fcUMmntkfni C form a grcM^ f IT] koloedneaDT 
w^mfrt^ae widk tlMr growp r>f Hustt Enear sabadnitkns of defcennxmBr 
ntittj m tK^ ^^1^*1 '^^k^ nbfdtntionfi IT form si isomorpliie 
^y«f^ ^If^l karrntr /^ abfoliit^iT inrariaiit mid di c iefoic a m bg ii mp 
iA Hift. Ia^^^, if W0: uJut r^W and T'-IF'. dien to rr' wffl 

nifi/^ tiM; 9^ of fobftitiitir/iit (' is eommniatiTe widi the set IT br 

I 1&6, Mwf//Tw, ao id«iitT UU^rr or r'^'T- c^r"' 

r^|Ufr^ A/'' "» A/^ r/r C(7^ where C merely changes the signs of the 

f//uf indict. In (Met, the groops {C^} and {IT} hare in common onh- 
the idertiiij and C Hence CT/ is the onlr sabstitntion in additi<m 

t// A/' which cfrrresponds to the prodnci TFei CiCi = CC^ • CC^. It 
follows that the cjaotient- group of {C} by {J, C) is holoedricallT 
is^/rnorf;hic both with the simple linear fractional group LF(2,^^) 
and with the gronp [W]- In particular, the order of [W] is 

^ (//*•— l;jr>*» or (2*«—l)2«» according as p> 2 or i> «= 2. For 

;) > 2; p^>d, Ei^j^ has the order (p** + jp") (p** — l)l^, being holo- 
edricallj isomorphic with Op(4fp*), whose order is given in § 172. 
V(n p -^ 2; £^4,s» is holoedrically isomorphic with the gronp leaving 
ti^/i + (t% + >l^ + ^li^/i absolutely invariant; whose order is shown in 
§ 204 U) be 2(2*»-l)2««. Hence [W] is of index 2 under JEcp». 

According as j? > 2 or p — 2, {IT} is extended to iJ^^yi by 2j,, 
or (dr/i)^ where x is any not-square in the G^JP[p"]. It is only 
necessary to show that these substitutions are not of the form TT. 

If (6x^i) were of the form W, then yy — /J?«= 0, 5 - ^ «= 0. Hence 
(immymmO, 6 od ^ fsda^ 0ad ^== 6 uS. Heucc would <Tda and 6ad 
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and consequently also their product belong to the GF[fi^]. But 
o^aadd belongs to that field only when a or d yanishes, so that 
ad — fiy ^ 0. 

If W reduce to the form Ta,^, then acc'^x, dd « x—^, j5«y = 0, 
fif = ^«l, 2J-P-0. By the latter, « a - aiJ. ThenS-Jgives 
da «= 1. But ad =" ad — /5y — 1. Hence a^^'a, so that x — a*, 
a belonging to the G^JP[p*]. 



CHAPTER vm. 

LINEAJB HOMOGENEOUS GROUP IN THE (?JP[2»] DEFINED 

BY A QUADRATIC INVARIANT. 

199. Theorem. — If a quadrat form toUh coefficients in ihe G^JP[2"] 

can not he encpressed in the fidd as a quadratic form in fewer than m 
linear homogeneous functions of g^, . . •> Sm, it can be reduced by a linear 
homogeneous substitution bdonging to the field to one of the canonical 
forms 

JP-gJ, + l3l^ + ...+ |^_,|^_i+g^ (m odd) 

where I is zero or is ajpartiadar one of the values X' for which 

Q = Cm — llm+ A Im— 1 + A Im 

is irreduc^jle in the OF [2*^. 

We first prove that, if m ^ 3, / can be transformed into a 
quadratic form having aji— 0. If every Oij (i, j = l, . . ., m; i Kj) 
were zero, f would reduce modulo 2 to the form 

(y^5i+ y^fe+ ••• + V^fcn)*- 

This being contrary to our hypothesis, we may assume that a^^ =f> 0, 
for example. We may also suppose that a^^ 4° 0, since otherwise the 
transformed of f by (5ilj) would have a^ »=■ 0. The terms of f which 
involve 1^ may be written thus. 



tUR C&APTIR VOL 

Hence the iorene of die fodowiag tnbetitBtioii, 

If — «« fei + «»^ + «i4^ + • • • + «i«it-> 

15-1, (• = !,. •., «;t + 3), 

win t«Belbrm/r into ^g + 1^^ + 1^^5,1^, 

smnmed for », ^' — 1, 3^ 4,.. .9 m; t ^^'. Applying the sobstitation 

$i-fe+A$i, 15-fe, (1-1,3,4,. ..,m) 

we obtain as the new coefScient of § the fonction af^l^+ fin, which 
may be made to yaniah by determining X. 

We may therefore sappoee that o^ » in our original function /. 
Since the aiy are not all zero, we may asanme that a^^O. Apply- 
ing to f the inyerae of the aabttitntion 

$i-«if«f+«uli+-+«i«U 6J-i (i-l,8,4,...,m) 
we obtain the {unction i^— 9....,«i 

EepUwing ii+yttit+ fnifi Hyi«t. by I,, we get 

Similarly, if m ^ 5, we can transform f into 
If m be odd, we reach ultimately the form 

Sl^ + is^A'^ f" 5m- aim — 1 + «lm. 

Applying to it the Bubstitation which replaces Im by x^^/^l^^ we 
obtain F. 

If m be even, we reach ultimately the form 

If ftin-i + /Ifci-iiii+.r{m be reducible in the GF[2^], i. e., be the 
product of two linear homogeneous fiuiotionB of |m— 1 and Im, an 
evident substitution will reduce 6 to JPq. In the contrary case, ft, fijy 
are certainly distinot firom zero, so that the Bubstituiion 



LINEAR HOMOGENEOUS GBOUP IN THE OF[»] etc. 199 

will belong to the GF[2'\ It traoBforms 6 into 

187) lig,+ |,l4 + --- + l«-.l»,-»+ 111,-1+ Sm-llm+^i;. 

d being such a mark that the equation 

188) |«+| + » = 

is irreducible in the (yj'[2«]. It follows from 188) that 

Hence 188) has a root | in the GF\2'] if and only if 

a + d*+- -|-**"~^-0. 

The left member being its own square in the (?J'[2*] and hence 
either or 1, it follows that 188) is irreducible in that field if and 
only if 

189) d |-a»+d*+ •••+**"~^-l. 
Applying to the quadratic form 187) the transformation 

J^-i-U-i+Hm, ii-ih (»-l,...,ii»; ♦=+■*» -1) 
the constant d is replaced by 



which is therefore a root of 189). Giving to A all possible values 
in the GFl^[2»], we obtain the 2--^ roots of 189). Itideed, if iu 
the GF12'1 

d + A + i*=d + Ai+i», 

we must have A^ — A or A + 1. Hence all irreducible quadratic forms 
in two variables of the QF\2'} can be transformed linearly into each 
other. Applying, finally, the transformation 

u.^x^d^u^u i;-a'"^ii, i'i~h (»-i,...,m-2) 

187) becomes J>^ 

200. Changing the notation used in exhibiting F, the canonical 
quadratic form for an odd number 2m + 1 of indices may be written 

¥ = |J + |,iy,+ ^% + ... + |^iy«. 

The conditions upon the coefficients of the substitution B: 



200 



CHAPTER Vm. 



m 



15 - «c,lo+2 i^J^+ Yisns) (f = 0, 1, . . ., m) 



m 



V< =- ^ilQ+^{Piils+ iis^ni) (» •= 1, . . ., w) 



>=»! 



in order that it leave ¥ absolutely invariant are seen to be the 
special Abelian relations^) 76) for fi = 1 together with the following: 



m 



m 



190) ^i?^?a + ^i^i)''Oy ^(?Cida+6iya)^0, (* = 1,2,. ..,»») 



i=l 



t = l 



m 



m 



m 



191) alj~.^a,jfiii, Aj--^yu9o, x»+2*.«*-l- 



i»l 



t=l 



<=1 



It foUows from § 114 that every set of solutions a,^, /J,y, y^^, d^^ 
in the GF\2^] of the relations 76)^:^1 leads to a special Abelian 
substitution 



m 



m 



whose determinant A is unity.^) 

The determinant of the coefficients of the 2 m quantities 7C{, 6i in 
the 2m equations 190) is seen to equal A. Hence ^ since A 4=" 0; 

X| « (Tj » (i « 1, . . ., m). 

It foUows that S takes the form 



S':- 



m 



tn 



l<=2^^a*>l^ + >'y'2/)> V<=2^''*^^"*'*''''^^ t = l,...,»») 



i— 1 
li = lo + 



m , / m \l/a / m \ 1/2 x 



the coefficients of 8' being subject to the Abelian conditions 76) 
only. The group of the substitutions 8 is therefore holoedrically 
isomorphic with the special Abelian group 8A(2m, 2'*) of the sub- 
stitutions Z. The structure of the latter group is given in § 117. 

201. Changing the notation employed in exhibiting the function Fx, 
the canonical quadratic form for 2 m indices may be written 



fi=^^Vi+^^+>K. 



i==l 



1) Since p « 2, we have — 1 = + 1 in the field. 

2) For a direct proof that A 4= 0, see Americcm JowmoU, yoI. 81, p. 24i. 
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201 



We study the group Gi of 2w-ary linear substitutioiis in the 6rJP[2»], 



m 



m 



192) 8: l5-2'(«'ife+y«i%)> ^i-^(§ijif+^iJVi) 

y=-i /=>i (i=»l,..., m) 

which leave fi absolutely invariant. The conditions upon the coeffi- 
cients of 8 are the Abelian relations^) 76); for fi^l, together with 



193) 



1=1 






( j < m) 

(i "- w). 

Since S must be an Abelian substitution in the GF[2*'], its reciprocal 
is obtained by replacing Uij, /S,^, y,^, d<^ by respectively dy,-, /5/^, yy^, 
uji. Writing for 8~^ the conditions 76) and 193), we obtain the 
equivalent set of conditions 78), for ft =» 1, and 



194) 



U < ^) 
Among the simplest substitutions leaving fx invariant occur 



\i=»l 







Mi={ii7ii) (i-l,...,w)5 -ZVi,y,x, JBfj,x, ^/,/,K, ^<.x, Pi 






(ij<m if A-A') 

Im — ^m, 1?4 •= Im + ^ \m (if ^ «- A')? 

Im «- Im + X%, li "= S/ + A*S+ «^m 

Im = in + X|i, l?i -=- %+ ^9t% + Xrifn 
Vm'^ Vm + ^try, li = 1/ + ^OC^VJ + *Sw 

which reduce, when A => 0, to the Nm^j^xy -Rm,/,*; ©te., defined in § 114. 
According as A = or A — A', ^z is called ffie first or the second 
hjfpodbdian group^. The name arises from the fact that Gx is a 
subgroup of the special Abelian group 8A(2my 2*). 

1) This also follows from the fact that the inyariance of fg implies that 
of its polar. Hence, if j9 = 2, G^^^ leaves invariant ^^ (Sii^<s+ 6<i^a)' ^^^^^ 6a 

17,.^ and £^2, 17^2 are sets of cogredient variables. 

2) For the case n = l, these groups were studied at length by Jordan, 
Traits des substitutions, pp. 195 — 218 and p. 440. For general n, they were 
set up and investigated by the author in the papers. Quarterly Journal, 1898, 
pp. 1—16; Bulletin of the Amer. Math. Soc., 1898, pp. 495—510; Proceed, Land. 
Maih. 80c., vol. 80, pp. 70—98; American Journal, 1899, pp. 222—248. 
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202. Theorem. — Ifm>l, Qi wwy he gmartded hg ike M»- 

stitutions^) 

195) Mif Ni,j^n (ifj -^ 1, . . ., m; x a/rbHrofrf m Ae fidd). 

We note that Mi transformi N^um ix>to Q^i^u and Qi^/,* into 
iJr,/,x. Further, for i^j <«• if A — i', we have 

But every mark of the GF[2*] may be expressed as a square fiK 
Except in the case m^2, k^ l\ we thus reetch eveiy 2^,«. In tite 
latter case, we derive every 2i,« from the formuLi 

196) JV«.M«m.i,^i2-' i»;«.i,«- LMiM^Tt^i^. 

Taking first x — 2~^/*, we find that L may be derived from the sub- 
stitutions 195). Applying 196) again, we reach every Ti^i^. 

To prove that every substitution S satisfying the relations 78)^=^1 
and 194) can be derived from the substitutions 195), we first set up 
a substitution T derived from them which, like 5, replaces %^ by 



m 



where by 194), ^°°* 



m 



197) 2«imi+ ^^im+ Ay!m-0. 

a) If o^ 4° 0, we may take as T the product 
since it replaces $^ by 

in 

«fiiti+«uK«iiyi«+- • • +«i«yim+AftJ«+Ay!«)%+ V(ai^|^+yiiife)=A- 

b) K a^i =- 0, yii =f= 0, we may take for T the product 

which replaces |^ by 



i = 2 



1) The stmetare of G^^ being eyident from | 203 if m => 1, we exclude this 
case henceforfch. . 
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c) If oi/— )^i— (j — 1, . . ., fc — 1), but «n aiid yi» not both 
zerO; we may^ for Jc<im, proceed as in case a) or b) and obtain a 
snbstitation T' which replaces |jb by f^ and is derived from the snb- 
stitntions 195). We then take T-r'Pu. 

d) If aiy— yi^— (j — 1, . .., i» — 1), the proof given in c) 
applies if A = 0, since then Pm is generated by the substitutions 195) 
of Ox. For I'^X', this case cannot exist; since the equation 

requires ai^'^ yim'=' on account of the irreducibility of Q. Then 
would /i = 0. 

It follows that S^TSi, where 8^ leaves S^ fixed but is a sub- 
stitution belonging to &x. Let 5^ replace ri^ by 

where, by 78), ft •= 1, and 194), 

198) »n-h^^Aj^ Xplm+Xdlm^O. 
The product 

replaces ii hj i^ and fj^ by 

m 
iPn *12 + • • • + /Jlm*lm + i/Jf m + A^f ^)|i + ^1 +^ {fiuij + ^U^^ 

>"* 

which equals f since the coefficient of ^ equals ^^ by 198). 

We may therefore set S^^^ S'S^, where 8^ is a substitution of 
Gx which leaves ^^ and % fixed. Then by 78), 

aa «- /Sa «- yn = da = (» = 2, . . ., m). 

The relations holding between Oij, flij, y/y, dij (f , j = 2, . . ., m) are 
seen to be the relations 78) and 194) when m — 1 is written for m. 
Proceeding with 8^ as we did with 8, etc., we find ultimately that 
jS=-T'Z, where 2" is derived from the substitutions 195), while Z 
is a substitution of Gx which affects only |m and rim, 

Z: Hn'^ <^im+yVm9 ^m "* i5|m+ ^l^m- 

The conditions 78), 193) and 194) become, for 9n » 1, 

199) ad + /»y-l, afi + la^+Xp^^l, yS + Xy^+ Xd*^ X, 

200) dfi + Xd^+Xfi^-^X, ya + Xy^ + Xa^:=^X. 

Combining 199) with 200), we may replace 200) by 

201) /5(a + «) - y(a + *) « X{a + d)l 
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Suppose first that a + d ^0. By 201), Z becomes 

Suppose next that P + y ^0-, Applying the above procednre to 

it foUows that Z^ == 0^\ Hence Z -= 0£^-flf«. 

Suppose finally that a + d=-/5 + y"=0. Conditions 199) and 
201) become a • /12 i a a 

so that Z » J or Mm- 

In every case, Z«OS^ or Z-0£yjf;«. K A - 0, OS' = r«.« 
and the theorem is proven. If it »= A', A' being suitably chosen, we 

prove in the next section that every OS is a power of i = OS 
and may therefore be derived from the substitutions 195). 

208. Let p be a primitive root of q^^+^ =» 1. It will satisfy an 
equation belonging to and irreducible in the GF[2*], 

q'+Bq + I^O. 

If we set — A-S Q^im/Vm, we find that Xim+ lrim+ imVm is 
irreducible in and belongs to the GF[2^]. Changing the variable 
from (» to (T = >l(>, we obtain for 6 the irreducible equation 

203) c«+(y + A«=0. 

Since the roots of 203) are 6 and 6^, we have tf + <^*'* = 1- 
We make the transformation of indices: 

204) ^=X'/'a-^Y„+<tX-'/'T^, ij„ = A^/' (F^, + FJ. 
Solving, we find, for jp = 2, 

205) Fi, = Av»|„ + <tx-^/*n„, r„ = i^/^^ + A»/tff-i,„. 

The substitution 202) takes the form 

206) rA-T:r«, Fi-T-ir,,, 

where x = a + (a + 8)<t, t-i= d + (a + *)ff, 

Tt-^=ad + a(a + 8y + o'(tt + dy=ttS + X'ia* + 8') = l. 
We have t*"+i = 1 since (mod 2), 

T*"— « + («+ d)e»'— a + (a + *)(ff + 1) — * + (a + d)ff = t-^ 
In particTilar, X = 0% takes the form 
207) ri=9F,„ Fi=9-^FM i(f = o^-')- 
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The substitations 206) are evidently powers of 207) ^ q being a 

primitive root of rr*'*+* ■= 1. Hence the snbstitutions 202) are powers of i. 

Inversely, every substitution 206) for which t'^+i — 1 may be 

transformed by 205) into a substitution 202) of the 01 [2*]. In fact, 

a + d^r + T-S a = T + (t + r-i)(y, * = t-^ + (t + r-'^)6, 

so that a + d belongs to the 0F{2^'] and likewise a since 

The number of substitutions 206) is 2"+l. The number of sub- 
stitutions 202) is therefore 2"+l- Furthermore JIf,„ZE (Jm^m) takes 

We have therefore a new proof of the results at the end of § 202. 

It is worth while to verify independentiy that the number of 

substitutions 202) is 2" ± 1 according as A =- A' or A = 0. We have 

only to determine the number of sets of solutions in the GF\2^] of 

208) a* + A»a«+>L***='l. 

The result for the case A = being evident, we suppose that X — A'. 
The left member of 208) vanishes only when a«=d=-0; for, otherwise, 

(1 + CO + A*©-i)« - 0, ©« = A«a/J 

would be reducible in the field, contrary to the irreducibility of 203). 
Hence each of the 2**— 1 sets of marks or^, d^, not both zero, in 
the GF[2''] wiU make 

Then will ajxy SJx be a set of solutions of 208), and inversely 
every set of solutions of 208) may be so obtained. Hence, if A ■= A', 
the number of distinct sets of solutions is (2**--l)/(2*— 1). 

204. We can now readily determine the order QJ^^„ of Gx- The 
number of distinct linear fanctions ^^ by which the substitutions 

of Ox can replace 1^ is P^n— 1^ if PL!n denotes the number of sets 
of solutions in the 6r ^"[2*] of 197). For w > 1, the pair of equations 

m 

has (2'*+^ — l)Pi,^Li,„ sets of solutions when r = and has 

(2--.l)(2»(^— »-Pili,J 

sets of solutions when r runs through the series of marks ^ of 
the GF[2'']. We have therefore the recursion formula (m^^l) 

P^\^ 2»Pifl|,, + (2» - 1) 2-(»--»). 



SKM) CHAFTKR YUL 

Acoording as X^O or l^ I', ^be number of teti of mJuB i Wi of 

if PlfL=2"+'-l or Pif2 = l. We find by nmiile indneftkm. 

The nnmber of distmct linear fanetions f is 2*^*~'>. In tuct, 
198) detennines fi^^ in tenns of /li^, dij {j « 2, . . ., m), so tbftt the 
latter may be diosen arbiinnily in the GF\S^]. 

It follows there fo re^ from § 202, that 

Qli\- (1^^.-- 1)2«-(— «Q£Li,, (m > 1). 

By § 203; we haye the initial Talnes 

25% - 2(2- - 1), Qg2 = 2(2- + 1). 

We now readily obtain the formulae 

QlJ, - 2(2»- - l)(2»«<-»-i^ --l)2«-(«-»)(2» •(■•-*)- lj2»-(--«) ... (2«- - 1)2«-, 
Q2[1- 2(2'''+ 1;(2»«(— »>-l)2«»(«-«(2»-(— »)-l)2»-(— *)... (2»«- 1)2»-. 

205. Theorem. — Those substiUdions of Gi which satisfy ihe 
further rdalian 

209) I(a,p,y,d)J^ai,di^+ A«(a«.„ +/«.«+ yi«+ iJi«) = m 

farm a subgroup of index 2 which cmy Mi extends to Gx. If m> 2, 
this subgroup is identical with the group genercUed (is follows: 

Jx {MiMj, Jyi,i,x) (iyj — 1, . . ., m; x arbitrary in fidd). 

If m '^ 2, it is identical with the group 

Jar- {Jlf,Jlf„ 2^2.1,1, Ti,,,^,, 1,1}. 

We first prove that every substitution of Ji satisfies 209). To 
do thiS; it suffices to show that, if Z be any substitution of Gi 
which satisfies 209), the products MiM^T., Ni^^^T, will also satisfy 209), 
the case m — 2, being treated later. Let Z have the form 192). 

a) If the product Jf^Z be expressed in the form 

210) II "2 Wife + J^'i^)' n'i-'^(fiii%+S',,r,;) (*-l,..,m) 
we have ^"^ ^"^ 

^i —. Vih ifa — ^ih Pij = '</? ^ij = PiJ (* = !,.•.,♦'») 
«}*-«,», /j;*-/},*, yl.-y,,, *5,-da {!]Zh'.'.'.% k^j^' 
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Henoe 

I(a^ /J^ /, «o ^ y' «.* «it +2 y*^^'^ + ^' w^ 



m 



imml 

upon applying 209) and 76). Hence MjT does not satisfy 209), 
while MiMjZ does. 

b) If the product Nm^j^xT be expressed in the form 210), we have 

Or» — dCrt, firt — fin (r, S ■— 1, . . ., m) 

yr. = Yr», *r# — *r# (r, 5 — 1, . . ., m; 5 +^;i) 

yr« •= yrw + Xttri, /r/ — Yrj + OCarm + ^^^Ctrj (r — 1, . . ., m) 

*rm-- drm + Kfirjy 8rJ - 8rJ + XPrm+ ^^C^firJ (r = 1, . . ., m). 

Hence J(a',/J',y',d') equals 

r, « g sl,.. . , rn m tn 

m / m \ 

^I{u,§,Yyi) + x2(«rmi5ry+«rii5.«)+Ax«( ^^'-i/'-i + ^^mi + ^/^^ij- 
r-i 1 \r—l / 

Bat the last two sums are zero by 76) and 193). 

c) An analogous proof holds for iVij,, {},j < w»), the above 
terms involving Xx^ not being present. 

d) Since the substitutions C/,/,x> ^ui,» ihj — 1; . . ., w) and Pfj, 
Ti,x (i,j < ^y if ^ ■= ^0 may be expressed as a product of the JVi,y,x 
and an even number of the Mi (§ 202), the products T|,xZ, Q/,>,xZ, 
etc., will satisfy 209) if Z does. 

Inversely, every substitution S of Gx which satisfies 209) belongs 
to J I. In fact, by the proof given in § 202, S is of one of the two 
forms Ky KMm, where K is derived from*) MiMj, 0/,i,x; ^tj,*, 
-R^,i,x (.hi -h- V my, P,y, r^, (i, j < m if ^ - ;i'). Since S shaU 
satisfy 209), it is not of the form KM^. It remains to show that 
these substitutions MiM^y Qi^it»7 - - -> ^^x belong to Jx. 

For m > 2, Ji contains Qui^ny the transformed of JVi-,^,x by 
MjMk (h =^f, j); also Rij,M and ^y,,-,x; the transformed of JVi,/,* and 
9<.i. » respectively by MiMj. Applying the formulae at the beginning 
of § 202, we reach P.^ and Ti^^Tj^^ (i, j < m, if ;L = I'). Then Ji 
contains T^,^ 2^,^— i, the transformed of the latter by MmMj. The 
product of the two gives Ti^fi*. 



N,.i,n. 



1) By 196), L and therefore erery O^^ is derived from M^M^^ Qii,x ^^ 
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For m = 2, Ji contains M^M^, Ti^^, -^2,1,*^ ^A.*y Qt,u»y ^i,i,«. 
If A — 0, Ji contains T^^ = QT\,iQu%,iQ%,iA' 

The fact that M^M^ and ^1,8. x do not generate J^y for m ^2y 
follows readily from § 196. Since M^M^ transforms Ni^%,n into 12i,t,x> 
every substitution derived from the two former may be given the 
form V or VM^M^^ where V is derived from ^i.g,* and iJi.i.x. The 
latter two are of the form 181). Hence the group of the substitu- 
tions F is a subgroup of the group of the substitutions 181) having 
the order v = (2* » — 1) 2". 

Hence M^M^ and the ^1,8, x generate a group whose order is at 
most 2v. But 2v < (2*»- 1)*22», the order of J^ for m - 2. 

It follows similarly from §§ 197—198 that M^M^ and iVi.i,x do 
not generate Jr for w =» 2. This result may be shown directly for 
the case n^=\, when Jx' has the order 60 (§ 204). In fact^ setting 
M^M^M^y N = Ni,i,iy J?=i?2,i,i=» Jf~^^-3f, the group generated 
by M and N contains only ten distinct substitutions: 

J, M, N, JB, NM, BM, RN, NR, NBM, BNM. 

For m — 2, the structure of Jq was determined in § 196 and 
that of Jr in §§ 197—198. 

206. Theorem. — The senary first hypoabelia/n group Jq in the 
GF\2^'] is a simple grcmp holoedricMy isomorphic ivUh LF(4, 2"). 

We obtained in § 163 a senary group Gl,^, leaving absolutely 
invariant Y Y Y Y MY Y 

which is holoedrically isomorphic with the simple group LF(4, 2*). 
To identify (ri, 2 with Jq (m = 3), we set 

The general substitution \a\ of (r/ 2 , given in § 164^ may be written 

Si Is Is % Vi Vi 

In this form the notation agrees with that employed in § 201 for 
the substitutions of Jq. In view of § 165, the above general sub- 
stitution of Gl% must satisfy the relation (mod 2) 

«11*11+ «12 *12+ ^n *18+ «^21 *21+ «22 *22+ «28 *28+ «81*81 + «82 *82+ «SS *83 =1- 

But this is relation 209) for A » 0, m = 3, which defines the sub- 
group Jq of the first hypoabelian group. Hence GI^^^Jq. 



"ll 


"is 


"ij 


yi8 


rii 


yu 


"m 


«28 


«2S 


^28 


^22 


^21 


«»1 


ass 


«88 


ys8 


y82 


rsi 


Ai 


/^ss 


/^SS 


*88 


*82 


*81 


fti 


fts 


fts 


*28 


djj 


dji 


Pn 


fts 


ft» 


*18 


*12 


*U 
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209 



207. Theorem. — The senary second hyperabelian group Jx' in 
the ^^"[2"] is a simple group holoedricdily isomorphic mith HA(4^2***). 

We begin as in § 190; bnt make the following transformation 
of indices, including the transformation 204) for m — 3: 

The invariant of the second compound gronp is transformed thus: 

If we take ^ . . ,^ , 

the substitntion 206) becomes in the new indices a substitution 202) 
with coefficients in the GF[2^^, In particular , if © be a suitable 
primitive root of the G2^[2*"], r will be the primitive root q of 

a;*''+^ = l. We thus reach, by 207), the substitution L. 

We next express in the new indices the general substitution [ajj, 
given in § 164, of the second compoimd A4, 2 of the group of qua- 
ternary Abelian substitutions of determinant unity in the G^i^[2"]. 
For example, it will replace I2 ^ ^13 ^7' 



13 

12 



+ 



18 
13 

13 
84 



i.+ A Si+ 



18 
23 



^1 + 



13 
24 



% 



{l'^%+ ^'^'6-%). 



il3 



Here the coefficient of |j is ~ (mod 2) and that of % is A"-^/* 



since 



13 
12 



+ 



13 
84 



«ii ''is 

^81 ^32 



+ 



«18 «14 
«83 «^84 







by one of the Abelian conditions, while A*<y~^ + tf + 1 = by 203). 
Proceeding in this maimer, we find that \a\ takes the form 

bl 82 ©8 



% 



% 



% 






211) M_ 

Dickson Linear Oroaps. 



14 




14 


14 




13 


13 




13 


14 




13 


12 


1 


12 


14 


13 





24 




24 


14 


13 


2 3 




23 


14 




13 



I 

X 

1 



X 

X 



8 



— 1 



9 

1_ 
s 



14 
12 

13 
12 

12 

12 

1 

241 
121 

231 

12! 



14 
24 



14 
28 



+ A-1 X 



8 



13 




13 


24 




23 


12 


1 

X « 


12 


24 


23 





24 




24 


24 




23 



23 
24 



23' 

231 



14 
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To prove that this sabstitntion satisfies relation 209) for m =3, 

consider it to be expressed in the notation used for the general 

substitution [a], of § 206. The condition 209) built for the sub- 
stitution 211) therefore becomes 

'=3 (mod 2). 



14 
14 


28 
28 


+ 


14 
18 


231 

24;^ 


13' 
14 


231^ 


13 
13 


24 
24 


^ 12 



The left member may be written (mod 2): 

0^3 0^4 

'11 "82 "88 **84 "T "Ji ^fi «28 ^4 T "41 ^ ^"^28 ^4 

«82 *^88 «84 

Upon expanding according to the elements of the first column the 
determinant on the left of the following identity 



ff„ 


«n 




«»« «M 


«u 


+ a»i 


Ua "a 


"44 





«18 


«u 




"fe «M 


«»4 


+ "41 


<t« <*ia 


"u 





+ «!iak + «M«fr 



^11 



«12 «18 «14 



'21 «^2 «^8 «24 



a 



81 



'41 



'82 



a 



88 



a 



43 



'84 



'44 



= 1, 



we obtain the first three terms in the above expression together with 



a 



21 



«12 <*18 «14 














<*82 <*88 *'84 


+ «11«22 


«88 «84 
«48 «44 


+ «81«12 


«28 «24 
«48 «44 


+^41^12 


«2S «24 
«88 «84 


«42 «^48 «44 















It remains to show that the sum of these terms together with 
"'ii^'tt'^ "li^li ^ zero. Upon applying the Abelian relations (mod 2), 



<'88 <*84 


^ 


^'ll «12 


; 


«82 «84 




"12 «14 


; 


«82 «88 


^^ 


«12 «lt 


«48 «44 




«21 «22 




«42 «44 




«22 «24 




^42 ^43 




^2 «48 


«28 «24 




«21 «22 


• 


«28 «24 




«21 <*22 


■ 


<'l8 «14 




«8l «82 


«48 ^U 




«41 ''42 


7 


«88 «84 




«81 «82 


7 


«28 <'24 




ce^i cc^ 



the sum is seen to be congruent to zero (mod 2). The substitutions 
211) therefore belong to Jr. Their number equals the order 

(2*»-l)2««(2««-l)2» 

of the quaternary Abelian group SA(4^ 2») (§ 115), which was shown 
above to be holoedrically isomorphic with the group of the sub- 
stitutions 211) leaving % fixed. We prove in the next section that 
this number equals tiie total number of substitutions belonging to 
«7i' (m — 3) and leaving % fixed. It follows that the substitutions 
211) include the following substitutions of Ji' not altering iy,„: 

Jfi-lfj, JVi,a,K, ^m,i,x, iV«,a,K, Q^i^n. 
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These substitutionfl must therefore belong to the group C, the second 
compound of HA(^ 2^^) when expressed in the indices |,, rji. Also 
C contains L and therefore also Mi Mm by formula 196). Hence C 
contains all the generators of Ji' (m = 3). But the order of C, being 
equal to that of HA {4, 2^''), is 

(24«_i)2»»(2»" + l)2««(2>»-l)2», 

which equals the order of Ji' (w = 3). Hence Ji' = C. 

208. Theorem. — If m^3, the number of substitutions of Jr 
which leave |m fixed is 

(2«"+l)2»«(22»-l)»2«». 
If a substitution 8 of Jr does not alter £m tuid replaces i^m hy 

m 

we must have^ in virtue of the relations 78) and 194), 



m 



212) dmm^ l>^PmjS^J+ XfiJnm = 0. 

We proceed to prove, inversely, that if fimj, S^j be any set of solu- 
tions in the 0F\2*] of 212) there exists a substitution Z in Ji* 
which leaves Im fixed and replaces rim by /)„. 

If /Jm/— ^mi^" (j — 1, . . ., w — 1), then fimm^O Or A-^ Hence 
we may take as Z the identity or M^MmL respectively. 

In the contrary case, let fims 4° 0, for example. Then Jxf contains 
a first hypoabelian substitution T leaving |m and rjm fixed and re- 
placing % ^J 

since fimi9mi+ §m%S — in virtue of 212). Then we may take 

For m — 3, the number of sets of solutions in the GF[2^'] of 212): 

is (2«»+ 1)2«". Indeed, there are 2'— ^ distinct values in the GJP[2»] of 

By § 204, /Jmi^mi + ZS^s^ms-T hw 2»»4-2*»-2'» sets of solutions 
if t ■= 0; while, if t have any one of the 2*'~^ — 1 possible values 
s4=0, it has 

14 ♦ 
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l ^yi -^g ,g; = 2« (2* •• — 1) 

sets of solutions; and therefore in all 

28'» + 2*" — 2« + (2«-i — 1) 2*« (2*'' — 1) = 2*"-i + 2*«-^ 
sets of solutions. But each value of r furnishes two values of /}, 



ntn* 



209. Theorem. — Th^ hfff>oabelian groups Ji on 2m > 6 indices 
are simple. 

Let £ be a self- conjugate subgroup of J2 containing a substitution 



m tn 



not the identity /. We first prove that K contains a substittdion 4= ^ 
which multiplies i^ by a constant Let S replace Ij by 



m 



where by 194), >-i 

in 

213) 2«imi+ ^«!m+ AyL- 0. 

If /"j =^ «iili; we have one of the following three sub -cases, 
a) y^i 4* ^* l^b^i^ «^Ji contains the product 

which replaces li by yjj*6i wid fli ^7 tti© function 

ynK«i2yi8 + • • • + aimyim + ^«im + ^Am)ii + ^11% +^ (ffiil/ + yunj)' 

This equals f^^ since the coefficient of Ij is congruent to an modulo 2, 
in virtue of 213). Hence K contains S^^^T^^ST, which replaces 
Si ty y-1%. 

If Ji contains a substitution 2\ which leaves 1^ and tj^ fixed 
and is not commutative with Si, K wiU contain the product 

which leaves 1^ fixed. Suppose on the contrary that S^ is commu- 
tative with every substitution of Jx which leaves Ij and ly^ fixed. 
Among the latter are i?2,3,x and ^3,2,x. If we equate the two 
expressions by which SiB^^z^^ and JRs,»,xSi replace t;8, we find 

ly^ + xSi-iji + Olj + Ols- 

Similarly, if S^ be commutative with ^8,2,x; we have 
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Hence 6^ = ( )62. Transforming S^ by Pj^ we obtain a substitution 
4° I which multiplies ^^ by a constant and belongs to K. 

b)Letyii«»0, aj, = ajj — •••=■ aim— i — and, if il — 0, also 
«im =='0. 1£ X "^ X'f we must have ai«— yim** 0, since 213) reduces to 

(Xlmyifn+ X'alm+ X'ylm'^ 0, 

whereas Q (§ 199) is irreducible in the field. Since /i=|=tfiili; we 
cannot have yi2 — ?i8 ■" • • • *** yim— i together with yim —0, if X — 0. 
Transforming 5 by a suitable Pj^ (j <m, if il — A') , we reach a 
substitution S' having y^^ ^ ^ ^^^ belonging to K, Transforming S' 
by M^M^, we reach a substitution of £ in which yn'^O, a^^'^^ 
[case c)]. 

c) Let yu -= 0, o^j, . . ., aim— i; ^im be not all zero if A — 0; 
let yii «= 0, Oij, . . .; flfiTO— 1 be not all zero if il — A'. Transforming S 
by a suitable P^j, we reach a substitution 8' of K having a^2 4° ^• 
Then Ji contains 

which does not alter l^ but replaces 1^ ^7 

m 

Since y^^ — 0, this reduces to f^ in virtue of 213). Hence K con- 
tains Sj, the transformed of S' by T, which replaces li by |j. 

If /Si be commutative with both iJ8,i,x and 128,2,x, it merely 
multiplies |, by a constant, so that its transform by P^, gives the 
required substitution. In &ct, SiBz,j,m and B^^j^xSi replace ry by 
respectively ^, ^ ^^,^ ,; + ( )|,+ ( )|,. 

In the contrary case, K contains the two products 

Sr ' Bs^j^xSiB^j^n (j — 1, 2) 

which leave 1^ fixed and do not both reduce to the identity. 

Next, K contains a si4ibstitution 4= ^ leaving li and ^^ fixed. We 
have previously reached in £ a substitution 5 4*-^'^^^^^ replaces 1^ 

by all. Let it replace ijj ^7 2'0'iil/+ *ii%). By an Abelian 
relation 78), di^^arK By 194), we have 

214) 2 i'li*!^ + ^i'i'« + ^^Jfm - 0. 
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a) Let fti-O, fiij^dij^O = 2, . . .,m - 1), and, if 1 = 0, 
also fii^^dtm^O. If A = A', then must ft«==*i«=0 by 214). 
Evidently 8^Tt,aSij where 5, leaves i^ and i^ fixed. By the 
Abelian relations 78), S^ involves only the indices §,-, i}{ (t— -2, ...,m). 
If Si be not commutative with every substitution Z^ of Ji which 
does not involve ^, tii, then K will contain a product 

which leaves || and rj^ fixed. In the contrary case. Si is commu- 
tative with jRt,8,x and Qt,t,x, so that, as shown above, 5^ will replace 
Is by (»!,. Since S| is to be commutative with M^M^ also, it will 
replace rj^ by qtj^. Hence, by an Abelian relation, (>'»!; whence 
(» — 1. Transforming S by P^^, we obtain a substitution 4= ^ which 
leaves ^ and 17^ fixed and belongs to K. 

b) Let /J,i =- 0, /Ji^, di^ (J « 2, . . ., m) be not all zero if il = 0, 
but let /?!! — 0, fiij, dij {j ^^2, . . .ytn — 1) be not all zero if il «= 2'. 
Then by § 202, Ji contains a substitution T, affecting only 

which rephices |, by ^'' "^^ ^' « 2, . . ., «•), 

Hence K contains Sj, the transformed of S by T. Si replaces ^ by 
a|, and tji by a-^i^i + l,. 

If Jz contains a substitution F, leaving 1^, %, I, fixed, which 
is not commutative with Si, K will contain 

which leaves S^ and rii fixed. 

In the contrary case. Si will be commutative with 22s, s, 2 &iid 
iim,a,ii and Jtfi-flfm. Equating the two functions by which SijBi,s,k 
and J?j,i,x/Si replace %, we find 63 =* ( )58+( )l%- Equating the 
two functions by which SiBm,%,* and jBm,5,«Si replace i^m, we find 
*^* ^8 ■" ( )l8 + ( )lm. Hence |g — (>|j. Since /Si is to be commu- 
tative with M^Mmj Vs^ Q'^Z' Then p = 1. Transforming Si by P^, 
we have a substitution ^I m K which leaves || and % fixed. 

c) Let /Jji =f= 0. We can determine a substitution S^ of K of 
form similar to that of S but having also d,2 4= 0. In fact, if A «« 0, 
the products ^\j8ij (j « 2, . . ., w) are not all zero by 214). Trans- 
forming by a suitable Pj^, we have finSn^ 0. If A = A', the same 
result follows unless /Ji/— di^= (j «= 2, . . ., w — 1), in which case 
either /Sim =1=0 or di^ + O by 214). In the latter case, we can take 
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Ji^a^O, transforming by M%Mm if necessary. Transforming the 
resulting sabstitation of the form 

by the substitution Rm^t^ny we obtain a similar substitution having 
in ri\ the additional term x dim Is* 

Recurring to S\ in which tfi2 4*0^ ^^ transform it by T^yS"^^ 
and obtain a substitution S^^ of K having the form 



m 



Consider the following product, leaving gj, ijj, I, fixed, 

W= ^8,2,<r„ J^,2,/J„ . . . Qf^i^hm-^^^ film- 
It replaces 172 by the function 

m 

in which the coefficient of I, equals /Sna^^ + jUis l^y 214), since 
di2 ■= 1 and d^ «= a~^. Hence "FT transforms S^ into the substitution S^: 

Let fi^: p^^a'~^ =^0. K among the substitutions ^s, «, /i ^8» s, ij 
Ti^fiMiMi, etc., of eTji, leaving Ij, i^j and ftjj + % invariant, there 
exists one, say F, which is not commutative with 8^, then K contains 

which leaves |j and ^^ fixed. In the contrary case, we find, on 
equating the functions by which S^Q^t^f^Nt^z^i and ^3,8,^^2, 8,1 5^2 
replace ^, that 

By one of the relations 194), we find a^g «= 0. Then, if Sj be also 
commutative with Ti^f^MiM^, we must have 1^ = I3, Vi'^Vs- 

In proving that K contains a substitution S =^I which leaves |] 
and 7j^ fixed, we assumed the existence of the indices 

i, tii (i = 1, 2, 3, m) 

only. But, by the relations 78) and 194) iS is a hypoabelian sub- 
stitution on the indices |;, rjt (i = 2, . . ., m). Hence, if m > 4, a 
repetition of the previous argument shows that K contains a sub- 
stitution =4=2 involving only the indices S,-, tji (i « 3, . . ., w). After 
m — 3 such steps, we reach in £ a substitution 4= I and affecting 
only six indices |,-, tji (i ■= m — 2, m — 1, m). In view of the sim- 
plicity of the senary hypoabelian groups, K will contain all the sub- 
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stitutions of Ji will affect only the last six indices^ and; in particular, 
MiMjy Ni^j^tc (i,j'^m — 2y wt — 1, m). Transforming the lat^r by 
suitable substitutions Pn {r, s <m, if X — A'), we reach all the 
generators of Jz. Hence K = Jx, so that Jx is a simple group. 

In view of the importance of the subgroups J^ and J2' of the 
first and second hypoabelian groups respectively, they will be 
designated by the more explicit notation FH(2m, 2") and SH{2m, 2"). 
They are both simple when m ^ 3. The second is simple and the 
first is composite for w «= 2 (§§ 196 — 198). 

210. MISCELLANEOUS EXERCISES UPON CHAPTERS I— Vm 

1. Every w-ary linear homogeneous substitution in the 6rJP[2] leaves 

invariant the function Sj + 5^ H h s^, where Sr denotes the sum of 

the products of the m indices taken r at a time. 

2. An w-ary linear homogeneous substitution in the GF[p^] of 
determinant D multiplies by D the function of the indices 



Y~ 



Si *2 • • • Sin 

fcP" tP** iP"" 

SI St • • • Stn 



P«(to — 1) p«(in— 1) -«(m — 1) 

SI S8 • • • Sm 



Hence Y is a relative invariant of the group GLH{m^p^\ 

3. The structure of the m-ary linear homogeneous group in the 
G^jp[2«] which leaves j! + J| + • • • + 5m absolutely invariant may be 
derived from that of the special linear group SLH(m — 1, 2**). 

[Take as new indices X\^i^ + i^'\ r ^^ and I,-, I3, . . ., §,„]. 

4. Those substitutions of the hjrperorthogonal group 6rm,2,n (§ 143) 
whose coefficients all belong to the GrF[2**] form a group G^ a subgroup 
of the group of Ex. 3. Prove that G is generated by the binary sub- 

and that (r is a solvable group of order 2""'^'"""*)/^. 

5. Consider the group C of 2wi-ary substitutions in the GF[p^]jp'>' 2, 

m m 

S: i'i=-^(aij^+yurij), rfi ^^ {§iji^+iijry) (i = l,. ..,«») 

common to the special Abelian and orthogonal groups. Being Ahelian 
its reciprocal is obtained by replacing a,-^, y,^, fiij, 64^ by djij — y^,-, 
— ft«, ctji respectively. Being orthogonal, its reciprocal is obtained by 
replacing the former by a^^, jj^/, y^;, dj{. Hence must 

c) aji =- 6^{^ §ji «=- — yji (i, j — 1, . . ., m). 
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The conditions that an arbitrary substitution 5, for which c) hold, shall 
be orthogonal are the same as the conditions that it shall be a special 
Abelian substitution. 

6. The most general 2ni-ar7 substitution commutatiye with the 
special Abelian substitution M = MiMi . . . Mm has the form 



m m 



The group in the GF[p^], p> 2^ commutative with M is identical 
with C of Ex. 6. 

7. Setting -1— J*, Xf — fe + Ji^,-, Aij= at^ —lytj, S of Ex. 6 
becomes 

m 

If — 1 be a not -square in the GrF[p*]^ we may pass, inversely, from 
an arbitrary substitution Z in the GFlp^**] to a substitution iS in the 
GrJPfj)"] by equating the coefficients of I^ and 2. Z leaves invariant 
the function 

III in m 

Hence, if p" be of the form 42 + 1, the group C is simply isomorphic 

with the hyperorthogonal group Qm,p,n* If — 1 be a square in the 

GrJP[j)''], we introduce the further indices Yi = J,- — 7i/,-, BijiziUi^ + Iyifj 
when 8 becomes 

m in 

Z^: X\^^AiiXi, Yi'^^BtjYj (i-l,.:.,m) 

leaving invariant ^^Z/Y,-. Inversely, from every substitution Z^ we 

»=sl 

derive a substitution of the form S, The group of "dualistic" substitu- 
tions is simply isomorphic with GLH{myP'^\ since the Bt^ are determined 
in terms of tiie ^'s. 

8. The simple group il(4,|>"), p > 2, of order 

contains just two sets of conjugate substitutions of period 2. The one 
set contains y(^**"^^)^^" substitutions conjugate with Tj^— i. Those 
of the other set are conjugate with M^M^ and are in number 
Yi)**(p*'»-f 1)(p"HF 1) according to the form 42^1 of p*. 



2Ift 



*^xyTESi 



J], Hh ik^ mkfgr'jsp ^y> ''^^ ^4.^ tcrrMygi^. 

J2, Ifi «*r tiuft iiff ^• — 1*^^' 

tiOD into #(^""^ -- « "^'^ '7 * Ksarj j==ifar ga ^tsIujj OR 
in the OV\ff^ . h ia £iW9M»rT acii 
Ul//ng V> th* ^.^Z' j/> 



«c^-^^% 



4r# 



^sa^ac£fr 4^ 



nsio i^ ij scfta 



CHAFTEB EL 



LIXEAB GROUPS WITH CEBTAK IXVABLLST3 

OF DEGREE 5 > 2. 

211. (/'ftm4>!r th« gromp ^, of sabsdtntioiis in an arbitiarT field 



r 



H 



yl -^(M'j -i- !«<> » -r 'y f») (1 = 1, - . . , r) 



r 



^ ''^(h^j + ^ijyj + ».jff^) 



>=i 



which leare absolutely invariaiit the fdnctioii of degree g » 3 



r 



»=i 



It will be c^^nyenient to employ a symbol, analogous to a determinant, 



I A IJ C 
yahc 



:- A fie + Ayb + Bac + Bya + Cab + Cfia. 



The conditions that 8 shall leave 0, absolutely inTariant are then 

r r r 

215) ^L,jX„l„-0, ^ M,jHiim„=0, ^ NijVijn,j-0, 



i«=l 



» = 1 
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r 

216) 2 {L„ki)ln + Liihikn + hihiLiu) = 0, 



r 



217) 2 (Lifhjmn + Liil„iin+ A,^Z,v Jlf«) = 0, 



1 = 1 



218) 2 (-^'Z^'/"** + ■^.v^'/v.i + XijhiNn) - 0, 
1=1 



219) 



220) 



r 

f=:l 



r 
t = l 



^ij hk ht) 



1 = 1 



lij lik fi^it. 



r(LijLikNit 

— 0, ^ I Xij Aft v,< 
• = M ^f/ hi f^it 



0, 



LijMaNit 

hi (^Hk '^it 

lij niik nit 



1 




(if j-A: = 
(unless j = k = t), 



where, throaghout, i, j, ft — 1, . . ., r, while ft =4= j in 216) and 219), 
and t=^j,Jc in the first of the relations 219); together with relations 
derived from 216), 217), 218) and 219) upon interchanging L, X, I 
with M, ft, m or with N, v, n. But relation 216) must also hold for 
ft « j, being then derived from the first one of set 215) upon multiply- 
ing tiie latter by 3. Similarly 219) must hold for ft = j, being then 
derived from 216), 217), 218). Lastly, the first of relations 219) 
must hold for ^ = ft « j, being then derived from the first of the 
set 215) upon multiplying by 6. Hence the above conditions must 
hold for i, j, ft « 1, . . ., r independently. 

Let j be any fixed integer ^ r and consider the Sr equations 
216), 217), 218) for ft — 1, . . ., r. Taking as unknowns the 3r products 



221) 



^tjhj} Lijlijj hjhj 



(< - 1, . . ., r). 



the determinant of their coefElcients is seen to equal the determinant 
of iS and is therefore not zero by hypothesis. Hence the products 221) 
are all zero. From the analogous conditions. 



222) 
223) 






(i,j-l,...,r), 
(i, j-l,...,r). 



Expanding the symbols in 219) according to the 'last columns 
and applying a similar reasoning to the resulting equations, we find 

224) LijXijt + Likhj ™ Lijlik + i/t^fV '^ h^hk + hkhs = 0. 

We obtain similar identities 225) and 226) between the Jf, ft, m and 
the N, V, n. From 220) for j + ft and the following of type 219), 
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LijMikLit 



Xi I ^ii f*<* ¥^t 



0> ^1 ^^i i^»* ^/r}—0, 

•=i 1 lamn, lit 



each set holding for ^ «= 1, . . ., r, we derive as above 

227) Lijfiijt + Miklij — Lijinn + Malij = Xiftnik + tinhj = . 
By a similar process^ we get, for h =^j, 

228) LijVijt + NikXij = LijHijt + Nahj = kfjUtk + vnth^ =- 0, 

229) Nijfiit + MikVij « Nijmik+ Mikfin « v^w*.* + fr*«</ — 0. 

212. Theorem. — The group G^ is generated by (he substiiiMons 

230) (Xif/i), (XiJSi) , Pij = (XiXj) (if iff j) {ZiZi). 
together wUh the substitutions of the type 

231) afi — LiXi, j/i — (liyi, /< « w.-0„ Liiitni = 1, (f — 1, . . ., r). 

Let 5 denote any given substitution of O^. We can determine 
a suitable product Z of the substitutions 230) such that 1.8 = 8^ will 
have the coefBcient i^ + 0. Then by 221), 224), 227), 228), we find 

^u — ^u'^O, Aii=Zn«0, f*i* — wn«0, vu=nit— (i — 2,...,r). 

Hence /S^ replaces y^ and ^^ by the respective fanctions 

The product ZiSi^Sg, where Z^ is the identity if fHi=l=0 ^^* 
Zi= (yi^i) if fill = 0, will be of the form 8^ with the new coefficient 
fill =1= 0. Then by 222), 225), 227) and 229), we find 

-S^ii-Wu-O, -Mii-O, lriy=0, iViy-0 (j,A;=-2, ...,r). 

Hence must n^ =4= and therefore ^n «= Vu « by 223). Hence 8^ 
replaces Xi, y^, z^ by L^iX^, l^ntfif ^ii^i- respectively. Also 

S-Z-'zr'Sg. 

Since the determinant of 8^ is not zero, the coefficients L^j, 
^9j} ^ai ( J ^ 2, . . ., r) are not all zero. We may therefore determine 
a suitable product Z' of the substitutions 230), in which i, j > 1, 
such that Z'/Sj^/Sj will have L^^^^- Proceeding as above, we 
find that S — ^"8^, where Z" is derived from the substitutions 230), 
while /S4 merely multiplies x^y y^y ss^f ^f V^f^i ^7 constants. After r 
such steps, we reach a substitution of the form 231). 

Corollary. — Any substitution leaving Os invariant may be 
expressed as a product AB, where A is of the form 231) and B is 
derived from the substitutions 230). 
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218. The preceding methods may be employed^) to inyestigate 
the group Gq of linear substitutions S on rq indices with coefficients 
in an arbitrary field which leave absolutely invariant the innction 

r 

For g > 2, it is seen that S ^AB, where A merely multiplies each 
index |,y by a constant^ while J3 is a permutation on the indices |/y 
having the imprimitive systems^) 

The substitutions A form a commutative group which is transformed 
into itself by every substitution B and is therefore self- conjugate 
under Qq, The quotient -group is the group of the substitutions B. 
The latter has a self-conjugate subgroup R formed by the direct product 
of r symmetric groups, the general one being on the q letters |;i, 
iii} ' ' -yhg'^ the quotient- group {L)/B is a symmetric group on 
r letters, viz., the r sets 232). The structure of the group Gg, g>2, 
is therefore completely determined. The result is essentially different 
from that for the case g =- 2 (see § 196). 

CHAPTER X. 

CANONICAL FORM AND CLASSIFICATION OF LINEAR 

SUBSTITTJTIONS. 

Cawmical form of linear homogeneous substitutions'), §§ 214 — 216. 

214. Consider a substitation with coefficients in the GF[ji^], 

S: 15 =^ Uij^ (i « 1, . . ., m). 

In order that S shall multiply by a constant K the linear function 

we must have 1|.^m»> » 

m 

^ XiUij -= KXj ( j = 1, . . ., m). 



or 



1) Proceed. Lond. Math. Soc., vol. 80, pp. 200 — 208. On pp. 203—204 the 
nmnerical factors are incorrect; C should equal t^l t^l , , . ttl The proof 
however is valid. 

2) Breplacestheindicesof any 8et£ii, |<2, • . ., |«9 by indices all in one set. 

3) For n = l, the results are due to Jordan, Traits, pp. 114— 126. The 
simple proof by induction of the fundamental theorem is due to the author, 
American Journal, vol. 22, pp. 121—187. 
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Hence K mnst be a root of the characteristic equation 



A(ir)HE 



a^i-K «i, 



• . • «i« 



a, 



21 



Ojj — JC . . . as) 



^1 



^s 



• • • ^^m -"- 



= 0. 



Corresponding to each root Kj we may determine at least one set 
of solutions Xi of the above linear equations and hence one invariant 
function tj. 

If A(£) « has m distinct roots K^, K^, . . ,, K^ (not necessarily 
in the initial GF[p^]\ we reach m linear functions i/i, %,..., i?m, 
which S multiplies hjf K^, K^y . . ., ^ respectively. These functions 
are linearly independent with respect to the variables %i. For^ if 
constants fi^ exist such that 

fh^i + ft % H 1- ihnrim = 0, 

we have on applying the substitutions S, S*, . . ., S*~^ the further 
identities 



0, 
0, 



-^ ^fh% + -^2* ^ft%H 1--^ ^llrnVm=0. 



But the determinant 



1 



1 



...1 

• • • ■**-m 



m— 1 



1 /Lj ... JLfn 



I— 1 



Hence 



ft- ft 



— f«m— 0. 



Introducing the linear functions i^^ as new indices in place of 
the ^i, the substitution S takes the canonical form 



S': 



ij5 — Kifji 



(i -= 1, . . ., w). 



If we take in place of ^^ a suitable multiple of tji, we may suppose 
the reduction of S to iS' to be accomplished by a transformation of 
indices of determinant unity. 

Suppose, however, that the roots of A(-ff) « are not all 
distinct Let 
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A(ir) = [FkiK)-]- [Fi{K)y ... (ka + ip + '^' = m) 

where Fk{K)y Fi{K),,.. are the distinct factors of A(JC) which 
belong to and are irreducible in the GFlp""]. Designate the roots 
of Fk{K) = 0, and of Fi(L) — 0, etc., by the notations 

A; -^i---^o? A = -^o } ' ' 'f Li^i^Ll ;... 

Theorem. — By a suitable i/romsformoMon of indices, S can be 
reduced to a canonical form of the foUomng type: 

r{ix « KiTin y rlii - ^iijln + nn-i) U - 2, . . ., a,) 

(i-O, l,...,i-l) 
fii — Liin , ^ij = i,(g.-^ + tij-i) ( j =« 2, . . ., 6i) 

where 0^^ + a^ + a^-\ — a, fei+^sH '='/'>•••; ^^ w^A^e tte 

indices have the properties: 

1) The indices i^o* (s — 1, . . ., a) are linear homogeneous functions 
of the initial indices |,- hcmng as coefficients polynomials in Kq with 
coefficiefUs in the G-Flp*']] 

2) The indices riu are conjugate to the i^oo being obtained by re- 
placing Kq by Kt in the coefficients of lyo*; 

3) The indices ^o« (s — 1, ...,/J) are linear homogeneous functions 
of the indices %i whose coefficients are polynomials in Lq with coefficients 
in the G^jP[jp'*]; 

4) The indices fc, are obtained from the fo« by replacing L^ by Li] etc, 

5) The ka indices riu (* = 0, 1, . . ., A; — 1; s — 1, . . ., a) may be 
replaced by ka linear homogeneous functions y^ of the initial indices |< 
toith coefficients in the GFlp""], such that S replaces each y,-, by a 
linear homogeneous function of the y^ with coefficients in the G^i^Ejp"]; 

6) The Ifi indices ti, may be replaced by an equal number of linear 
homogeneous functions zu of the || with coefficients in the G^l^[jp"], such 
that S replaces each by a linear homogeneous function of the Su wUh 
confidents in the field; etc. 



¥f/rihe(ameu»fi^'"^lf we obiaiiied aborre die esmmtal fonn 

e,-i^fci i»0,l,..-,J-l) 

wh^e f^ — /(fe, - ', !•? ^) «>i i^ii -"/' 5if - -7 £•: ^)f «ii mnihrfT, 
£^1 are CfmjagtiJte with {^. The new indieea therefore hare the 
properties 1) — 4). 

We wiD prore the general theorem bj iadnctioii, siq^MMBiig it 
tme for ererj rabftitation bdcmgiiig to the GF\jf] whose diar- 
aeteristic determinant has no irredneible fretors other than ^(J^T^, 

Fi(IC), . , ,y and has these to a degree at most a^l^ fi, leipee' 

tively. We will prore that the theorem is true for any so h s tituti on S 
tcnr which these factors occor to the degree a, fi, . . . reapectiTelT, 
where a> h 

Corresponding to the distinct roots i£^, JE^ ..., Ki^i of J^(JSr)»0. 
we obtain as abore a set of lineariy independent conjugate fonctions 
If,, Xi, . . .J ^k-^i which S multiplies by K^, K^, . . ., Kk^i respectiTdj. 
We may introdnce these in place of an eqnsl number of the original 
indices, e. g^ ^^t^i, ...,!«. The substitution S then takes the form 

^' W^-^fi^^^+2^0^ (.•-l,2,...,»-i). 
The coeffieienis fifj bdcng to the GF[p^]. Indeed, we may set 

(i-0,l,...,i-l) 

where the X/ are linear functions of the |i with coefficients in the 
OrF[f^\ Since the Xi are linearly independent, the X,- must be 
linearly independent functions of the $,. Since 

the Xj can be expressed as linear functions of the Z|. Taking the X^ 
as new indices in place of the Xi, S' takes the form S", a substitu- 
tion on the indices Xj and ^ with coefficients in the (tjP[|)"]. But 
8" replaces ]^ by 

m^k t— 1 

for i — 1, . . ., m — 4. Since these functions belong to the field for 
arbitrary |/ and Xj, the coefficients fiij, dij must belong to the field. 
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Since the determinant of a linear substitution is not altered by 
a linear transformation of indices (§ 101); the determinant of S^ 
equals the determinant of 8: 

KqKi . . . JKifc—i • I fiij I = D. 

We may, therefore, consider the following substitution in the GF[p^]: 

m—'k 

S,: Vi-^Pijij (i-l,...,m-ft) 

of determinant =4» 0. Also, the characteristic determinant ^(K) of S 
equals that of the transformed substitution S\ viz.: 



*— 1 



£^iK)-]JiK-K,) 



» = 






Hence, the characteristic determinant of S^ is 

Hence, by hypothesis, 8^ can be reduced to a canonical form of the 
above type. Applying the same transformation of indices to 5', it 
takes the form S: 

Xi^KiXi ' (f-0,...,i-l) 

601 = -^oSoi + ^ct'uXi, goy = Lo(toj + &)/-i) + ^c/jiXi ( j - 2, . . ., 61) 



the expression for rfu being derived from that for i^o* hy replacing 
K^ by JEi; the expression for fj, from go* upon replacing Lq by Li, etc. 
To simplify the form of S, introduce as new indices 

*— 1 
To, = i?Oi+^ AsiXi (s -= 1, . . ., a), 

*— 1 



Zot = go* +^, ^si^i (^ "" 1; • • •> jS), . . , 



«=0 



and their conjugate functions T,,, Z.,, . . . Then S replaces Foi- 

Dickson, Linear Gnmpt. 15 



-^>.^ X- 






— AfJ -^^ e»5; - XL±«, — i — i!^j-lfiiiH» 



•.4 



iit*z«^2^ ^ ^ <«»# — 1%^ — i— -a»..ju.x^» 






V 






'O ''^W 

^^■t 



0— 2,.-^tft^ 



f * » t m 



^/*, f » — /y/^i vf I ^ -^'^ -*->"" AC-^ *»-*-> +^ i^t/ l) 



If ihft c/mniAtiU tf(Ki)f if(Ki), %(Ki)f ... are all zero, no farther 
rM\w^ihu \n uPi4*Mmhrj. If any two are not zero, as tp and ^, suppose 
f/ff /^rflriit<yii/m» that «, < a,, and introduce in place of Yii, . . ., Yi^ 
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The sabstitation fi^ replaces Tn, Ytj (j — 2, . . ., o^) by respectively 

Ki Yii, Ki(Yij + riv-i) ( j — 2, . . ., Oi). 

Hence, the introdaction of the Yij has the effect of setting 9 — .0 
in jS^. Proceeding similarly, we can suppose that 9>9 ^y z, . . . are 
all zero but one, say ^^0. In the latter case, we set 

and find for S^ the canonical form 

YA ^KiYny Y/j ^K,iY,j+Ya^i), (j-2,...,ai) 

(j-2,...,a,) 
(j-2,...,aa) 

In every case we reach a canonical form of the type gpven in 
the theorem, for which the indices Yt, have the properties 1) and 2). 
But the indices Z,^ are linear fonctions of the |i with coefficients 
which certainly involve Li and apparently^) also Ki. U the Kt be 
involved, we proceed as follows. From tiie canonical form actually 
reached, S'^YSi, where Fis the partial substitution on the indices 
Yijy not altering the indices Zijj etc., while 8^ does not involve the 
indices Yij, but affects the Zij, etc. Setting 

Yi. = y.+ y'.Ki + t/JK^^ + !i*"'>li:,*"\ 

(s — 1, . . ., «; i — 0, . . ., fc — 1) 

where the y*8 are linear functions of the |,- with coefficients in the 
OF^p"*], we can evidently introduce the y's as new indices in place 
of the Yi9, so that Y takes the form of a substitution belonging to 
the GJP[jp**] and affecting only ha indices. Likewise, by introducing 
in place of the Ztj, etc., an equal number of linear functions 0,-^, etc., 
belonging to the OF[p*']y it is possible to give to S^ the form of a 
substitution in the field and affecting only m — ha indices. Its 
characteristic determinant is [Fi{K)Y . . . Hence, by the hypothesis 
made for the induction, S^ can be reduced by a linear transformation T 
to a canonical form 



1) By the considerations in the text, we may dispense with the difQcult 
proof, analogous to that of Jordan, Traits, pp. 121 — 122, that the Ztj do not 
involve Ki, but the single imaginary Li. 

16* 



2fiH 



wh«re diA {^^ i(r» liiKsr faKSkas of die 1^ vidi coeffidcBte laioliiD g 
tiie imagnuny A coir. As die tnorfomsliaK 2 ib« not alter tte 
indioai wlndi F affset!, we obtm die dnred dBonial fenn. 



215«> CoQfUer m an euaple die ^hatiftion in die GF[^^ ^ 
of die fonn 41 — l, 

haTing die dwneierifllie deieniiiiiaBit 

wherH K*+ 1 is irredneiUe in die field. A root of •*» — 1 bdongi 
to the GF[p^'} but not io the GFlp"]. Tlie fimctions which S 
mnltipliea hj i zad — t are readihr found to be i c ay e ciiie ly 

it, = - t^i + ^ ~ *^ + ^4. ^ = 'X + ^ -r- •*! -r ^^4- 
Introdwiang >4, i, in place of the indices jc^, :i^, S takes the fonn 

;ri — «4 — ^— ij, JP4 — — ^1— i;2ij— 172a,, A^«ii,, i,' = — liU. 

The partial sabstitotion of determinant nnitr, 

z^ = z^f z^= X, 

maltfplies jfj = ;c, — 1X4 by i and multiplies |% = Xj + 1X4 by — L 
Introdacing y, and j^ as new indices in place of X| and x^, S takes 
the form 

Introducing as new indices, 

8 takes the canonical form 

where Aj and A, are conjugate linear functions of li, S^y is9 141 <uid 
likewise for yt,yf 

216. Theorem. — Ttro linear homogeneous substitutions 8 and T 
in the GF[p^'] on (he indices lu^y -j^ have fhe same canonical 
farm C if, and only if , T is (he transformed of 8 by a linear homo- 
geneous suhslii/ution W in the 6rJP[p"] on Oie same indices. 

If r« W''^8Wj then iS can be reduced to I by the introduc- 
tion of new indices defined by the transformation W and therefore 8 
and T hare the same canonical form. 
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Suppose, inyersely, that two substitutions 8 and T in the GF[p^~\ 
on the indices |,- can be reduced to the same canonical form by the 
respective transformations 8' and T\ Let I' denote the transforma- 
tion from the indices li, . . ., Im to the indices T^ig, gi,, . . ., where 

1?,, - r, + YJK^ + YJ'K? + • • • + Y^'-'^Kt"' 

(« -» 1, . . ., a; i = 0, 1, . . ., i — 1) 

&, = z. + zjL, + z;'L? + • • • + z}'"'^ L'r' 

(s = 1, . . ., /J; i = 0, 1, . . ., Z — 1) 

?«, YJ, . . ., Z,, ZJ, . . . being linearly independent linear functions of 
the ii witii coefficients in the GJF'[p"]. Denote by r the trans- 
formation of indices from iy,-,, g,>, ... to F„ F/, . . ., Z,, . . . By 
hypothesis, I ' transforms T into the canonical form C. Let r trans- 
form C into Cr. Then 2'r is a substitution in the GF[p*] which 
transforms T into C*, likewise in the GF[p*]. Similarly, let S' 
denote the transformation from the indices li, . . ., |m to tiie indices 

Vi9} iiM, . . ., where 

Denote by cr the transformation of indices from ijig, £<«,... to 

Yf, . . ., Z«^ ... By hypothesis, 8^ transforms 8 into the canonical 

form Cy which i^ the same substitution on the indices tjit, £^„ . . . 

that C is on the indices i^^,, S/«, . . . Let 6 transform C into Co. 
Then, if iZ be the substitution in the GF[p^~\ which transforms 

Yty . . ., Zff,,. into F«, . . ., J?«, . • . respectiyely, then 

It follows that the product T'tB^S^o)"^ is a substitution on the 
indices ii with coefficients in the GF[p^'] which transforms T into 8. 

§§ 217—220. 
8i4b8tUuMons cammtUaHve toith a given linear substitution^). 

217. Let the given linear homogeneous substitution 8 on m 
indices |,- with coefficients in the GF[p*] be brought to its canonical 
form 8^. For definiteness, suppose there are three sets of new indices, 

VO («-0,l,...,&-l;j-l,. ..,«); iij (i-0,...,Z-l; j«l,...,/J); 

tij (i-0,. . .,?—!; i - 1,. . ., y); 
where 



1) Amer, Joutm.^ vol. 22, pp. 121—187; Proceed. Lond, Math. Soc,, vol. 82, 
pp. 166—170. 
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In order to express more compactly the canonical form S^y we let 
a,b, c denote an arbitrary one of the respective sets of integers 

a) 1, aji + l, Oi + Oj + l,..., ctx+a»H hc^r + l; 

b) 1, 6, + l, 61 + 62 + 1,..., 6^ + 6,+ . -+6, + !; 

C) 1, Ci +1, Ci+Cj + l,..., Ci +0, + h«* + l. 

Also let A denote any integer ^ a not an a^ JS any integer ^ fi 
not 2k hy G any integer ^ y not a c. The canonical form S^ may 
now be written as follows: 

7l\a — KiVliay rfiA "» KiT^iA + JTjI^i^ — 1 (t « 0, 1, . . ., J — 1) 

*{c— Cl^lc, ^('{c— QiifcC + ^<*.c-i (i -=0, 1, . . ., 4 — 1). 

An arbitrary linear homogeneous substitution 2\ on these indices 
replaces i^j^ by a linear function 

233) lDiii?«« + "LEiiix, + ZF;4^^^, 

where (as henceforth) the summation indices hare the series of values 

X — 0; 1, . . ., fc — 1; A -= 0, 1, . . ., Z — 1; |» «- 0, 1, . . ., g — 1; 
t« — 1, . . ., a; t; — 1; . . ., /3; w « 1, . . %, y, 

Jn orefer (hat T^ he commutative with 8^ it is necessary that 233) 
involve only die indices r^iu (u — 1, . . ., a). Equating the fdnctions by 
which T^Si and Sjli replace ly.a, we get 

Xi^ T^ Ml*-' 

Equating the coemdents of the i^'s <md ^s in this identity, we get 

KM'u = JKx l)*,: (« + 4 - 1) 

KiDxA^i ■" JTxDxii— 1 + KxDxA 

E^Eit -Li El: (v+B-l) 

Since i^ =f= Zi, the third equation gives Ext—i ™ 0, where 6 is 
any integer > 1 of the set b). If 6 — 1 is a B, the fourth equation 
gives JBi*_,=. 0. In the contrary case, 6 — 2=f=B — 1, and the third 
equation gives J5i6— 2— 0. Similarly, according as 6 --2 is or is not 
a S, the fourth or third equation gives Ext— 3 "^ 0. Proceeding in 
this manner, we find that every Ex^^O (A — 0,...,Z— 1; i2-*l,...,/J)- 



I 
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By a similar argument ^ the first and second equations give 

2)i«^«0 (x + i, M-l,...,a), Djl-O. 

Equating the coefficients of the ^'s in the above identity^ we 
find analogously that every JP^i — 0. Hence I\ replaces iy,a hy 

^D\l'Via^ (a'-l; a, + l, a, + a^ + l,...), 

a' 

Consider any a such that a+1 is an ^ and equate the functions 
by which T^S^ and S^T^ replace i^ia+i* Among the relations occur 

iJLlB—l ^JbxrJlB—1'T-LiX-tjXB 

K> F;i+^ - Q, JP;:+' («; 4= C- 1) 

i -T^ C— 1 "" Va* -'^A* C— 1 -T Slu-'^fiC • 

From these three pairs of equations we find (as above) respectively 

Hence T^ replaces ij^a+i by a function of the 17,11 only. 

Considering any a such that a + 1 Bud a + 2 are of the set Ay 
we find by the same method that 2\ replaces rjia+t by a function 
of the fjiu only. We readily verify that; if T^ replaces ly^a+d by a 
function of the rjiu only^ the same will hold for i^^a+d+i- Since the 
series a, a+ 1> a + 2, a + 3,... yields every integer, we have proven 
that T^ must replace each r^ij by a function of the r^iu only, if T^ 
shall be commutative with 8^. 

Similarly, 2\ must replace each ^ij by a function of the ^/^ only 
and each ^,y by a function of the il;i„ only. 

When we return from the indices i]ij, itj, i^ij to the initial 
indices 1^, . . ., 1^; ^1 becomes, by hypothesis, a substitution S having 
its coefficients in the OF[^p*]. Under what conditions will T, T^ in 
the indices |,-, have its coefficients in the GF[p*]? We have shown 

a 

that Tj replaces rjij by a function of the form^^2)Jiiy<„. Recurring 

1l=sl 

to the properties 1) and 2), § 214, of the indices rjij, we must have 
as the Dli certain polynomials in the quantity Ki with coefficients 
in the CrF[|>»], suoJi that 
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Similar remarks hold for the indices ^/y and ^,7. We may now state 
our results in the following form: 

Theorem. — To determine the most general linear homogeneous 
substitution T on m indices tviih coefficients in the GF^p^l which shall 
be commutative with a particular one 5, we apply the tromsformation 
of indices which reduces S to its canonicdl form S^ and T to some 
form Tj. Then S^ may be expressed as a product 

where each substitution rji, ^i, ^i is defined thus: 

riii rfia — KiTiiay rfiA — KiTHA + Kii]i a^i (for every o, A) 
ii' i\b = Liia^ i'iB = LiiiB + i*S<a-i (for every 6, B) 
ifii ^}c— Qiific, ific — Qiific+ ^»^<c-i (for every c, C). 

The most general 2\ must be expressible as a product 

^1 — Hq '^i • • • ^^*— 1 ^ ^1 • • • 2«— 1 ^0 ^1 • • • %— 1> 
where the individual substitutions have the forms: 

H. : n'a -"^ Vu Viu ( j - 1 , . . ., c) 



5S.-^p/C'fc 



Z,: eS^ ->>/;?.> 0-1,..., /J) 



9=1 

y 



'•'<: ^iJ-^ «/C V<- U - 1, . . ., y), 

ffhe coefficients dju, Qf9, <fjte being polynomials in K^, L^^, Q^, respectivdyj 
with coefficients in {he GJP[|)"]. Furthermore, Hq must be commutative 
with %, Zo with go, Vq "?** *o- 

Inversely, if these conditions on H,-, Z^, V< be satisfied, then the 
substitution T corresponding to the product 2\ will be commutative 
with 8 and will have its coefficients in the GF[jp*]. 

218. In order that the substitutions Hq and 17^ be commutatiye, 
it is necessary and sufficient that, for every a, A and A, 

234) daA^O, (J^«ia-l = 0(a>l), (J^-ia = 0, d^-1 ^'-l - J^ ^'. 

Indeed, ^Hq and H^tiq replace lyoa by the same function only if 
every SaA — 0. In order that they shall replace tiqa by the same 
function, we must have 

a 
Sa a* ^0 ^'-1 = 3^ *il -1 



^^ O^ii'^0^'— 1 =^/ Oil— lu^Ow 
AT tt=l 



If w is not of the form A— 1, it must be of the form a — 1 or else a. 
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To take an example, let r -> 2 and a| — 3, ^ ==" 3, ^ — 2. Then 

diA - *4^- *7^=" (^-. 2, 3, 5, 6, 8); *,„- dsu-- (m = 3, 6, 8) 
9aa' - 9a^i ^'-1 (-4, A* - 2, 3, 5, 6, 8). 
Setting i]ou = ^w> ^^ ^d that Hq has the following form ^) : 



^6 = 



f ,_, 



1?1 


% 


% 


ni 


% 


% 


% 


% 


*u 






*14 










*,1 


*11 




*,4 


«U 




«« 




*M 


*« 


*li 


*M 


*,« 


*U 


*.T 


«,7 


*4. 






*44 










*M 


*« 




9u 


*u 




*57 




*« 


*5I 


«« 


9u 


*M 


«u 


*« 


*67 


*T» 






*T« 






*„ 




*81 


*71 




*84 


*T« 




*87 


d„ 



1?7 



Its determinant is readily seen to equal 



«?7 



*11 *14 
*41 *44 



In the general case, Hq is seen to take the form: 





^01 


^OS 


^0 8 


• • • ^0 €h 


I^Ooi+l ^Ooi+S 


... 1^0 Oi+Ot 


%8 ■" 





*21 






...0 
...0 
...0 


*la,+l 

^1 Oi+l ^1 ai+1 

*8 ai+1 *f Oi+l 


...0 
...0 
...0 


^fli = 


*a.l 


*ai— 11 


*ai— tl 


• • • "11 


^Oia^+l ^ai— lai+1 


...d" 













...0 
...0 




...0 
...0 


^«i+ff«— 


*ai+a.l 


L 8a^+a^'- 


1 1 ^Oi-t-O,— 


21. ..d 


*«i+«t«i+l *fli+a,-liH+l 


• • • ^oi+l ai+1 



If tti « Oj, d'«- *ai+ii and tf"= *i<H+i. If ai> Oj, we have 

and dia,+i=* ^sa^+i— •••-= *«,-«. a,+i -= 0. Finally, if ai<a,, we have 

d''-0, d'-*a.+ll, *a,+ll *a.l-0. 



I) *if 1 *4f 1 *88t ^86 "^ zero, being equal to *„, dgg, a„, d„ respectively. 
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The matrix of the coefficients of H^ is made np of (r + ly rectangleR, 
of which the general one Rij is of height a,- and of base c^. Let t 
be the smaller of the integers i,j or their common yalne if «— j. 
Then iZ/^ includes at its left or bottom a square array St of coeffi- 
cients ai to a side. The coefficients in its diagonal are all equal; 
likewise those in any parallel to the diagonal All the coefficients 
in Rij which lie above or to the right of the diagonal of the -square 
St are zeros. 

219. The results of § 218 will be applied only in such simple 
cases that the determinant D of B^ can be simplified by inspection. 
It will therefore be sufficient to state without proofs) the simplest 
expression which can be given to D. Our notations may be fixed 
so that ai^a,^a,^«'«^ar+i. Let 

o^ — 0, — • • • « ai,^ -4i, aa,+i — • • • — ai^^i^ = A^, . . ., 

»^+VJ- • •+aT-i+i = • • • = ai,+. . .^i^ = At, 
where 

Ai + ^ + ---+ilr = r + l. 

ITie determinant D equals Di^Di^ . . -D^y where, if (t, j) = d,-^, 

(1, 1) (1, ^ + 1) (1, 2^x + l) ... (1, l^A^A^ + l) 

(^ + 1,1) (A,+1,A, + 1) (A, + l,2A,+l)...(A, + l,X,^,-^ + l) 

(1,^-^ + 1,1) (i,^-A,+l,l) ...(X,A,-A,+1,X,^-A + 1) 

Bii=\ 

. i(l,^+l,^+l, 1,^+1,^+1) . . .(1,^+1,^+1, 1,^,+ 1,^^+1,^-^+1) 

2)z.= ! 

1(1,^+1,^+1,^.^+1,1,^+1,^+1) . . . (1,^+1,^+1,^.^+1, i,^+vi,+i,^-j,. 

Since the coefficients 8ij are functions of K^^ a root of an 
equation of degree Tc belonging to and irreducible in the GF\^p^\ 
the number of sets of values for the Xl coefficients entering Di^ for 
which this determinant is not zero is (§ 99) 

Excluding the coefficients of Hq which are always zerO; there 
remains the following number of distinct coefficients 8^\ 



Bt,= 



1) A method of proof is given by the author in the American Joumai, 
vol. 22, pp. 188—184. 



c^oiac^FaBMA>a>cLASSiFicjiiiaKa^ jS5 

the $^ pttTOitiiesis giving the munbtf of soch d,, in the ^k>w <yf 
reetaui^^ On aoooont of the equalities mmong the as, we find 

+ jm^(l^+ 21, + . + 21,_,V 

Exclnding abo the 1{ + 1^ H hi? coefficients in the determinants 

Di^^ there ronains the following niouEnber of whoUy arbitzmir iif. 

Q = V « (J. - 1) + 2 J,a,a, + 2 J,a, (a, + Ji») + . - . 

Each one of these Q coefficients may take j>"* Talnes. The total 
nomber of snbstitations S^ is therefore 

The Mai number ofm-ary linear iomogeneons $¥bstihftions T in the 
OF[f^] eomnmiaiice trjtt a particular one Sy tcAose canonienl form is 
expressed m tte noiations of § 217, is gieen bj/ Ae product^) 

Becnrring to the above example, <h^^ ^""3, a,*2» we have 

as is directly evident firom the form of H^ and its determinant 

220. As an important example, suppose that S has the canonical 
^''™ ffi-'K.fii (•-0,1,,..,*-1) 

g:-Afc (1-0,1,. ..,1-1) 



*;- c<*. (»-o, i,...,8-i). 

The most general substitution 2\ commutative with S replaces i^^, 

&)>--v*o }^J ^(^)no> ^(A)&)>--7 Q(Qo)to respectively, in which 
the coefficients of the functions x, A, . . ., p belong to the OF[p*'], 
If X, L, . . ., Q be primitive roots of the Ghdois fields of orders p**, 
p"', . . ., p*« respectively, we may set 

<^) = ^^ A(io) =L',.. ., q{Q,) = Qf. 

1) This result is in accord with that of Jordan, who treats the case n — 1. 
His method of proof is merely illustrated by the consideration of a particular 
example, Traits, pp. 128—186. Moreover, it does not give the explicit form of 
the commutative substitutions. ^ 
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If^ upon retumii^ to the initial indices |t upon which S Ib b sub- 
stitution with coefficients in the OF\^p*'], I^ shall become a sub- 
stitution with coefficients in that field, T^ must have the form 






(i-0,l,...,*-l) 
(*-0,l,...,Z-l) 



^;.»C^P»>, 



(i - 0, 1, . . ., ff — 1). 



Distribution of the substOutions of the general linear homogeneous 
group into complete sets of conjugate substihUionSy §§ 221 — 223. 

221. The substitutions of the group Om = GLH(m, p^) are to 
be classified into complete sets of conjugate substitutions and the 
number of substitutions in each set determined. Although a complete 
solution of this problem is furnished by the preceding general theorems, 
their generality and complexity make it desirable to consider in detail 
the special cases m » 3 and m = 4. 

The classification employed is based upon the canonical forms 
of the substitutions of Gm- These in turn depend upon the character- 
istic determinants of the substitutions {fti^^ viz., 



AW = 



«11 ^ ^ «12 



. . . ffl 



^tl 



CTof — k . , , Oi% 



m 



m 



= (- 1)«»{A'»- ajA-— ^- cr,A«-» a«-iA - ««}. 

Furthermore, Gm contains a substitution in whose characteristic 
determinant the coefficients a^, a^, , . ,,am are any preassigned marks 
of the CrjP[_p*] such that ccjn^O. The required substitution is 



M= 



«! 


«» 


Oj . . . Um—l 


Urn 


1 





...0 








1 


...0 











1 ...0 











...1 






222. Consider first the group G^ of order 

-W— (!>»"- l)(jp»"—i)»)(jp«*-i>*"). 

By §§ 214 — 215, every linear homogeneous substitution in the GjP[p»] 
on m » 3 indices can be reduced by a linear ternary transformation 
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(not necessarily in the 6rJP[jp*]) to one of the following five types 
of canonical forms: 



A 
B 
C 
B 
E 



X* = aa;, y' = /3y, z = yz 

a;'=aa;, !/=cc(if + x), ^=a(z + y), 



where A satisfies a cubic equation and ft a quadratic equation each 
helongii^ to and irreducible in the GF[p^'\y while a, /J, y denote 
marks + a of the GFlp^l. 

Upon replacing X by X^ or by A****, we obtain from -4. a sub- 
stitution conjugate with A, Any other replacement of X leads to a 
substitution not conjugate with A (§ 102, Corollary), since its 
characteristic determinant differs from that of A. Hence the type A 

includes y(jp'* — i>") distinct sets of conjugate substitutions, those in 

different sets being not conjugate under G^, 

Let iS be a substitution of G^ haying the canonical form Ay 
where A is a definite mark of the GF[p^^'\ not in the Gl^[jp*]. If 
a substitution T of G^ be commutative with 8 and if we apply to T 
the same transformation of indices which reduces S to the form A, 
then (§ 220) T will take the form 



where <r is a primitive root of the G-F[p'*] and r is some positive 
integer ^p**» — 1. Hence 8 is commutative with exactly |?*" — 1 
substitutions of G^y so that 8 is one of ^-r(jp*"— 1) conjugate 
substitutions within G^, The total number of substitutions of G^ 
reducible to the canonical forms A is therefore 

a) y (i>*" - i>*) (i>*" — JP") (i>*" — JP*"). 

Type B includes -^ {p^^ — p^){p^ — '^ distinct sets of conjugate 

substitutions. Injfact, the replacement of ft by ft^ leads to a sub- 
stitution conjugate with By while any other replacement of ft or any 
change in a leads to a substitution not conjugate with B. A sub- 
stitution of G^ commutative with a particular substitution reducible 
to a type B has the canonical form 
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where (> is a primitive root of the 0F[^^'\ and d belongs to tiie 
GF\^p^^y r being an integer ^p*"— 1. The number of such sub- 
stitutions is (jp***— l)(jp" — 1). Hence the total number of substitu- 
tions of G^ reducible to the canonical forms B is 

b) Y(|>**-i>»)(p"-l)(l>»"-l)l^". 

Type C includes p^ — 1 canonical forms with « =«= /5 = y; 
(p* — 1) (p* — 2) canonical forms with « «= ^ =^ y ; a like number with 
aa»y=|=^; a like number with /J«y4*a; and (p*— l)(p"— 2)(|**— 3) 
with a, /3, y all distinct By a suitable transformation of iiidioes the 
multipliers a, /3, y in C7 are permuted in an arbitrary manner. We 
have therefore the following numbers of distinct sets of coiqogi^ 
canonical substitutions C: 

p" — 1 of type Ci with a = /J = y ; 

(p"-"l)(p* — 2) of type C, with only two equal multipliers, 

say a^/s + y; 

-j-(p«-l)(p«-2)(p»- 3) of type Cj with all three mul- 
tipliers distinct. 

The most general substitution of ^3 commutatiye with £7, is 

oi^aXy y'=*6y, J^ca (a, 6, c in the G2^[p"]). 

Hence Cj is one of JN'-^(p* — 1)* conjugate substitutions within Q^ 
The most general substitution of G^ commutatiye with C^ is 

af^^ax + hpy j/ = ca; + dy, 0' = 60. 

Hence C, is one of ^-f- (p** — l)(p** — p*)(p* — 1) conjugate sub- 
stitutions. Finally y C^ is commutative with every substitution of G^ 
and thus is conjugate only with itself. The total number of sub- 
stitutions of G^ reducible to the canonical forms C is thus 

(p«- 1) + (p»"-l)(p*-2)p«'» 
^^ +1 (p' - 2) (p- -~ 3) (p3" - 1) (p» + l)p««. 

Of the substitutions of type D, there are p" — 1 with a — /J and 
(p" — 1) (p* — 2) with a=f=/3, no two being conjugate under G^. A 
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substitatiou D with a » /3 is commutative only with the |)'*(j)"— 1)* 
substitutions of G, 

of ^dy + eXj j/ «= oy, sf '^by + ae + cx (a, b, Cfd,e in the GF[p^J), 

A substitution D with a =f= /J is commutative only with the jp*(l>*--l)* 
substitutions of G^ 

oif^ex, ^^ay, e*^by + ae. 

The total number of substitutions of G^ reducible to the types D 
is thus 

d) (jp"-l)(jp**~l)(jp'+l) + (p*-l)(p*--2)(i)»*-l)(p»+l)l>**. 

No two of the p^—l substitutions of type E are conjugate under G^. 
Each is commutative only with the jp* *(!>* — 1) substitutions of G^ 

oi^axy f/ ^bx + ay, s/ ^cx+by + az. 

The number of substitutions reducible to the canonical forms E is 

e) (jP* - 1) (jp»" - 1) (|)«» - l)p\ 

A check on the above enumeration of the substitutions of G^ 
consists it^verifying that the sum of the numbers a), b), c), d), e) 
equals the order ^ of G^, 

223. Consider next the group ^) G^ of order 

2V = (jp** — 1) (jp*" — p*) (jp*" — jp«») (l>*» — jp»»). 

By § 221y 64 contains a substitution in whose characteristio deter- 
minant A (A) = X* — a^il® — OjA* — a^X — ce^ the coefficients o^, a,, a^ 
a^ are arbitrary marks of the GF^p^'], a^^O. According to the 
possible factorizations of A (A) in the GF^p^l, we distinguish the 
cases: I) irreducible; II) linear factor and irreducible cubic; ID) two 
distinct irreducible quadratic factors; IV) equal irreducible quadratic 
fiEtctors; Y) irreducible quadratic and two distinct linear factors; 
YI) irreducible quadratic and two equal linear factors; YII) — ^XI) four 
linear factors, according to the number of equal factors. Denote by 
Xty nt marks of the GFlp""^ not in the G^F[|)»*], t <t. For simpli- 
city, the subscript unity is omitted from the marks a, /3, y, d of the 
6fJP[p*]. The types of canonical forms of the substitutions of G^^ 
may be exhibited in the following complete list: 



1) Cf. T. M. Putnam, Amer. Joum. Math., vol. XXTTT, pp. 41—48. For the 
author's treatment of the case n =s 8, ibid, pp. 87—40. 
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Type 


Canonical snbstitations^) 


Number M of distinct 
canonical forms 


I 


k^x 


Xfy 


xrz 


Xi w 


^(i>*»-p»-) 


U 


hx 


Xfy 


xt^ 


X^w 


i-(^--p»)(i,._i) 


III 


X^x 


xfy 


li^Z 


l^iW 


T(i>'"-l^)(i>* --!>"- 2) 


IVi 


X^x 


K(y+^) 


Xfz 


Xf{w+z) 


YiP^'-P") 


IV, 


X^x 


^y 


Xfz 


}!Cw 


i-(p«"-|,«) 


V 


X^x 


i^iV 


X,z 


x^:w 


-L(l,«--j,-)(p»-l)(j,--2) 


VIi 


X^x 


^i(y+x) 


X^z 


Xtw 


\{p»'-p-){p' 1) 


VJ, 


X^x 


ky 


X^z 


X^w 


i.(^«.__p.)(^._l) 


Vll 


ax 


Py 


yz 


Sw 


1(^.-1) (l,.-2)(i,--3)(i>--4: 


VHI, 


ax 


Py 


yz 


y(w+z) 


Y(j>"-l)(i'"-2)(i>»-3) 


VIM, 


ax 


Py 


yz 


yw 


i- ( j,» - 1) (p- - 2) (i>- - 3) 


IX, 
TX, 

E, 
Xi 
X, 
Xs 

x« 

X5 


ax 
ax 
ax 
ax 
ax 
ax 
ax 
ax 


Py 
Py 
Py 

a(jy+x) 
(^(y+x) 
a^+x) 
a(y+x) 
ay 


Pi^+y) 
P(^+y) 

pz 

a{z+y) 
az 
az 
az 


P{w+z) 

pw 

pw 
a(w+z) 

aw 
a{w+z) 

aw 

aw 


(p«_l)(p._2) 

(i>"-l)(p--2) 
(l>"-l)(i>--2) 

p' — l 
p" — ! 
p'—l 
p' — l 


XI, 


ax 


a(jf+x) 


yz 


y{w+z) 


l(j,«_l)(j,-_2) 


XI, 


ax 


a{y+x) 


yz 


yw 


(p- - 1) (i>» - 2) 


XI, 


ax 


ay 


yz 


yw 


i.(j,--l)(l,-_2) 



1) The notation ax^ §y, yz, y(w + ^)» ^^^ example, is used for the sub 
stitution 

a;'=a«, y'=py, z'=^ys^ w^ == y {w •\- z) , 



CANONICAL FORM AND CLASSIFICATION OF LINEAR SUBSTITUTIONS. 241 

Table giving the form and number C of the substitutions of the 
group G^ commutative with the various types of canonical forms: 



I 


Ix 


i'^y 


I'^'z 


ip*"«, 


p^n-l 


u 


fix 


^'"y 


,.^'z 


aw 


(p8«_l)(p,_l) 


m 


QX 


Q'^y 


az 


a^ w 


ipin-l)* 


IV, 


QX 


ax + Qp 


''"'« 


a^ Z'\-Q^ w 


(,f>' — l)p*» 


IV. 


ox+gy 


««+ty 


C^Z-\-Q^**W 


xA+T^tO 


(p*"— l)(j)*» — p»») 


V 


ax 


t>y 


QZ 


qP\ 


(p»«_l)(pn_l)» 


VI, 


ax 


dX'\-ay 


QZ 

m 


Q^\ 


(p»»-l){p»n-p») 


VI. 


ax-\-by 


cX'\-dy 


QZ 


Q^W 


(1>»"-I)'(i>»»-P») 


vu 


ax 


^y 


cz 


dw 


{p'-iy 


vm. 


ax 


^y 


cz 


dZ'\-cw 


{pn - lypm 


VIII, 


ax 


^y 


cZ'\-dw 


eZ'\-fw 


(p»»_j,«)(pj»_l)(p»_l)« 


IX, 


ax 


hy 


cy + hz 


dy'\-cZ'\-hw 


ip'-typ*' 


IX, 


ax 


hy 


cy + bz + eto 


fy+dw 


(pn-iyptn 


IX, 


ax 


hy'\-cZ'\-dw 


ey + fz + gw 


hy + iz+jw 


(pj«_l)(pj«_l)(j,«_l).|,». 


X, 


ax 


hx-\-ay 


cx-\'hy'{-az 


dx'{-cy'{-bz+aw 


(i»"-i)i^» 


X, 


ax 


hx-\'ay 


cX'\-by-\-az-\^w 


fx-\-dw 


(l^-l)'j>*» 


X, 


aX'\-ez 


hX'\-ay'\-fZ'\:ew 


gx + cz 


hx+gy+dz+cw 


(p»»—l)(_p*n — pK)p4,H 


X4 


ax 


hx-\-ay-\-fZ'\-ew 


gx-^- cz-^-kto 


hx-\'dZ'\-llD 


(pJ (i_l) ^pin—pn) (pn—l)pi n 


X5 






arbitrary 




N 


XIx 


ax 


hX'\-ay 


cz 


dz + cto 


(pn_l)»j>«« 


XI. 


ax 


hX'\-ay 


cz-\-dw 


eZ'{-fw 


(1>»»-1)(1>»»-1»»)(P»-1)P" 


XI, 


ax-\hy 


gx-\'hy 


cZ'\-dto 


eZ'\-ftD 


{p»n-l)t(^ptn-pn)t 



Here X belongs to the (ri^Cp*"], fi to the trJ^Cp*"], (>, tf, x, r to 
the (tF[p*»], and a, 6, c, . . ., j belong to the GFlp""]. ' If M denote 
the number of distinct canonical forms in a general type^ and C the 
number of substitutions of G^ commutative with each, the number 
of substitutions of (x^ reducible to that type is MN/C. The sum 
of these numbers is found to equal N, the total number of the sub- 
stitutions of G^, 



DiCKSOK, Linear Groaps. 
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CHAPTER XI, 

OPERATORS AND CYCLIC SUBGROUPS OF THE SIMPLE 

GROUP LF{3, ^y) 

224. By § 108 the gioup G~LF\,%p'') of all substitutions of 
determinant 1, 

in which the coefficients cc^j belong to the GFlp^], is a simple group 
of order 

?r=^(i,»--i>(p»--i)p»- 

where d is the greatest common divisor of 3 and p" — 1^ so that 

d-1, if i)«=-3« or 3?-l; d-3, i{p^^3l + l. 

The equation t*=» 1 has in the GF[p^] a single root 6 — 1, if rf « 1; 
but has three roots d, 6*, 6* = 1, if d «- 3. Hence, if df — 1, there is 
a single homogeneous substitution of determinant unity 

I: IJ » a.ili + a.2l2 + ^.-sls (* - 1, 2, 3) 

which, when taken fractionally, leads to the non- homogeneous sub- 
stitution 8, If (2 » 3, let 6 denote the homogeneous substitution of 
detemmant unity which multipUes each index by 6. Then there are 
exactly the three homogeneous substitutions of determinant unity, 

I, ei = ze, e»i = ie«: 

OT: i; « 6'- («ali + «.-2l2 + a. sgs) (» - 1, 2, 3), 

which, when taken fractionally, lead to the non-homogeneous sub- 
stitution S. Combining the two cases, we may employ the group 
of ternary linear homogeneous substitutions of determinant unity in 
place of the group G provided we consider to be identical ^the d sub- 
stitutions Z, 6Z and 6^Z. Under this convention concerning the 
homogeneous substitutions, we employ henceforth the homogeneoQA 
notation for the substitutions of the group G. 

225. Any substitution of G can be reduced by a linear ternary 
transformation of indices (not necessarily in the GF[p^] and not 
necessarily of determinant unity) to one of the canonical forms A, 
B, C, D, jB of § 222. In the present case, the determinants of 
A, . . ., E must be unity. 

1) For n = 1, Burnside, Proceed, Lond, Maih, Soc, vol. 26, pp. 58—106; 
for general n, Dickson, Amer. Journ.^ vol. 22, pp. 281—262, where certain errors 
in Bumside's paper are pointed out. 
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If two Bubstitatioiis S and T of the group O have the same 
canonical form^ tiliere exists (§ 216) a ternary homogeneous substitu- 
tion W belonging to the GFlp""] such that T-^W^^SW. It 
remains to consider whether or not there exists a ternary homogeneous 
substitution TF^ belongiug to the GF[p*] and having determinant 
unity such that Wi transforms 8 into I. If the canonical form be 
A, B, C or D, such a W^ will be shown to exist; while for the 
canonical form E such a W^ does not always exist. 

It is first shown that any one of the types A, B, C, D can be 
traojsformed into itself by a substitution V of determinant equal to 
an arbitrary mark •{» of the OF[f^'\ and obeying the same laws 
in regard to the conjugacy of its indices as does the canonical form 
in question. For type A we may take as V the substitution 

where <y is a primitive root of the GF[jfl^'] so that r = <y^+^+^* 
is a primitive root of the GF[p*]. The determinant of V is thus r**, 
which by suitable choice of r may be made equal to an arbitrary 
mark =4= of the GF[p^]. For types B and C we may take F to be 

a?' — a?, y'— y, e^'^t^g. 

For type D we may take as V the substitution 

a;' *=-!'• a;, y'^^y, e^^is. 

Let W have the determinant w and choose V so that its deter- 
minant is w~^. We may take as the required substitution W^ the 
product Vi Wy where F^ is the form taken by F when expressed in 
the initial indices. In fact F^ and W have tibeir coefficients in the 
GF[p^'\y while the product FiTF transforms 8 into T and has the 
determinant w^ • tc; = 1. Hence^ if two substitutions of G have the 
same canonical form Ay By Cy or Dy they are conjugate within the 
group G. 

For type E there arise two cases. If d = 1, so that 3 is prime 
to|)*— 1, every mark of the GF[p*] is a cube (§ 63, Corollary). 
Hence an integer r may be determined so that t''* shall be an 
arbitrary mark 4= ^ ^ ^^® ^^^^ Hence the above argument holds 
if we choose as F the substitution 

For dE = 3, only yd?" — 1) of the marks 4=0 of the G^2^[|)»] 

are cubes. Their products by /J and /J* will be not- cubes, if /J be 
any particular not -cube. We can therefore determine F', of deter- 
minant a cube, such that I is the transformed of 8 by the sub- 

16* 
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stitution V[W=W' belonging to the OF^p"^] and having as deter- 
minant one of the three marks 1, /3, fi\ Consider the three sub- 
stitutions of G 

Eri x'^x, y'^y + P'^x, ^z'^z + y (r=0,l,2). 
The foUowing substitution of determinant /3: 

transforms E^ into Eq and E^ into E^. J£ E has determinant nnitj, 
it is identical with Eq in the group G. It follows from the proof 
above that any substitution T of G, which can be transformed into 
Eq by a linear substitution W belonging to the GF[p^], can be 
transformed into Eq by a similar substitution W^ of determinant 
fit (< = 0, 1 or 2). Also R"' transforms E^ into Et. Hence T is 
transformed into JB, by the product W^ST^ which belongs to the 
GF[p^] and has determinant unity. Hence every substitution of G 
of canonical form E is conjugate within G to one of the types 

^0} ^17 ^i- 

We next prove that no two of the types Eq, E^, E^ are con- 
jugate within G, i. e.^ by means of a substitution of determinant unity. 
The most general ternary homogeneous substitution which transforms 
Eq into E^ is seen to be 

x* = P^^cx, y'=cy + hx, z'==cz + hy + ax, 

of determinant /5~^c', which can not be made unity. Transforming 
the latter by R" , we obtain the most general substitution which 
transforms E^ into E^, viz., 



a;' = /8— ^ca:, y =cy + pbx, z'=cz + by + pax, 

of determinant /5— ic'4=l- Finally, by § 102, Eq can not be trans- 
formed into QE^, nor E^^ into QE^, by a linear substitution. The 
results now proven may be stated in the expUcit form: 

Every substitution of G ccm be reduced by a ternary linear hcmo- 
geneous transformation to one of the canonical forms 



A: 


a;' — Xx, 


y' - ii^y, 


z'^X'^'z 


{l'^'+'^+'=l) 


B: 


x^ = fta;, 


y' = ft'"y, 


e'^H-i^-^z 




C: 


a?' = ax, 


y' - Py, 


«' = yz 


(apy = l) 


D: 


x' — a~*x 


,y' = '^y, 


g'^a(z + y) 




^o: 


X '^ Xy 


y' = y + x, 


e' = z + y 




E,: 


re' — X, 


y'^y + fix, 


«'-« + y (/3i 


not-cuie in (tJF'[jp"]) 


E,: 


re'— X, 


y'=-y + (i'x, 


z'-z + y, 





in which X satisfies a cubic and ft a qu^adratic eqmtion each belonging 
to and irreducible in tJie GFlp""], while a, /J, y belong to the GFlp*], 
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Of the substitutions of G reducible to the forms A and B, those and 
only those are conjugate within G which are reducible to Oie same 
form A or to the same form B. Every other substitution of G is 
conj\Agaie within G to one of the types C, D, E^, E^, JB, ar^ no two 
of the latter types are conjugate toiOiin G. 

226* Type A. The substitution of determinant unity 
x'^a^x + a^y + 0, y^^x, 0' = y 
has the characteristic determinant 

A(A) ~ - X3+ aiA»+ cTjA + 1. 

Hence u^ and a^ may be chosen in the GF\p^'\ so that a root A of 
A (A) = is a primitive root of the equation 

235) *''"+'"+'= 1. 

The order of the corresponding substitution A is the least 
integer m for which 

i. e., for which w(|)"— 1) is a multiple of jp^** + i>" + l- But the 
greatest common divisor oi p^—X and j}* ** + !>' + 1 is also that of 
J)" — 1 and 3 and therefore equals d. The order m is consequently 

Moreover, the roots of any irreducible cubic of the form A(>L) = 
may be written A*, A*^", A*^" so that the corresponding substitution 
is the s^ power of the substitution just considered. Hence the orders 
of all substitutions having irreducible characteristic determinants are 

factors of -^ (j>* " + !>*+ 1). 

Consider a substitution S oi G ot canonical form A for which A 
is a primitive root of equation 235). By § 220, the only substitu- 
tions of G which are commutative with 8 have, simultaneously with 
the canonical form A of 5, the canonical form 

x'^C'x, y'^ari^y, z'-^C'P^^ (tf'-a+i^+i^'U 1) 

where <y is a primitive root of the GF[p^^\ Hence r(l+l>"+l>^") 
must be divisible by p^^—1 and therefore r divisible by^" — 1. 
Setting r — p {p^ — 1), 

since <y^"--^ is a primitive root of 236) and hence equal to some power 
^ of A. The only substitutions of G which are commutative with S 
are therefore the powers of S, It follows that S is one of a set of 
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N 



$ = 



1/cJ (!)«"+ jp» + l) 

distinct conjugate substitations^ N being the order of G. 

The only distinct powers of S which hare the same character^ 

istic determinant as S are evidently 8, 8^ and 8^^ . To each set 

n Sn 

of three substitutions such as S'", 8^^ , 8*^^ contained in the cyclic 
group generated by 8 and all belonging to the same characteristic 
determinant^ there corresponds a set of 5 distinct conjugate substitu- 
tions. Hence there exist in G 

j[^(i'«-+r+i)-i] 

such sets of s conjugate substitutions. It follows that G contains in all 
236) — r-L(j,f + !,»+ 1) - ll 

substitutions not the identity whose orders are factors of 

dN 

Hence G contains ^^ , — j-rz distind c(mjugate cyclk subgroups of order 

227. Type B. Since G contains substitutions in whose character- 
istic determinant — X^ '\- a^X^ -{■ a^X -{- 1 both a^ and a^ are arbitrary 
in the CrJ'[jp*], we can choose 

ai = y-fl/d, _a, = d + y/d, 
so that 

A(A) = ~(A-l/<J)(A»-yA + <J), 

where y and 8 are arbitrary in the GF[p^']. In particular^ G contains 
a substitution T whose characteristic determinant has an irreducible 
quadratic factor which yanishes for a primitive root f& of the GF[p^^'\. 
The canonical form of I is then B, The order of T is therefore 
the least integer t for which 

i. e., for which both /d)**— 1) and t{p^+ 2) are divisible by |)*»— 1. 
But 3^ and t(^p*— 1) are both divisible by ^*"-- 1, for < a minimum^ 
if and only if 

^^jp*"-!, when |)»==:3» or 3?— 1; t='\{p^''—l)y wheni)"=3J+l. 
Hence the order of T is -j{p^^— 1). 
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By § 220^ the most general substitation of G commatative with T 
has the canonical form 

and hence is T'". Hence T is one of a set of dN-^ (i^***— 1) distinct 
conjugate substitutions. The only distinct powers of S which have 

the same multipliers as 5 are S and 5 . Hence G contains y ^^_ 
distinct conjugate cyclic subgroups of order -j^(jp**— 1). 

The number of substitutions of G whose orders are factors of 
-v(i>**— 1) without being factors of -j-(l>'* — 1), and hence not of 
i}»-l, is 

237) -i- Njf^/i]^ + 1). 

In fact, such substitutions form in all 

difPerent sets, those in each set having the same characteristic deter- 
minant. Each set contains dN-^{p^*—i) distinct conjugate sub- 
stitutions. The product of the two numbers gives formula 237). 

228. We can exhibit G^ as a permutation-group on p^'^+p^+l 
letters. Every linear function Ai^ + B^ + C|j, in which A, JB, C 
are marks not all zero of the GF[p**], can be put into one of the 

where (i, q, 6 are marks of the G^JP'[p"] and ft 4= 0. Combining into 
one system {Aii + Bi^+ CI,} the p^^—l linear functions 

II denoting in succession the p^—1 marks 4" ^ ^^ ^® field, we 
obtain |)* * + 1>* + 1 distinct systems, 

{i9+9^+<^ii}y {la + eSiK {111 [p, <y arbitrary marks]. 

Any ternary homogeneous linear substitution replaces the functions 
fi(J.|i + -BS2+ CI3), comprising one system, by linear functions 

ft (^1; + JBIi + CI,') = ^ (a|, + ^1, + yS.) 

all belonging to a single system. Hence it permutes the above 
1>* * + 1>" + 1 symbols amongst themselves. It follows that G is 
isomorphic with a permutation -group G' on these symbols. But a 
homogeneous, substitution altering none of the symbols must have 
the form nf t tf a tr t 
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If it have determinant unity, it corresponds in G to the identity. 
Hence G is simply isomorphic with G\ 

TJie permutation' group G^ is doubly -tra/nsitive. We need only 
prove that G^ contains a permutation converting {l^}, {^+ li) iBito 

respectively |^|^^_b|^+ (.g,}, [A!i,+B%-\. C%\ 
the latter being any two distinct symbols, viz., 

For the corresponding homogeneous substitution, we may take 

where a, p^ y are chosen in any manner such that the determinant 
of the substitution is unity, viz.. 



a 



B C 




C A 




A B 


B' a 


+? 


C A' 


+ y 


A' 7?' 



= 1. 



By hypothesis the determinants are not all zero, so that solutions 
a, /3, y in the GFlp"^] certainly exist. 

229. Type D for a* =4= 1- ^®* a be a primitive root in the 
GFlp*], the cases p'*^2 and |)*-=-2* being necessarily excluded. 
For such an a, substitution D generates a cyclic group of order 

Considered as an operation of the isomorphic permutation- group, 
D belongs to a subgroup of G which leaves fixed the symbols [x] 
and {y}. The general substitution of G possessing this property ha^ 
the form 

JR: x^^yXy y^ ^ fiy, z^ ^ az + a'y + a"x (a/Jy«f-l). 

In order that R shaU have the order -3-i>(l)* — 1), it is necessary 
and sufficient that a be a primitive root in the GFlp"^] and fha/t either 

(i) a' + O, a-./3=4=y; or (it) a"4=0, a-y4=/3. 
In fact, if both /5 and y differ from a, JR may be given the form 

whose (p^ — !)■* power is unity, by introducing in place of the index 

Hence, if a 4= /3, we may take a -= y. Then a" =f= 0; for, if a" «= 0, 
JR multiplies z + —^^ y by a, so that JR would have as order a factor 

r 



x^^yxy y^-^Py, 
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of |)"— 1. Similarly, if a 4= ^^ ^®^ must a = /S, a! =^0. Finally, 
if a^fi^yy eacli may be taken equal to unity. Then, by induction, 

JR'*: x'=^Xf y'^y, 0'= is + ra^y + ra"Xy 

80 that JR would have the period p. Hence either (i) or (ii) must 
be satisfied. 

Suppose, inversely, that relations (i) are satisfied. Setting 



r=^y, Z=:0 + 



R takes the form ^ ' 

and is thus of period -jp {p^ — 1) if, and only if , a be a primitive 

root of the GF[p^']. Interchanging x with y, the proof follows for 
case (ii). 

Using the theorem just proved, we proceed to determine the 

number and conjugacy of the cyclic subgroups of order -^p (p^ — 1) 

which leave the symbols [x] and [y] fixed. For case (i), 

JR: x^=^or^Xj y' '^ ccy, z' '^ ae + a!y + a"x (a' =4=0^ «*+!)? 
where a is a primitive root of the GF[p^']. By induction we find 

In order that Q'^R* shall be identical with the substitution 

x' = a-^x, y' = ay, z^=ais + Q'y + q'^z, 
it is necessary and sufficient that 

Let Mi denote any one of the d?" — l)/(l> — 1) distinct marks M^, 
M^, . . . such that no two have as their ratio an integral mark^). 
Kabe a fixed mark 4=0 and-Sfan arbitrary mark, the p^{p^—l)/(p—l) 
substitutions 

238) x*^a-^x, y^^ay, z^^az + Miy + Mx 

have the property that no power of any one of them reduces to one 
of the set. We therefore obtain that number of cyclic subgroups of 

order -^p (j)» — 1). 

Furthermore, every substitution V of the subgroup leaving [x] 

and [y] fixed, and having a = /3, and of order a divisor of -jp(t^—^) 



1) The marks itf^, itf,, . . . are eyidently the multiplierB in a rectangular 
array of the marks =|= of the GF\^p^^^ the first row being formed by the 
integral marks 1, 2, . . . , jp — 1. 
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without being a factor ot p or p* — l, is contained in one of the 
above cyclic subgroups. In fact^ by the earlier argument, we may set 

Let Mi be a mark =4= such that its ratio to ola^^* is an integral 
mark. The power 5 + i {p"^ -- 1) of 238) gives 

x* = a-^'x, y^^Wy, 

e'^cc'e + ls + k (|)» - 1)] ce'-^Miy + Ma*"^ (^ _^ ""^ ) x. 

By choice of Tc and M, we can make the coefGicient of y in ier' equal a' 
and that of x equal o!\ 

Hence there are !>*(/>*-- l)/(p — l) cyclic subgroups of G of 

1 . ' . 

order -jp (^p^ — • 1) for which a = /J, and as many more for which 

€L^=yj each leaving ^tilie symbols [x] and [y] fixed, and together 
containing all substitutions having the last property and having an 
order not p nor a factor oi p^—1. 

These cyclic subgroups are all conjugate within G and, indeed, 
within the subgroup which leaves fixed [x] and [y] or merely 
permutes them. First, the substitution 

x' = x, y'==y, ^=^ + -z:j — oc 

a —a 

transforms 238) into a like substitution with M' in place of M. Also 

x'= l^^QT^x, y^=Qy, z^ = kQe 
transforms 238) into the substitution 

x^^a-^x, y^'^ccy, z^ = az + XMiy + X'^q^Mx, 

Hence the cyclic subgroups given by a = /S are all conjugate within 
the group leaving fixed { x ) and { y }. These symbols are interchanged by 

which transforms 238) into the substitution 

x*=aXy y'^ccT^y, z^ ^ az — My + MiX. 

Hence the set of cyclic subgroups given by a = j3 are conjugate to 
the set given by a = y within the group leaving fixed the symbols 
[x] and [y] or permuting them. The latter group consequently 
contains 2|)*(2>* — l)/(i>— 1) conjugate cyclic groups of order 

-^p {p^ — 1) and those substitutions of these groups whose orders are 

not divisors oi p or p^ — \ are all distinct! Since the permutation- 
group isomorphic with G is doubly transiti¥e, it contains 
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conjugate subgroups leaying fixed or permuting the two symbols. 
Hence there are (dtogether 

conjugate cyclic subgroups of order -jp{p^--l)- Each contains 
J> + "t(P'""1)-"1 substitutions of period p or sl divisor of -j (i?*— 1). 

There remain in each cyclic group (l> — 1) — (i>* — 1) — 1 sub- 
stitutions. Hence G contains 

239) j?^(pi.-l-d)-M>»(j)«-l) 

substitutions whose orders divide -jp {p^ — 1) but not p or p^ — 1. 

For the cases |)'=2 and p^= 2* above excluded, formula 239) 
reduces to zero. Hence the result is always true. 

230. Type D when a* = l. We are to consider substitutions of 
period p having the canonical form: 

D': x'^^x, y'^y, e' = z + y. 

From the investigation at the beginning of § 229 it follows that the 
only substitutions of period p which leave fixed the symbols [x] 
and {y) have the form 

240) a?' = re, y' = y, e' ^ a + ax + Py (a and /J not both zero). 

There are^)*"— 1 distinct substitutions of this form. They are all 
conjugate to D' within G. In fact, if /3 4= 0, the substitution 

x^^x, y'^y + QX, £f'— « 
transforms 240) into 

x'^^x, y^^y, e^=-z + {a — fiQ)x + py. 

By choice of p, we can make a — /J(> — 0. If /J — 0, we trans- 
form 240) by , , , 

x'=^y, y' = a:, £:'=-0, 

and get 

x'^x, y^^y, z^ ^-z — ay. 

• 

In either case we reach a substitution of the form 230) but having 
c — 0, /3 =4= 0. It is transformed into D' by the substitution of G 

x'^p-^x, y^^Py, z^^z. 
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Thei?»« — 1 substitutions 230) determine (i>*" — l)/(i>— 1) con- 
jugate cyclic subgroups of order p contained in the subgroup of G 
which leaves fixed the symbols [x] and [y] and hence also [oo + Qy], 
Q being an arbitrary mark of the GFlp"^]. 

Each such group therefore leaves fixed p*+l (and no more) 
symbols. But tiie p^" + p^+l symbols furnish 

— (pin+pn + l)(p9n + pn) 

^y«+|^+l 

such sets of symbols. Hence G contains 

(p^^ + p*+ly-f-^ = 



such conjugate cyclic subgroups^ all of whose substitutions are con- 
jugate under G. Each such subgroup is therefore contained self- 

conjugately within a subgroup of order -^2'**(2>*— l)(i) — 1). The 

total number of distinct substitutions of G of order p of the type 
considered has thus been shown to be 
941 ^ <?iV 

^ 231. Types Ei. By induction we find that 

El: x'^x, y'=^y + tx, z' ^ z + ty + ^t(t-l)x. 

Hence Eq is of period p or 4 according as p> 2 orj)«=2. The 
most general substitution of G transforming Eq into itself is 

x' « ax, y' « ay + hx, z^ = az + by + ex (a' == 1). 

Exactly p^^ of these substitutions are distinct in the group G. 

Suppose first that ^> 2. For any positive integer t<ip, the 
substitution 

242) a;'«ya?, y' = y — -f^a;, z' -^^ tz 

is of determinant unity and transforms Eq into E^. Taking 

we see that G contains exactly i>***(i> — 1) distinct substitutions 
which transform into itself the cyclic group generated by Eq. The 
cyclic group [Eq) is, for p> 2, one of N/p^'*(p — 1) distinct conjugate 
subgroups of G. In particular, G contains N/p^^ distinct conjugate 
substitutions of the type Eq. 

Suppose next that p = 2. Then Eq is of period 4. Since 

E^: x* = x, y'^y, z^-=^z + x 

leaves fixed the 2"+l symbols [x], [y + Ix], X any mark of the 
GjF'[2*], while Eq leaves fixed but one symbol [x], the two sub- 
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stitutions are not conjugate under G. But Eq is transformed into 
E^ by the substitution 242) for ^ = 3, viz., 

x^ = x, y^=^y + Xy z^ = z. 

The cyclic group generated by Eq is therefore transformed into itself 
by exactly 2-2** substitutions of G, For p = 2, [Eq] is one of a 
complete set of jV/2**'+* conjugate cydic subgroups of G. Just two of 
the four substitutions of every such cyclic group are of type E^ * 
while the remaining one not the identity is of type D with a^=l. 
Hence, for |} — 2, G contains N/2^^ distinct substitutions conjugate ^ 
with Eq, 

Since E^^ and E^ are conjugate to Eq within the general ternary 
linear homogeneous group in the GFlp"*], the number of substitu- ^ 

tions of G conjugate to Eq within G equals the number conjugate 
to E^ or the number conjugate to E^. Hence G contains altogether 

243) 3N/p^^ 

distinct substitutions of the canonical forms Ei] they form three 
distinct sets of conjugate substitutions under G, Also, Eq, E^, E^ 
each lead to Hie same number of conjugate cyclic subgroups of G. 

232. Type C. The substitutions of canonical form C are of 
order a divisor of |>" — 1. Of the (i)*— 1)* sets of solutions in the 
GFIp"^] of a/3y = l, d sets have a-^fi^y and hence each equal to 
Qr(r = Oy 1, or 2). If a be any mark different from 0, 1, 6, 6', and 
if j3 = a, then y = a""*=^a. Hence there are S(p^—d — l) sets of 
solutions in which two and only two of the quantities a, p, y are 
equal There remain 

(i>»- 1)*- 3(i)"~ df - 1) - d :^1)*»- 5i)»+ 4 + 2d 

sets of solutions in which a, fi, y are all distinct. Dividing this 

number by 6 to allow for permutations, we obtain the number of 

distinct sets of unequal multipliers of ternary homogeneous sub- 
stitutions C^ ^t^:^**^Av«tv.^ .vv^v\*v. . 

H, for tf=3, a, /J, y do not form a permutation of 1, 6, 6*, the 

111 T* Af S Anl 

«, /J, r, 9a, 9p, Br, 0*«, e»^, ev, 

are not equivalent sets of multipliers in the homogeneous group, but 
are equivalent in the non- homogeneous group G. The number of sets 
of unequal multipliers in G^ is therefore 
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We proceed to prove that the total number of substitatioiis of Q 
of canonical form C with a, /3, y distinct is, for d = 1 or 3, 

By § 220^ the only ternary homogeneous substitutions commntatiye 
with C with a, /J, y distinct are the (p* — 1)* substitutions 

Ti x^=^ax, y'=&y; z*==^cz (a6c«=l). 

For d=lj each set of unequal multipliers therefore leads to N/(p^ — 1)* 
conjugate substitutions, so that we obtain the number 244). For 

d==3, the substitutions T give only -^(^ — ly distinct substitutions 

in 6r. Fuirthermore, by § 102, C can be transformed into QC i£, 
and only if, the multipliers a^ fi, y form a permutation of 1, 0, 6^ 
The special substitution C, 

x^^Xy y'=0y, z^^^^z 

is transformed into C, 0(7 or 0*C by exactly the 3(j>' — 1)* products 
Ty (xyz)T, {xzy)T. The corresponding substitution is therefore one 
oi Nl^f^—Vf distinct conjugate substitutions under 6r. Each of 
the remaining substitutions C with unequal multipliers is one of a 

set of ^-i--g-(l^*"~l)* conjugate substitutions under 6r. 

Corresponding to the p*— d — 1 sets of multipliers a, /J, y of 
which two are equal, there are -^ (^" — d — 1) substitutions C" of (?, 
no two of which are conjugate. Such a substitution 

C: x^'^ax^ y' — «y; z^^yz (tc^y = 1, y ^a) 

cannot be transformed into 6C', By § 218, the most general ternary 
linear homogeneous substitution which transforms C into itself is 

x^ = ax + by, y^ = a!x + Vy^ z'=<f^z. 

The number of such substitutions in the GFlp"*] of determinant 

Hence the total number of substitutions in G^ of the canonical form C is 
245) l(^«-.d-l).- ^ 



233. As a check upon the accuracy of our enumeration of the 
substitutions of G, we may verify that the numbers given by the 
formulae 236), 237), 239), 241), 243), 244) and 245), togetiier with 
unity, to count the identical substitution, give as total sum tiie 
order N of the group O, 
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234. To oomplete the enumeration of the cyclic subgroups of G, 
it remains to detennine those generated by substitutions of the 
canonical forms C. The method will be sufficiently illustrated if we 
confine the investigation to the case d = 1.^) If a be a primitive 
root of the GF[p*'], we may set 

where r and s are integers chosen from the series 0, 1, . . ., jp"— 2. 
Let g denote the greatest common divisor of r and $. The period 
of C is the least positive integer I for which Ir and Is, and therefore 
also Ig, are multiples oi p^—1. Hence C is of period p** — 1 if, and 
only if, g be relatively prime to |)" — 1. In general, C is the g^^ power 
of a similar substitution with the multipliers a''^^, a'^^, a(~''~*)/^, the 
latter of period p^ — 1. Hence, for d = 1, the substitutions of type C 
are all included in the cyclic groups generated by those substitutions 
of type C which have the period j)* — 1. We may therefore confine 
our attention to these largest cyclic groups. The exponents r, s in 
the expression of any substitution C of period 2>" — 1 must occur 
among the sets of two positive integers less than p" — l and having 
their greatest common divisor prime to p^--l. Denote by jP(|)"— • 1) 
the number of such sets. A similar remark holds for the couples 
s, r; r,—r — S] —r — SyT', 5, — r — s; — r — s, s; provided —r — 5 
be replaced by its least positive residue modulo |)** — 1. H r, 5, — r — s 
be distinct, the above couples form six of the F(p^—1) sets, but 
lead to the same set of three multipliers in C K two of the 
exponents be equal and therefore different from the third, we may 
take them to be r, r, —2r. Then the couples r, r; r, — 2r; — 2r, r 
form three of the F{p^ — 1) sets, but lead to the same set of 
multipliers in C Here r may be any one of the O {p^ — 1) integers 
less than and prime to p^—1. Hence there are 3 O {p^ — 1) sets 
leading to 4) {p^ — 1) distinct sets of multipliers two of which are 

equal, while the remaining sets lead to -^\F{p^ — l) — 30 (j)"— 1)] 

distinct sets of three unequal multipliers, together yielding all the 
substitutions C of period p^—1. The value of F(^p^ — 1) is given 
by the following theorem.*) 

The number of sets of two integers, not both zero, chosen from {he 
series 0,l,...,Jc — lso {hat their greatest common divisor is prime to his 

^«-**-|l+?^--**0-a)('-4)-0-2) 

I — 1 f, / 

where q^, q^, . - ., qu ore the distinct prime factors of k. 

1) The case d = S is more intricate and the results ^qoite complicated. 
The results are given in the Amer, Jottm., vol. XXII, p. 261; the proofs in vol. XXIV. 

2) Jordan, Traits, p. 96. 
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Of Uie H Mtt "T/f tvo iu^g gi s eadi < i, i* ff kste 
or^Ks &<tt tLe i/^^ nndtzpltf <tf ^. aod «e to be cnfadeiL We 
tfcvs'dinr tfuin^f in ponknlar. the sets of iMiqp e tB caek rf 
<MM! ^rf* dM; i j, j[y nraltipbs <yf ^.f^. EEenee. m afterw; 
ti»« f«te of integen eadb of whidi is a multiple of f^, we sobtiaet 
tiie number i^ ^ — ^iH- After die l e quii cd exdHkm Imre aB 
b«i» maMle, tliere eridentlj remjins die nomber cf ee^ 
kmfm% die ktter teto, die eoiqde 0, does not oeeor 



23§« A ef die groop generated br a sobstitntion C of period 
p^—X will be called $pmal if two (^ its sobstitations C', C* of 
fmod /^ — 1 are conjugate within G, L e^ hare the sayne aei of 
moltiplien. Since a and fr most be prime io j^—1, the eraiditicm 
requires that C and C^*> shall hare the same set of mnlti^ien^ 
where a^ is determined from aa^ = 1 (mod i^ — > 1). It dins soffiees 
to inrestigate when C and C* hare the same mnltiplien, m being 
prime to /?^ — 1 and l<m<j^—h The three distinct ways in 
which the two sets 

<r, «•, «*; fl«% It*', «-' r + s + /^0 (mod |i^— 1) 

may be identical in some order will be considered in torn. 

i) If !«•''« <r, «"'= of, a«'= a*, then r (m — 1), 5(jii — 1), and 
therefore also g(fn — 1), are dirisible by i^ — 1- Since g is prime 
to 1^ — 1, m — 1 most be divisible by ji» — 1, contrary to hypothesis. 

ii) If ti^''=^a*, c^'=c^, c^*=^cf, then most 

mr = s, m8'=ry n?r^.r (mod/^^ — l). 

Then r must be prime to j>*— 1; for a common £EMHx)r wonld divide s 
in yirtne of the first congmence, whereas the greatest common divisor 
of r and s is prime to |}" — 1. Hence, by the last congruence, 

246) m*z:l (modi)«-l). 

Inversely, if m be any solation of 246) and if r be any integer 
less than and prime to |)" — 1 and if s be determined by 

s IE mr (mod p^ — 1), 

then C and C** have the same multipliers. Moreover, C is the r*^ 
power of a substitution with the multipliers or, a*", a"~*"~^, which 
may therefore be taken in place of C as generator of tilie special 
cyclic group. 

If 2* be the highest power of 2 contained in|)* — 1 and if x=0 
when fc — or 1, x — 1 when 1 — 2, x = 2 when A;^3, and if ft be 
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the number of distinct odd prime factors of p" — 1, then the con- 
graence 246) has exactly 2"+^ solutions m}) The solution i?» _ 1 is to 
be excluded. Consider the 2*+^ — 1 substitutions with the multipliers 
a, a", a""*""*, m > 1. They generate as many cyclic groups. In fitct, 
(a«)«=a requires j: = m (modp*— 1); while (a"""'~"*)y« a is im- 
possible since m + 1 has a factor > 1 in common with ^* — 1. 
Moreover, the sets of multipliers of the substitutions of period p* — 1 
in each cyclic group are the same in pairs. Hence these special cyclic 

groups contain altogether y^(P* "" 1) (2* **"'*— 1) distinct sets of 
unequal multipliers. 

(iii) If c^'^-^ai, c^'^^a^, a^^^cT, we find that 

r(m^+m+l)=t+$+r=0, s(m^+m+l)=r+t+$=0 (modp«-l). 

Hence Jf = m* + m + 1 must be divisible by p" — 1. Since m (m + 1) 
is even, JIf is an odd number. Hence p" — 1 must be odd and there- 
fore p" — 2". Since d = 1, 3 is not a fitctor of p" — 1. Hence each 
prime factor q of p"— 1 is of one of the forms 6k + 5, 6A; -f 1. 
Now M and hence also m'— 1 must be divisible by g. U q==6k + 6y 
Fermat's theorem gives m**+*~l (mod q). Since m':::l, we have 
mznl (mod q) and therefore JIf =3^0 (mod q), which is impossible. 
Hence must q = 6k+l. Inversely, ifg — 6fc+l, m**— 1 = (mod q) 
has 6k distinct integral solutions. But the left member is divisible 
by m'— 1 and therefore by M, Hence Jlf^O (mod q) has two 
distinct solutions. Each of these solutions leads to one, and but one, 
solution of Jlf=0 (mod g*). To give a proof by induction from 
T — c to T = e + 1, let m' — 1 = Qgf, Then 

(m + xq^y —l = Qq'+ Sm^xf (mod }*•) 

and will therefore be divisible by g*+* if, and only if, 

Q+3m^x~0 (mod g). 

Since 3 and m are prime to g, a: is uniquely determined mod q. 
Hence each m determines one solution y^m + xf of 

y«-l = (mod g*+»). 

Hence, if m* + w + 1 be divisible by g*, y — 1 will be prime to g 
and hence y^+ y + 1 will be divisible by g'+^ Supposing that the 
prime factors of 2" — 1 are all of the form 6k + 1 and that the 
number of distinct ones is y, it follows that Jlf=0 (mod 2"— 1) 

has 2^ solutions m. But, if m be a solution, then — m— 1 will be 



1) Dirichlet, Zahlentheorie, § 87. 

Dickson, Linear Oronpi. 17 



i 
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a second solution. Hence C is the r*^ power of one of the 2*^"^ sub- 
stitutions with the multipliers a, a^, or~"*"~^. These generate distinct 
cyclic groupS; since («*")*—« requires re = — w — 1. Hence there 
are 2^~^ of these special cyclic groups and the substitutions of period 

p** — 1 in each give just y O (p^ — 1) distinct sets of multipliers. 

Excluding the special sets of multipliers of types (ii) and (iii); 
there remain 

I [Fip'-l) - 3<l)(i)»-l)] - 4 <J)(j)'-l) (2'+''-l) - ~ <t>i^-l)2^' 

sets of unequal multipliers ^ the last term occurring only for certain 
values oip^. The corresponding substitutions Clie in sets of 0(jp'»— 1) 
in cyclic subgroups not conjugate under G. Noting that F{p^—l) 
is divisible by (jp" — 1), giving the quotient 

H'(|,'-l)^(i,'-l)(l + i)(l+^)-.(l + ^), 

where 2i, gfg, . . ., 2y ^^e the distinct prime factors of ^— 1, we may 
combine our results in the theorem: 

If I)* — 1 be not divisible by 3, the substitutions C generate the 
following types of cyclic groups of order jp"— 1 not conjugate under G: 

a) one group generated by the substitution with multipliers 



a, a, «->; 



b) 2*+^ — 1 generated by substitutions with multipliers a, a*", 
^— m— 1^ where m*=l (modp*— 1), x and fi defined in (ii); 

c) 2''"" generated by similar substitutions with 

m* + w + 1 = (mod jp" — 1), 

occurring only when p** — 1 = 2* — 1 has only prime factors (y distinct 
ones) of the form 6j + 1; 

d) ylT(i>''-l)--3]--y(2''+'*-l)-y-2''""'f^irtl^er groups. 

286. As a first example, let jp*»= 8, so that fi = 1, x — 0, y = 1. 
There is just one cyclic group of each of the first three types. The 
generators have the sets of multipliers a, a, a"-*; a, ar\ 1; a, a*, 
a*"' respectively. 

As second example, let 2)« = 17, so that fi = 0, x — 2, while the 
third type of group does not occur. There are three cyclic groups 
of the second type determined by the sets of multipliers a, ar~\ 1; 
a, a', a®; a, a^, a\ The two cyclic groups of the fourth type may 
be determined by the sets of multipliers a, a*, a^'; a, a', a^\ 
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287. It remains to determine the number of cyclic subgroups 
of G conjugate with each group of the types a), b), c), d). Type a) 
is generated by the substitution 

re' — ax, y' — ay, 0' = a-'^g (of"* 4" «) 

and is commutative with exactly (|)**— l)(jp*'» — 1>") substitutions 

of G, viz., f , , , , , , 

' ' re — aa; + by, y ^cx + ay, z^ =» eg. 

The cyclic group of order p" — 1 generated by the substitution 

x^^ax, y'^^a^y, z'^-'or^^^e, w* = 1 (mod p" — 1) 

is transformed into itself by 2(jp'»— 1)* substitutions, viz., 

S: x^^ax, y^'^by, z^^cz (a6c — 1) 

and the products TS, where T replaces re by y and y by — rr. 
When cyclic groups of the third type exist, each is transformed into 
itself by the 3(jp" — 1)* substitutions S, (xyz)S, {xzy)8. Each cyclic 
group of the fourth type is transformed into itself by exactly the 
(^pn _ \y substitutions 8, 

238. For !>* = 2*, the simple group (? has the order JV= 20 160. 
There is, by 244), a single canonical form C, not the identity, its 
multipUers being 1, 0, 0«. The JV/(i)* - 1)« = 2240 substitutions 
of G of period 3 are therefore all conjugate and generate a single 
set of conjugate cyclic groups. Applying the results of §§ 226 — 231 
to the case p" » 2', we see that G contains 

960 conjugate cyclic groups of order 7 with 5760 substitutions of period 7 
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20160 

The Bubstitntions of period 2 are all contained in the cyclic groups 
of order 4. 

The groap G differs in stracture from the alternating gronp on 
8 letters, likewise of order 20,160. Indeed, the latter contains 5760 
sabstitations of type (1234567), 8360 of type (188466)(78), 1844 of 
type (12345), 2688 of type (12345)(678), 26S0 ^^ ^. 0284) (56), 
1260 of type (1234)(5678), 112 of type (123), ll||limK|m(45e), 



tjf' 
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1680 of type (123)(45)(67), 210 of type (12)(34), 105 of type 
(12)(34)(56)(78), and the identity. The alteniatiiig group has sab- 
stitiitions of periods 6 and 15, while G does not Botii groups 
contain the same number of substitations of period 7, tiie same 
number of period 4, the same number of period 2. But the distribu- 
tion into sets of conjugates of the substitutions of period 2, or of 
period 3, or of period 4, differs in the two groups. In particular, 
G is not isomorphic with the aiiemating group on 8 letters, eo/di gromf 
being simple and of order 20160.*) 



CHAPTER Xn. 

SUBGROUPS OF THE LINEAIl FRACTIONAL GROUP LI (2, !»•).») 

289. In § 108 was defined the gronp of linear iractiomd sub- 
stitations 

S: ^' = ^J (A = ««-/Jy4=0) 

on an arbitrary variable with coefficients in the GF\^p^'], We 
proceed to represent it as a permutation -group on j>"+l letters. 
Suppose s runs through the series of marks of the GF[p^], For 
^ = 0; g' will also run through the series of marks. For j^ =f= 0, the 

value if = — d/y gives g' = ~~o ' ^ *^^ ^' ^^*^ ^^* ^® determined 
as a mark of the field. We may^ however^ obtain a set of elements 
which are merely permuted by S by adjoining to the series of marks 

a new element <x> ~-^9 necessarily the same for every mark fi^O, 

since -rr = ^^ » -^f and assumed to combine with the marks it 4= 
fi '0 ' 

of the field according to the laws 

CX) + A = il + CX) — CX), A00=»CX)A = CX), A/CX)=0, OO/A— CX), 

while the indeterminate fraction " J]^ is assumed to equal a/y. 

Setting henceforth s^p^, the group LF{2,s) of linear fractional 
substitutions of determinant unity in the GFls] may therefore be 

1) Mifls Schottenfelfl established this theorem by direct calculations, Annals 
of MaJOiematics, (2) voL 1, pp. 147—162. 

2) Moore, Mathematical Papers Chicago Congress of 1898, pp. 208 — ^^242, 
MaOh. Ann,, vol. 66 (66?); Wiman, Sweedish Acad., vol 26 (1899), pp. 1 — 47; 
Bomside, Proc, Lond. Math. 8oe., vol. 26 (1894), p. 182. The work of Gkdois, 
Mathieu and Gierster is cited in the exposition for n=l in Klein -Fricke, 
Modnlfanctionen I, p. 411 and pp. 419— 491. 
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represented concretely as a permntation- group 6r^«) on 5 + 1 letters 
and haying the order 

247) M{8) = ^^^^ (2; 1 according as p > 2; jp - 2). 

The group of all snl)stitutions /S has the order (2; 1) Jlf(s). For jp> 2, 

it may be represented as a permutation- group GiUt). For p ^2, it 
is the former group. 

The group G'^t] is doubly transitive. It is only necessary to 
prove that a substitution T with coefficients in the field and of 
determinant unity may be found which will replace two arbitrary 
distinct elements q, 6 by the elements 0, cx). If both q and 6 are 
marks of the fields we may take as T 

0' = -^ -9 X~. 

If (» is a mark and 6 = cx), we may take T to be jet' — jer — p. 

The inyerse of Se^ (-^) of determinant unity is S~^ = ( ^ "" L 
so that 8 is of period two if and only if a + d — 0. 

240. A substitution 8^ not the identity, of the group (?ift) 1^^^ 
fixed at most two elements. The fixed elements are given by the 
equation 

248) yj8?«+(*-a)j?-iJ = 0. 

By § 15, it has at most two roots in the field QF[s\ unless y=^fi^=0, 
a=: dy when 8 is the identity. Now 8 leaves 00 fixed only when 
00 = a/y, whence y — 0. The other fixed elements are given by 
(d — «)je^— /J == 0, which, for 8^1, ib satisfied only by jer =- cx> or 
1 g== mark according asd — a = 0or4"0« 

If 8 leaves fixed two distinct elements e^ and z^, it can be trans- 
formed by a suitably chosen substitution T of the group into a sub- 
stitution with the fixed elements and cx), having therefore the form 

Z: z'^^ (a6=l). 

Its period is a divisor of y (|>* — 1) or jp* — 1 according as j> > 2 
or jp — 2. 

If 8 leaves fixed a single element z^eez^, it can be transformed 

^^ z'^z + fi (/J in field) 

leaving fixed the single element cx>. Its period is therefore p. But 
the condition for a double root of 248) is (a-f-*)* = 4. 

If 8 leaves no element fixed, the quacbiitic 248) is irreducible 
in the GF[p''']. By the corollary of § 31, its roots Zi and z^ are 
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marks of the GF[p^'^'] conjugate with respect to the 6rJ?'[p*]. Now S 
multiplies the function (^--^i)-r(^ — ^2) by the constant a/b, where 

a = a — yZj^y h = a — yz^. 

The product ab reduces to ad — /Jy = l. Also a and b are con- 
jugate (§ 73). Hence 

Hence 8 can be transformed into a substitution of the form Z, whose 

period is a divisor of Y(i>"+ 1) or jp*+ 1 according as j>>2 or^ = 2. 

In particular, the substitutions of period p are characterized by 
the invariant (aJr ?_)* = 4* 

241. Commutative subgroups of order j)». The substitutions 

5^ E= (^) , ^ in the GF[p'l 

form a commutative subgroup G^i*^ of order s = p% containing all the 
substitutions of Gm{$) leaving the single element cx> fixed and con- 
taining no other substitutions. Each of its substitutions except the 
identity is of period p. Hence there are (jp" — l)/(jp — 1) cyclic sub- 
groups Gp of order p in the Cri*\ To determine the conjugacy of 
these substitutions and subgroups under Gm{s), we transform 8fi (f(=4^0) 

by F== (~^) 8nd (see formula of composition at end of § 108) 

obtain the 'substitution*) 

This substitution belongs to Cri*^ if, and only if, y = 0, when it 
becomes 5<^^. In particular, 8ft, is transformed into itself only by 

the substitutions \^-\\ WiiJiin Gm{$) o/ny substitution 8ft (ft -)=0) is 

self' conjugate in exactly the G^^\ while the Cri*^ is self- conjugate in 

exactly the 6ri°(]^i) compost of aU the substitutions leaving the element 00 

"FT" 

invariant, viz., [ " * — l Y ^^ ^ ^be order of the latter group, /J may 

be any mark of the GF[p^] and a any mark 4= 0? but — a, — /J 
gives the same substitution as + a, + fi. 



1) This order of the factors of a product is employed by Wiman, the 
reverse order by Moore. 
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Within GM{»)f 8,^ is conjugate only with the substitutions So*^. 
Hence the 5 — 1 substitutions^ not the identity, of 6ri*^ are all con- 
jugate if jp = 2, but separate into two sets of y(5 — 1) conjugate sub- 
stitutions if jp > 2 . The jp — 1 substitutions of a cyclic group Gp 
generated by Sf^ belong half to one and half to the other set if p>2 
and n be odd, but all belong to the same set if n be even (§ 62). 

In place of oo the fixed element may be any one of the p** marks 
of the CrjP[p"]. Since Gm{*) permutes the p^+1 elements x trans- 
itively, it contains jp* + 1 conjugate commutative groups G^J*\ This 
result also follows i&om the numerical identity 

«(«»-!) ,8(8-1) , 1 _ , , 1 

Each Ot is defined by any one of its substitutions not the identity 
as ^ group in which that substitution is self- conjugate. These 
p^+1 groups have therefore no substitution in common except the 
identity and contain in all jp'"— 1 distinct substitutions of period p. 

242. Cydic subgroups of order nT-r' If (> be a primitive root 
of the GFIp^], the substitution 

generates a cyclic group of order y (p" — 1) if jp > 2, but of order 
!?*• — 1 if JP = 2. It contains all the substitutions 



\o] a-V 



(a in the (?F[jp«]). 



Since it contains all the substitutions which leave fixed the elements 
oo and and no other substitutions, it will be denoted by Cri*!Li . 

Any new substitution transforming this cyclic group into itself must 
interchange the elements oo and and hence have the form 



S = 



\-r\ o) 



Inversely, every B transforms Z into its reciprocal Z~"*. These 
Y-r substitutions B of period two together with the substitutions Z 
form a dihedron- group ^) 6r^*L?i, which is the largest subgroup of 

Gm{s) within which the above cyclic group is self- conjugate. 



1) See the definition given in § 246. 
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Since oo, form only one of the -oP*(p^+l) pairs of the 

p^+1 elements, Gnii) contains exactly ^1^(1^*+^) coiy^g**® cyclic 
groups G^ILi, each self-conjogate in exactly a dihedron 6^^*5—1. Each 

of these cyclic groups is defined by any one of its substitutions not 
the identi^ as iJie largest cyclic group containing that substitution. 

These -aP^{P^'\' 1) groups have therefore no substitution in common 

except the identity and contain in all -j-s (s + 1) (s ~ 3) or 

Y 5 (s + 1) (s — 2) substitutions (not the identity) according as p > 2 

or jp = 2. 

248. Cyclic subgroups of order ^p By § 144, LF(2, p^) is 

holoedrically isomorphic with the group H^H0{2,p^*) of binary 
hyperorthogonal substitutions of determinant unity in the GF[p^^] 
when taken firactionally, viz., 



\-B, a) 



where AzuAT is the conjugate of A with respect to the GF\^p^\ 
The reciprocal of V is, by § 142, 

\B, Ay 

It J he a primitive root of J^'^^'^1, so that J^J"^, the 
following substitution of J7, 

generates a cyclic group G^^i composed of the substitutions 

Any substitution F of fl transforms Q^ into 

^ '^S-ABiJ^^J^), AAJ^ + BBJ'J 

This substitution belongs to the cyclic group generated by Q if and 
only if AB « 0. Two cases arise. 

K J5 « 0, then ^2 - 1 so that F= (^^) belongs to tiie cyclic 
group and evidentiy transforms every Q' into itself. 
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If ^- 0, then BB^l, so that F= f-^V The latter trans- 
forms Q' into ( — - — J = Q ^^ which is distinct from Q^ unless the 

latter be of period two. 

The largest subgroup of H within which the cyclic group 6^,4.1 

in 

is self - conjugate is therefore a dihedron- group of order 2 • -~Y' 
Hence H, and consequently also Guis)} contains 

2;i • ^TTT ^^^^ ^^ 
cyclic groups conjugate with Gs^i. Each of these is defined by any 

substitution lying in it (the identity excepted) as the largest cyclic 
group containing that substitution. The y $ (s — 1) groups have there- 
fore only the identity in common and contain in all - - ^ (s — 1)^ or 
Y s^ (s — 1) further substitutions according as jp > 2 or jp — 2. 

244. To Terify that we have now enumerated all the individual 
operators of Gm{s) and consequently all the largest cyclic subgroups^ 
we note that 

l + (s«-l) + |«(«+l)(5-3) + {-s(s--l)« = |s(s«--l), i)>2; 

l + (s«-l)+2-s(s + l)(s-2) + i-s>(s-l)-s(s«-l), i>-2. 

It was shown that if any substitution 8 of a cyclic G,:^! be of 

period > 2 (viz., 8^8 ^), then S is transformed into itself by no 
substitutions of 6rjf(«) other than those of the cyclic 6^«:^i. Hence 

in 

the latter is the largest commutative subgroup of Gm{s) which con- 
tains the substitution S, A commutative subgroup containing an 
operator of period > 2 and different from p is therefore a 
cyclic group. A commutative group containing an operator of 
period p contains only operators of period p (§ 241). Hence if a 
commutative subgroup of GMis), P> 2, contains an operator of period 
> 2, it contains at most one operator of period 2. 

246. Cydic and dihedron groups and their subgroups. The abstract 
dihedron -group Gtk m^'y be generated by operators A^ B subject 
only to the generational relations 



J.*- J, B«==J, AB^BA 



— 1 
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From the latter two follow the relations (holding for any integer r) 

The cyclic subgroup Git generated by ^ is therefore self- conjugate 
imder G^^. The latter is said to have the cydic boise 6r«. The k operators 

BA' (i-0,1,..., *— 1) 

are of period two. For k odd, they are all conjugate under G%i 
since B transforms BA into BA~^^BA^^\ which belongs to the 
series B, BA*, BA*, . . . For k even, they form two sets of con- 
jugate operators 

JS, BA\ BA\,..,BA^-^; 

^ BA, BA^, BA\...,BA^-'K 

According as i is odd or even, they generate cycUc groups G^ forming 
one set or two sets of conjugate subgroups. 

For every divisor d oik, Gk contains a single cyclic subgroup G^^ 
which is formed by the operators 

A^, A^^, A^\...,A^^z2l (8 = k/d). 

If ft be a given one of the integers 1,2, . . ., 8, the following d operators 

BA^-^^ BA^^^\ BA^'^^\,..,BA^-^''^-^BA^ 

extend the cyclic group Gd to the same dihedron G^^, There are 
exactly 8 such dihedron -groups. K A; be odd, these G^d are all 
conjugate under Gtt. If 8 be odd, but k be even, the exponents n, 
fi -f- d, ft -f 28, . . . are alternately even and odd, so that each G%d 
contains operators of both of the sets 249); the groups G^d ^u-e 
therefore all conjugate under Gtk- If 5 be even and hence k even, 
the exponents are all even or all odd, so that the operators all belong 
to a single one of the two sets 249); the groups G%d thus belong 
to two distinct systems of conjugate subgroups of Gtk- 

K d > 2, Gtd has a single cyclic Gd and G%k a single cyclic Gk, 
so that the above process famishes every dihedron subgroup' 6r2d 
of Gti. The theorem stated below therefore follows if d > 2. 

We consider next the case d =^2, k even and > 2. The only 
operators of period two in G^t are then -4.*/* and 

BA' (i-0, 1,...,A;-1). 

Hence any dihedron G^ must contain two operators BA'', BA* (r^s) 
and therefore their product BA^'BA'^lA*—'^, Hence every G^ must 
contain -4*/* and may therefore be based on the subgroup G^ of (?*. 
The theorem then follows as before. The A;/2 possible groups G^ 
in Gtk are given by the formula 

[1, A^/^, BA% 5^^+*/^) (r = 0,l,...,|-l). 
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Theorem. — For every divisor d of h {he dihedron G^k contains 
exactly k/d dihedrons Gtd forming one system or two systems of con- 
jugate subgroups according as kid is odd or even, 

246. Cydic and dihedron subgroups of Gm{») whose cyclic bases 
are subgroups of the cydic G,^:i, By §§ 242 — 243, GM{t) contains 

Y5(5±1) conjugate cyclic subgroups 6^,4:1 each self- conjugate in a 
dihedron subgroup G^ t+i, but self- conjugate in no larger subgroup 
of Gm{s)- Hence these dihedrons are all conjugate under the main 

g-r I 

group.^) Let d^ be any diyisor of -r^ and denote the quotient 
by dq:. GM{t) contains y«(s±1) conjugate cyclic groups G^dx; ®^^ 
of which is (§ 245) the cyclic base for dq: dihedron subgroups G^dT. 

Under G^ ,qpi they form one system or two systems of conjugate sub- 

^TTi 
groups according as d:^ is odd or eyen. 

For dq:> 2, two subgroups G^dj: of G^ ,4:1 are conjugate within 

*^ 
the latter if conjugate within Gait)] indeed, the transforming sub- 
stitution must be commutative with Gdj^, the only cyclic group of 

order d:p in either GtdTy Mid therefore commutative with the cyclic 

Gg^i determined by it. Hence if d:p be any divisor > 2 of -oTT" 

871 ' 

and the quotient be d^:, Gm{s) contains in aU Jf (s)/2dq: dihedron Gtd^ 

forming one system or two systems of conjugate groups according as dq: 
is odd or even. In the former case, a G^dx ^ sdf- conjugate only 

under itsdf; in the latter case, self- conjugate under a dihedron G%.%dT. 
These G^dx «^« ciU conjugate within G^(2;i)if(,). 

For dq: = 2, we have p>2 since 5 — 1 is not divisible by 2 
for p = 2. Then s=p" is of the form 4fc ± 1 according as the 

Jacobi-Legendre symbol ( — ] is ± 1; hence y ^ ~ ( — ) 

say = 26. Then all the substitutions F, of period two of Gm{») 
belong to the conjugate cyclic Gta- It remains to study the four- 
groups G^, each a dihedron G^i containing three cyclic G^* Now 

G^jr(t) contains y^^"!" (~~~") conjugate cyclic G^. Each G^ lies in 
yIs— (— -) four-groups G^. Hence, ifp>2, Gm{») contains in 

1) For every operator commutative with a group G is transformed into an 
operator commutative with G' by the ox>erator which transforms G into &. 



IS even. 
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all M{s)/ 12 four-groups. Also the 6 four- groups contained in a 
dihedron G^a form (under the latter) one system or two systemB of 
conjugate subgroups according as <y is odd or eyen, viz., according 
as s — jp" has the form 8A ± 3 or 8A±1. Since the G^a are all 
conjugate within- Gait)} it follows^ for 6 odd; that all the four- groups 
of GM{i) are conjugate; while, for 6 eyen, they form at most two 
systems of conjugate subgroups under Gait)' For 6 eyen, each G^ 
is one of 6/2 conjugate subgroups of a certain G^a and is therefore 
self- conjugate under a subgroup of order 8 of G^a^ Suppose that^ 
for a eyen, the subgroups G^ of GM{t) form a single system of con- 
jugate subgroups. Then each G^ would be one of M(s)/ 12 conjugate 
subgroups and consequently commutatiye with exactly the 12 operators 
of a subgroup G^^^ By an earlier remark, the G^ is commutatiye 
with a subgroup G^, Since 8 is not a diyisor of 12, our hypothesis 
is untenable. Hence, for 6 eyen, the G^ form exactly two systems 
of conjugate subgroups of GM{ty For^) p>2, the M{s)/ 12 four- 
groups G^ contained in Git{$) form one system or two systems of con- 
jugate subgroups according as s = jj* has fhe form 8A ± 3 or 8A ± 1. 
In the former case, a G^ is self -corrugate under a G^; in the latter 
case, under a G^^. In the Gtuify ^ ^4 /<>y^ ^ single system of 
conjugcUe subgroups and each is sdf-conjugaie under a G^^. Each G^^ 
is not a commutatiye group by § 244 and so is of the tetrahednd 
type (§ 247). Likewise, each G^^ contains a tetrahedral subgroup G^, 
The latter is of index 2 and consequently self- conjugate under £r24- 
Since G^ contains a set of 4 conjugate G^, the G^^ will contain a 
complete system of 4 conjugate G^. Each is self- conjugate under 
a G^y which is a dihedron since it is not commutatiye (§ 244). 
Fincdly, no operator of period 2 is self- conjugate under 61^249 f^^* ^^ 
is self- conjugate only under a dihedron G^-^i which contains no 
tetrahedral subgroup and hence none of the present G^^, Then by 
§ 248 each G^^ is an octahedral group. 

247. A non- commutative group of order 12 having a self-conjugate 
four -group is of fhe tetrahedral type. 

Let the operators of the four- group be J, F^, F,', T^", so that 
they are commutatiye and the product of any two F's giyes the 
third F. The G^^ contains at least one operator V^ of period 3. 
The products ^^, ^^^^, ^,^^,^ ^„^^, (.--0,1,2) 

are all distinct and so giye all the operators of G^. The G^^ would 
be a commutatiye group if Fj were commutatiye with F,, F^', T^". 

1) For J) = 2, the four -groups are determined in § 249. There are 

4- (2n ^ 1) (2« - 2) sets. 
6 
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Since therefore F, does not transform each V into itself and since 
it does not permute two of them, its period being 4^ 2; it must 
permute them in a cycle. Fixing the notation, we thus hare 

Hence Fg; V^ generate G^<^ and satisfy the generational relations 

of the tetrahedral group, an abstract group of order 12 holoedrically 
isomorphic with the alternating group on 4 letters (§ 265). 

248. A group of order 24 ha/oing no sdf- conjugate operator of 
period 2 and having a set of 4 conpjigaie G^ each self-conjugate in a 
dihedron O^ is of Oie octahedral type. 

The 4 conjugate G^ are transformed into each other by the 
operators of G^^. Hence G^^, is isomorphic with a substitution -group 
on 4 letters. The isomorphism will be holoedric and consequently 
the latter the symmetric group Q^^ if the identity be the only 
operator of G^^ which transforms each G^ into itself, i. e., if the 
four G^ have only the identity in common. But if a substitution of 
period 3 were common to the dihedron G^y it would be common to 
the G^y and these would be identical contrary to hypothesis. If 
the G^ contain in common two substitutions of period 2, they would 
contain in common the product of the two which is a substitution 
not the identity of the cyclic bases G^ (§ 246). Finally, if the con- 
jugate Gf^ contain in common a single substitution of period 2, it 
would be self- conjugate imder G^^ contrary to hypothesis. Now the 
G^ is of the octahedral type 

249. Subgroups of fhe s + 1 commutative G^t\ Since these groups 
are all conjugate under G^jf(«), it suffices to determine the subgroups 
of G^i*^ formed of the commutative substitutions Sfi of period p. If 
a subgroup contain 5^^, jS^, . . ., S^^j it will contain 8^^ where 

fi » qf4 + c^tiit'\ h CtHh} the Ci running independenUy through the 

series 0, 1, . . ., p — 1. Hence to every subgroup (?pm of order p^'^p^, 
there corresponds an additive -group in the GF[p*] of rank m with 
respect to the GF^p"] and inversely. Hence, by § 69, the number 
of distinct subgroups Ggfn of Gj^ is 

Let G^ be one such group composed of the substitutions Sz, 
where A ranges over an additive -group [Aj, . . ., A^] of rank m with 
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respect to the GF[p], By § 241, Cryn is transformed into itself 
only by substitutions of the form V= ^ ' — i V Since F transforms 

Si into SoflXy a farther condition is that a*X and A should ran 
simultaneoosly through the series of marks of the [X^, . - -f A«,]. 
Suppose that there are in the GF[p^] exactly e marks s^, .-.,«« 
such that [li, . . ., Xm\ = [«?Ai, . . ., e}Xm\' Then, according as p > 2; 

» = 2, the zr—i substitutions 

' 2; 1 



\0, «rv""\0, lAo, e^ij 



where /J ranges over the GF\8]y constitute the largest subgroup S 
of Gii{i) under which Gpvi is self- conjugate. But the multipliers x 
of the additive -group [A^, . . ., ^1^] are (§ 70) the marks x =f= of the 
multiplier GF[p^'], k being a divisor of m and n. It remains to 
distinguish which of them are squares of marks Si of the GF[p^^. 
For the respective cases 

p> 2 with n/k even, jp > 2 with n/k odd; i> = 2, 
there are (§ 62) exactly e == (2, 1; l){p^— 1) marks Si, so that JSTis 

eg a ( f)k — 1^ 

of order ^—r ^ \% - j9ence 6?^^ is one o/* a system of 

(l>»"-l)-^(2,l;l)(i)*-l) 

conjugate stibgroups of Gm(»)- Here the value of k depends on the 
individual G^ chosen. Given k, the number of the corresponding 
sets of G^ follows from § 71. 

260. Non-commutative subgroups of the s + 1 conjugate G^fM—i) • 

U suffice .0 .tad, th. group a giv» by . - «. It i. co^^ 

of the substitutions 

(^.)-(J;0(;^> 

For a given mark a=^0, (i and /} run simultaneously through the 
series of marks of the GF[s]. A rectai^ular array of the substitu- 
tions of G may be formed by taking as the first row the substitu- 
tions Sfi, which form the self- conjugate subgroup G^, and as right- 
hand multipliers the substitutions Pa ^ ( ' _A of the cyclic G^^lli^* 

In any subgroup Cr' of Cr the totality of substitutions of period p 
give rise to a commutative group Gyn of substitutions Si, where I 
ranges over an additive -group [Ai, . . ., Xm]. Hence Gyn is self- 
conjugate under G', A rectangular array of the substitutions of G' 
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with those of G^^m in the first row has the property that the snb- 
stitutions in each row are all found in a corresponding row of the 
rectangular array for G. In fact, two operators -4., jB of G^' lie in 
the same or in diflferent rows of the array for G* according as 

AB~^ is or is not in Gp"^. But J.J?"~^ belongs to Cr' and hence 
belongs to Gpm if^ and only if, it occurs among the substitutions in 
the first row of the array for G, Hence each row for G' lies wholly 
in a row for G. The quotient -group G^ /Gjpt is therefore a subgroup 

Gd— of the quotient -group G/Gg, the latter being a cyclic Cr,_i. 

Indeed, these quotient -groups may be obtained concretely as groups 
of the permutations of the rows of G induced by applying as right- 
hand multipliers the substitutions of G or G\ But all the substitu- 
tions in the same row of G (and, a fortiori, all in the same row 
of G') give rise to the same permutation. Hence Gd— is an abstract 

cyclic group. Now G contains s cyclic G^i— i , where r runs through 

the series of marks of the GF^s], all conjugate under the trans- 
formers Sf,, Leaving different elements r fixed, they have no sub- 
stitution other than the identity in common. Counting also the 5 — 1 
substitutions of period p, we have accounted for all the substitutions 

of G, Besides the cyclic subgroups of Gg , G therefore contains no 
cyclic subgroups other than the G^^* , for the various divisors d 
of -qTY* Among these cyclic groups occurs one whose substitutions 

may be chosen' as the right-hand multipliers in forming the above 
array for G\ In fact, within the row of G' corresponding to the 
generator of the quotient cyclic Ga there must exist a substitution A 
such that A^, and no lower power, belongs to the group Gyn whose 
substitutions form the first row. The right-hand multipliers for the 
array may thus be chosen to be J, A, A*, . . ., A'^—^. Hence G' is 
given by the extension of the Gpm by a certain G^d'^\ within which 
Gpfn is self- conjugate. But the largest subgroup of Gm{s) within 
which Gyn is self- conjugate is (§ 249) the group H of order sK^ 

K^^ f^~ y given by the extension of GT^ by a cyclic G^k*^\ In 

1 , s; 1 

particular, d must be a divisor of K, so that d depends upon the G^ 

The cyclic G^j?'^^ contains a single cyclic G^^'^\ Hence, by trans- 
forming G^' by a suitably chosen S^, we obtain a group Gpm^ (con- 
jugate with G' under G) given by the extension of Gg^n by the sub- 
group G^iT'^^ of G^k'^\ The substitutions Si of G^^n transform that 
subgroup into p"^ conjugate cyclic G^*' ^\ since Si replaces the fixed 
elements <x>, by elements oo, X, These p^ groups together with 
Gpfn contain all the substitutions of G^^d, as shown by simple 
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enameration. The largest subgroup of GrM{$) transforming 6i^y<*^ into 
itself must therefore transform 6rpm into itself (and thus be a sub- 
group of J7) and transform the groups of the single set of con- 
jugate Gd*' ^ amongst themselves. Of substitutions of period p, it 
must therefore contain only the Sx. The required group is thus a 
subgroup of the group jff' of order p^K given by the extension of 
Gpm by Grj?' ^\ Moreover, it is H' itself since any substitution 

^5^3^) of G^k'^\ a such that a»i = A' is of the [Xj,..., A«], 

replaces the elements oo, A by elements oo, X' and consequently trans- 
forms Gd*' ^^ into 6rS*' ^- Hence the group G^d is one of a system of 

(2,l;l)(p*-l) 

conjugate groups. Finally, if the subgroup G^ contains no substitu- 
tion of period p, it is a cyclic subgroup GrJi*' *^ of one of the cyclic 

261. Subgroups of Gm{») containing operators of period p. — The 
substitutions of period jp of a subgroup Gq of the Gm{») distribute 

themselves over certain s + 1 subgroups 6r^J^ of the s + 1 con- 
jugate G^^ (§ 241). By hypothesis at least one of the orders p^A* 
is > 1. By suitable tntnsformation within GM{t)y we arrange it so 
that p^>ly w e:e mao > 0. Under the p"^ transformers 8^ of the G^^l, 

the remaining G^m^ with m^ > (ft =4= oo), if any, arrange them- 
selves in sets each consisting of p^ conjugate groups. Under the Gq 
the G^'^l^ is then one of a set of 1 + fp^ conjugate groups, f being 

a positive integer or zero. The Gq contains no group 6?pm^ (w^ > 0) 
other than the l + fpF^ groups of this set. For, any such group 
would be one of a set of n^ conjugate groups, where n^ would 
necessarily have at the same time the forms 1 -f ffip^i»^ and fJtP^^ 
Hence: Every Gq which contains operators of period p contains these 

operators in 1 + fp^ groups Gpm conjugaie under Gq, where for each 
Gq, f and m are properly determined integers f% 0, w > 0. 

The groups G^ with /*« have been enumerated in §§ 249 — 260. 
Consider tiie group Gq with /"^ 1, m > 0. It contains 1 -f fp^ groups 

(oo) 

conjugate with a certain Gpm formed of the substitutions 8xy where 
A \ X ranges over the tb^ additive -group [Aj, . . ., A,»]. The Gpm is (§ 250) 

(oo) 

self- conjugate within Gq under a certain largest subgroup 6rpm^. Hence 



260) Q = (1 + fp'^)p'^d. 
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As in § 250; we transform^) by a suitable 8^ and obtain a Qpm^ 
given by the extension of the gronp G^ of the 8x by the cyclic 

group Gd*' ^^ of the substitutions P, contained within the cyclic 

group Gri7(j?i) of substitutions P,^. The group Gpm^ is thus composed 
of the substitutions^ 

Since — ri and + ri lead to the same Pt^y there are (2; l)e! marks r^y 
the distinct powers of a primitive root of lyj « — 1. Since each iy is 
an Biy each 17' is a multiplier of the additive -group \X^y . . .^ X^. 

To normalize Gq we transform by Pa* 

^""'(^^"'(fV?)' ^""'''''■^^•'-^■^-'^- 

Taking <y=»l/i^, the transformer Pa is a substitution e' = k^^js of 
the (7(S;i)if(«); ^ir(«) is transformed into itself and Gq into G'q. The 
new additive -group [i{, . . ., A5n] contains the mark 6^Xq = 1 and hence 
all the marks =|- of its multiplier GF[f^]. We suppose this trans- 
formation to have been made and the primes dropped from G', A/. 

(oo) 

The Gq of order 250) is obtained by extending the Gpm^, formed 
of the F,jji, by certain fp"^ extenders Vj (j = 1, . . ., fp^), 

^' \^' ^'''^' W. yin^ + ^^rn^) ^^^ + ^1 

It was shown above that Gq contains (1 + fp^) (j)*^ — 1) sub- 

stitutions of period p. Of these p^ — l are the 81 lying in Gpm^ 
The remaining fp'^(p^--l) are substitutions F,,iT^ satisfying the 
necessary and sufficient conditions for period p (§ 240); 

251) ajfi + djrr^ + y^i? A - ± 2. 

Given Vj (yy 4" ^) ^'^^ ^ (^ 4= 0); there are at most (2; 1) values X 
satisfying 251). For a given Vj (y^ 4" ^) there are consequently at 
most (2; i)d substitutions V,j, x ^ '^— 11,2 such that. V^^iVj is of period p 
Hence the various Vj lead to at most /i>™(2; l)d such substitutions. 



1) Por p^^S, n/k odd, we have d»l, so that this transformation is here 
unnecessary and is reserved for use in § 252. 

2) The non- fractional substitutions (viz., with y = 0) of G^ are all of the 
form Fi7,2. Indeed, they form a gronp G* leaving the element cx) invariant. 

Its substitutions of period p form the subgroup G m which must be self- 
ooigugate under 6?'. Hence G'^G m^- 

Dickson, Linear Groups. 18 
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Comparing this maximum with the actual number fp^ {p^ — 1), we 
have p*"— 1 ^ (2; l)d. Since each of the corresponding (2; l)d 
marks 17 must be one of the e marks Si of § 249, then (2; l)c2^^ 
where 6 = (2, 1; l)(i>*-l) Finally (§70), A; is a divisor of m. 
Hence 

252) !,•» - 1 ^ (2; 1) d ^ (2, 1; 1) (p* - 1) ^ (2, 1; 1) {f- - 1). 

Since the third number is always < 2(j?*--l) < 2|>* — 1, we have 
j?"»<2ji*, so that m^h, m being a divisor of h. The additive- 
group [Aj, . . ., Ato] is therefore its own multiplier 6r^ [jp*] and every 
X is zero or a multiplier x. 

There are in all two cases: 

[A] m^h i>*-l==(2;l)d, Q - (1 + /•i>*)l>*(i>*-l)/(2; 1) 

[B] m«ife, i? > 2, n/t even, i?* — 1 « d, Q = (1 + /i>0-P* (JP* - 1)^ 

where for (2; 1) we read 2 or 1 according as j) > 2 with n/Jc odd 

or ^ — 2. 

The following lemma finds repeated application below: 

If Yj (yj 4= 0) be of period 2, the rcUio oj/yj differs from ihe Oijyi 

of every other Vi and so is a charaderisHc invariant of ihe F,, i F}. 
For i'^j, ViVj is not of the form V,j^X) since otherwise 

contrary to the choice of the extenders Fi. Hence in FITJ the term 
corresponding to y is =4=0, viz., a^yy + y,<J>=f=0. Dividing by y<y/ 
and applying dy =» — ay (F/ being of period 2) we find that 

Ui/yi — aj/yj 4= 0. 

• 

262. For case [A] toiffi jp* > 2, ^ group Gq is the group Gm(J^ 
of dU linear fractional substitutions of determinant unity in the GFlp^]. 
For J)*"- 2, Gq is a dihedron G%{i^%/), which for f^l is the Gjaty 

For J?* > 2, it is shown that every Vj may be chosen so that 
^j9 Pjf Yh *y all belong to the 6ri^[jp*]. Hence Gq is a subgroup 
of GjiirP^y But, if /•> 1, Q > Jf (i>*). Hence must /"= 1, Q - M{p% 
so that Gq = Gm{j^- 

For case [A], relations 252) become equalities, so that the earlier 
argument shows that, for Vj and rj given (yy =j= 0, t^ =4= 0), there 
exist exactly (2; 1) marks k of the [^i, . . ., >Lm] which satisfy 251). 
The given n] may be any one of the multipliers x, since the number 
(2; X)d of )^'s equals the number |>* — 1 of x's. 

The extender Vj may be replaced by any one of the products 
Vfi^iVj and in particular by one of period jp, having therefore 
+ <^y "=" ± 2. Changing if necessary the signs of all four coefficients 



gM^n 
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of Vj, We may take ff/ + tfy — 2. With this normalized Vj, the condi- 
tion 251) becomes (upon setting 17 — x) 

253) ujix-TC-^) + yjHX = ± 2 - 2x-^ 

For any given j and any given mark x 4" of the (?^[i>^] and tot 
each sign ±, this equation must determine a mark A 3 Xj^n^± of thd 
Gi^[i?*]. If i> > 2, 253) for X -1 gives 

so that yj belongs to the G-Flp^]. For f^> $, x has a value different 
from ± 1 and from zero; for such a x 253) requires that a) belong 
to ike'GFlp^l Then dy»2 — ay belongs to the field. The deter-^ 
minant being unity, ft also belongs to the field. 

For jp*=3; the non- vanishing marks yj, rj may be restricted to 
the value + 1. Since ay + dy — 2 in F}, the a + d of Vi^iVj= VJ 
has the value «ry 4- dy + 1 — in the field. Hence VJ takes the form 



(^=^") - ^- 



The Wa may be taken as extenders in place of the F}. Th^ sub- 
group G^d is here composed of three substitutions Fi,i, A = 0, ± 1, 
Hence every substitution of Gq has as its }/ and a + ^ marks of the 
GF[ji^], Transforming the group by /S_ao> where a^ is a particular a, 
each Vtj^x^Sx is transformed into itself and each Wa into TTa— oo- 
Hence, in the transformed group each y and a + d belong to the 
6rJP[|>*]. Among the new extenders TTa^ TTa— oo occurs TT^,. Hence 
G^^^ contains 

80 that the mark a, being in the position of a 7^, belongs to the 
GFip^l 

For i> — 2, % > 1, there exist marks x different from and 
1 (+ 1 -= — 1); for such a x, 253) shows that ay/yy is a mark Ay of 
the GF[2^l Since i? - 2, ay + *y — 2 gives (^ — dj, and *y/yy — V. 
There are /j)* substitutions Vj and /"j?* > 2. The product Fi F} (i 4=i) 
belongs to Gtq and is not of the form Fx,2 since Vi^VjVtt^x and 
since P} is of period 2. Hence we may set ViVj ^ Vx^iVi. Since- 
i + j, A, + Ay 4- (end of § 251). We find that 

''*' «<yy + yi«y "* ^- + ^y h + h ^/ 

Hence every ft/yy belongs to the GF[p^], Then ce^^y— .ftyy=l 
requires that yj belong to that field and hence also yj, p being 2; 
Then ay, ft, dj belong to the field since their ratios to yy do. 

18* 
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For p'^2, ft -= 1, the gronp Gq of order 2(1+ 2f) is given by 
the extension of G^\ formed of the substitutions Sq^I and 8^, by 
certain 2f extendejrs Vj ( j ■= 1, , . ., 2f) each of period 2. By § 251, 
all the substitutions of period 2 in Gq form one set o{ 1+ 2f con- 
jugate substitutions. Setting Vq^S^, the substitutions of period 2 
in Gq are Vj (j = 0,1, . . ., 2f) and the remaining substitutions 
VqVj=^Uj are of period 4= 2. Hence no U is conjugate with a V. 
The product V/Uj cannot be a U] for the substitution of Gq which 
transforms V/ into Vq transforms the product into Vo Ui = Fi, but 
transforms the V into some U. Hence VfVj is of the form T}"^ so 
that VoUfUj => VoV/'. Hence every product ^I^ is a U/\ The 
substitutions U form a group G\_^. Since C^= FoP}, we have, for 
every j, * 

254) Fo-'UJFo-JJr'. 

For Uj and Uf arbitrary, there exists in the Gi 2k Ui such that 

T 

l^he group G^^%/ of the ^'s is therefore commutative and contains 
substitutions of period > 2. By § 244> it is a cyclic subgroup of 
Ga:^i. In view of 254) the group Gq is a dihedron Gj(i+f/) based 
on the cyclic Gi-j-i/ (§ 245). These groups Gq have therefore been 
enumerated in § 246 and may be dropped from further consideration* 

263. For case [B], p>2, n/k is even and ^—1 — d. The 
2d marks i} are the square roots of the p^ — l marks x and hence 

are the distinct powers of %'^Y^, where x^ is a primitive root of 
the GF[p^']. In particular, there is a mark ij — }/— 1. 

Within Gq there are exactly 1 -f ff^ groups conjugate with the. 

Gpk^^^i), The latter contains p^ conjugate cyclic Gpk^i and hence 
in til p^ substitutions T of period 2, each conjugate with 

Under 6rQ of order Q = (1 + /i^)i>HjP*""l); *^ ^o ^ ^^® ^^ * 

system of (1 + /jp*)jp* or -5- (1 + /*i>*)i>* conjugate substitutions T 

according as T^ is within Gq self- conjugate under the cyclic Gpk*^t 
or under a dihedron obtained by extending the former by a sub- 
stitution Tq which interchanges the elements 00^ (§§ 242, 246). In 

the respective cases there would be at least /j)** or Y^/i^*""^)!^ 
substitutions V^^xVj > 0) of period 2, necessarily satisfying the 

relation 251), . » 1 . . r. 

^' ajfj + Ojri'^^+ yjTjX^O. 
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For each of the fp*^ extenders Vj {j > 0, yy =4= 0), each valne of rj 
gives a single value of A, which may or may not belong to the 6rjP[p*], 
Hence there are at most /*l>*(i?* — 1) substitutions Vrj^xVj of period 2i 
The second alternative therefore holds^ so tiiat 6!^q contains a sub^ 
stitution of the form 

Also Y (1 + /l>*) is an integer sO that f is odd. 

In case a 7} (j > 0) gives Hse to one or more substitutions 
T— Vrj^xVj, we replace F} by one such T, so that the new 7} haa 
aj + dj = 0. Let N denote tiie number of these F/ for which there 
exists a product V,j^xVf distinct from Vj and of period 2. For such 
a Vj the equation 

will be satisfied by a pair rj, A 4" db 1; 0^ such that rj^ and I belong 
to the GF[^l Hence wiU 

belong to that field. Inversely, if aj/yj belong to that field^ and rj^ 
be an arbitrary mark =^0 of that field, there exists an unique 
solution X in the field, so that there will be |i^ — 1 substitutions 
Vtj^xVj of period 2. By the lemma at the end of § 261, the JVsub-^ 
etitutions Vj have distinct values for aj/yj, here shown to belong td 
the GF[ji^]. Hence N^f^. Let M denote the number of the Vj 
leading to a single Vfj^xVj of period 2. Then M^ff^-^N. Thef 
total number of the F,;,iT^ (j>0) of period 2 is therefore 

The second member is greatest when N has its maximum value jp^. 
By comparing the minimum and maximum numbers for the 

of period 2 in G^q , we have 

255) i(f]^-l)p'<:p'ip'-l) + (f-i)^' 

Hence mast /*== 1 or 3, leading to the two cases: 

(/•=!) p>2, njk eYen, Q- (p^+l)p*(p^-l) = 2M(^) 
(/■=3) IJ — S, *— 1, » even, Q - 60. ; 

Consider first the case /*— 1. Gq contains the transformed of 
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Letting 1 nin through the series of mftrks of the GF[jp^^, the ratio 
a/y = At/t = X takes p* distinct valnes. By the lemma at the end 
of § 251, the Tl may be chosen as the p^ = fja^ extenders Vj. For 
each Vj the ratios ay/y/, dj/yj are marks Ay, X'/ of the GF[p^]. As 
in case [A] for jp =» 2, k> 1, the ratio Pj/yj is a mark Xj of the field. 
The determinant being unity, yf belongs to the field, so that yj is 
some ry. Hence 

According as % is an even or an odd power of i^^^j/xo, Vj or 
V^oVj has its coefficients in the OF[p^'], The one haying this 
property is denoted by V/. These jp* substitutions V/ serve to extend 

th© group CrT\ y of the Fie,2 to the group Gm{^ of all Unear 

fractional substitutions of determinant unity in the QF[f^\ It is 
transformed into itself by 

'^ Vo. i?o-V "" \o, i) 

whose square P^^ = P«^ belongs to Gm{^* Hence P,^ extends the 
latter to the group G%M{f^ of all linear fractional substitutions in 
the 6rjP[jp*]. The latter is a subgroup of Gq and is of order Q. 
Gq is Sierefore identical with the linear fractional group G%M(t^^ 

For the case /*"- 3, j)*» 3, the relation 255) becomes an equality, 
^o that there are exactly 12 + 3 «- 15 substitutions T of period 2 
in G^^. At the beginning of the section, each T was shown to be 
self- conjugate within G^^ under exactly a dihedron G^. The 15 sub- 
stitutions T are therefore all conjugate under G^^ and form 5 con- 
jugate four- groups G^. By § 251, G^ contarus one set of 1 -f /]p*-=- 10 
conjugate G^. Hence, if the G^ exists, it is of the icosahedral typci 

(§ 254). For n even, 5 = y (3* + 1) divides i- (3« n _ j)^ go th^t the 

existence of icosahedral subgroups of Crif(8«) follows from § 259 
The question of the conjugacy of the icosahedral subgroups is 
answered in that section. 

254. A group of order QO is of the icosahedral type if it contains 
exacHy ten conjugate G^ and exactly 15 operators of period 2 lying 
in 5 conjugate four-groups. 

Since there is a complete set of 5 conjugate G^ within the G^q, 
each G^ is self- conjugate under exactly a subgroup G^. ^^ ][«ttdt 
is of the tetrahedral type by § 247; for if commutative it would 
contain a self- conjugal^ G^ which would be one of a set of at most 
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5 conjugate subgronps of G^^. Hence G^q contains a set of 5 con- 
jugate tetrahedral G^. No two of them are identical since each 
contains a single four-gronp. They have only the identity in common. 
Indeed, their common operators form a self- conjugate subgroup of 
G^Q and hence a self -conjugate subgroup of each G^. Aside from 
the identity and G,^ itself (cases requiring no further discussion), the 
only self- conjugate subgroup of a tetrahedral G^ is its four -group. 
But the 5 four -groups are all distinct. Hence the identity is the 
only operator of G^ which transforms each G^ into itself. Applied 
as transformers; the operators of G^ permute the 5 conjugate G^ 
so that G^Q is holoedrically isomorphic with a substitution -group on 
5 letters. Being of order 60, the latter is necessarily the alternating 
group on 5 letters.^) Hence the G^ is of the icosahedral type (§ 267). 

256. It remains to study the conjugacy of the linear fractional 
subgroups Gm{^) and G%M{f^) of Gy^^^y Within Gm{») the Gm{p^) is 
sdf'Conjiigate exacUy under G%MipJ^), G^if(p*); ^M{p^) according as p>2 
with n/k even, p>2 with n/k odd; or p^2f and hence is one of a 
system of Jf(«)/(2, 1; 1) Jf(|>*) conjugate groups. In proof, we note 

that a substitution F«= {-^) of Gui,) transforms (§ 240) the sub- 
stitutions \K—[) and (-H-) into respectively 

/ l-tty<y, a«<y \ ( 1 + pSc, ^Pq \ 
V -y»a, l + aycr \ *«<f, l-jJdaj' 

If 6 belongs to the GFlp^l, these substitutions belong to that field 
if, and only if, a and y are each marks ii of the GF[p^] or are 

each of the form iiYv, where v is a not- square in the GF[p^]j 

and p, d are each marks ft or are each of the form [lY^. Since 

ad — /3y « 1, a, /3, y, d are all of the form ft or all of the form ft)/v. 
Hence V is either a substitution S of Gm{^) or else a product SPy^. 

The latter alternative does not occur if j) « 2. Also, i£ p>2, )/v 
belongs to the GF[p^'\ if, and only, if n/k is even. Hence Guit^) 
is self- conjugate within Gm{9) in a larger group, viz., G^MijJ^)} if and 
only i£ p>2 with n/k even. 

Within Gm{m) the Gufir^), when existent, is sdf-conjugate only 
under itsdf For any substitution of the former which transforms 
the latter into itself must transform its self- conjugate subgroup Gm(^) 



1) If a G^^ contained odd substitations, it would have a subgroup ^3 
of even substitutions. The latter would be of index two under the alternating 

group 0^ and hence self- conjugate under it, whereas it is simple. 



i 
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into itself and hence belong to GtM{^)* The latter thns forms one 
of a system of M{s)/2M{p*) conjugate subgroups. 

It remains to determine the number of systems of conjugate 
subgroups of these two types; indeed^ in § 251, there entered the 
transformer Py^^rr which belongs to Gm{m) if and only if Aq is a 

square in the GF[p^'], For i> = 2, Xq is necessarily a square; for 
p > 2, n/h odd, X^ may be chosen as a square, since every additive- 
group [A^, . . ., A J with the multiplier 6r-F[|>*] has half of its non- 
vanishing marks squares in the GF^p^l. In these two cases there 
is evidently but one system of conjugate subgroups Gm{^) of Gm{9y 
For i> > 2, n/h even, all the marks of [Aj, . . ., A»] are squares or all 
are not- squares in the 6r-F[l>"]; indeed, they are all obtained from a 
single one by multiplication by the p" marks of the multiplier GF[pf^^ 
and the latter are all squares in the GF\^p^\ In this case there are 
consequently two systems of conjugate subgroups Gm{^) and two 
systems of conjugate G%m{j^)} ^^ systems of each type being inter- 
changed upon transformation by Pi/7, belonging to G%m{»)} where v 

is any not- square in the 6ri^[j?'»]. Heme there are (2, 1; 1) systems 
of conjugate Gm{i^) and (2, 0; 0) systems of conjugate G%m{^) within Gm{m}» 

256. Subgroups of Gm{») containing no operators of period p. 
Every substitution of such a subgroup Gq lies in and determines a 
largest cyclic subgroup Ga of Gq (§§ 242 — 243). Two such groups 
Gd have only the identity in common. According as 6rd is self- 
conjugate within Gq only under itself or under a dihedron G%a based 
on Gd, it is one of a system of Q/d or Q/2d conjugate subgroups 
of Gq. Let r denote the number of such systems. The enumeration 
of the substitutions of Gq leads to the relations 

r 

256) Q == 1 +2(*-l)/4 (fi-lor 2) 

257) Q^fidi (f = l,2,...,r). 

If two non- conjugate cyclic Ga^, Gd. of odd order are present 
in Gq, there are at least dj groups in the system determined by Gd^^ 
viz., the transformed of the latter by the operators of Gdp and vice 
versa, so that 

258) Q ^ di(dj^l) + dj{di-i) + 1. 

Solving 256) for 1/Q, we get 

1=1 '» » 
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Since /i = 1 or 2, the least value of {di — 1) Ifi d, is 1/4 Since 259) 
must be positive; there can be at most three terms in the sum^ 
whence r ^ 3. 

For r=l, the reciprocal of 259) is not an integer if /i = 2. 
For /i — 1, Q « (ii, and the Qq is a cyclic group considered in 
242 — 243. 
' For r — 2, we have 



h-hi}-kyk{^-k) 



1-8 
If /i ■= /i — 1, the left member is < 1 and the right member is ^ 1< 

i = i + i' i^i P>y257)]. 

Hence these two cases are to be excluded. The case /i = 2; ^i »■ 1 
differs only in notation from the case f^^l^ f^^2. In the latter case, 

so that e2| < 4. For (2^ » 2^ Q — 2(^y so that 6rQ is a dihedron Q%d^ 
with d^ odd (§ 245) yielding a group considered in § 246. For (2^ « 3, 
d^ must be 2; whence Q -> 12. The operator of period (^ » 2 is 
self- conjugate within G^^ under exactly a dihedron G^^ so that (7^, 
is not a commutative group. Since the operators of period 2 fall 
into a single set of 3 conjugate operators, there is a single sub- 
group G^y so that it is self- conjugate under G^. By § 247, the G^g 
is a tetrahedral group. 

For r = 3, then f^^f^^f^=^ 2. For if /i « 1, for example, 
259) becomes 

^ ftd, f,d, < d, 4 4 <^- 

Setting each /) = 2, equation 259) may be written 

^ ^+Q='(i, + d, + (?, 

If every d^ ^ 3, the right member would be ^ 1. Setting c^ — 2, 

i. J- A JLa.i_ 
2 "^ Q ■" dj "^ 4,* 

If either d^ or d^ is 2, we may take (^ — 2, whence Q » 2di and 
6rQ is a dihedron G%dx with dj even (§ 245) yielding a group consid- 
ered in § 246. In the contrary case, e2| > 2, d^ > 2. Then both 
do not exceed 3, since otherwise the right member would be at most 

-^ + -^«y Taking (^ = 3, we have 

i + A^l. 

6 ^ Q d, 
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Hence di<6. For d^ = 3, 4, 5 we find Q = 12, 24, 60 respectively. 
But di-3, (^«8, ^8-2, Q = 12 ifl excluded by 258). For d^^^ 
d^=: 3, d;= 2, the G^^ is of the octahedral type (§ 248). For d|i — 5, 
d^ = 3, dj «« 2, the Gr^^ is of the icosahedral type (§ 254). 

257. The tetrahedroU and octahedral subgroups of the (?jr(«). A 
group of either type must contain a self- conjugate four-group. For 
p>2y the desired groups are therefore given by the theorem at the 
end of § 246. For j? « 2, they contain operators of period 2 and 
are therefore to be sought among the subgroups determined in 
§§ 250—253. But for p == 2, the dihedron G»(i+f/) and the Qm{i^) 
are neither of the tetrahedral and neither of the octahedral type. 

There remain for consideration only the subgroups of the (?i*!— i) of 

§ 250. There is no octahedral subgroup of 6i^i7«— i) since the sub- 
stitutions of period jp = 2 in the latter are all commutative. In a 
tetrahedral group the three substitutions of period 2 are all commu- 
tative. Hence if there be a tetrahedral subgroup of 6ri7«— D; 1> "^ 2, 
then must 2^ -= 4, d =- 3 and n even (since 3 must divide 2* — 1). 
Inversely, if w « 2, jj = 2, n even, there exists a subgroup Or^ = Gy^ 

of Gt{9^i)* The Gil is not commutative, since it would then contain 
only operators of period p » 2 (§ 241), and therefore G.^ has the 
tetrahedral type (§ 247). We may state the complete theorems: 

For 8 = |)^«« %h±:\,fhe Gm{s) contains two systems each of M{s)l2^ 
connate octahedral groups G^^ a/nd two systems each of M{s)/2i con- 
jugate tetrahedral groups G^^ . Every G^^ is self-conjugate under a G^^, 
The two systems are conjugate under G%u{My 

F(yr s « 8A ± 3 or s =» 2*, n even, the Gm{») contains no octahedral 
0^,4 but contains one system of Jf(s)/12 conjugate tetrahedral G^^. 
For p>2, the GtM{») contains one system of M(s)/12 conjugate octa- 
hedral 6rj4 each containing one G^^. For s = 2", n odd, Gm{») contains 
no octahedral and no tetrahedral groups. 

258. Icosahedral subgroups of Gm{m) for p^5. An icosahedral 
G^Q is generated by two \)perators T^, V^ different from the identity 
and subject to the generational relations (§ 267) 

r,'=v,*~i, (nF,)«=J. 

Gm(5) contains 4 (5 + 1) "* 24 substitutions of period 5 and each 
is conjugate within Crif(5) with one of the substitutions (§ 241) 



n-(ii^) ^^0(mod5). 
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The only substitutions F, of period 2 of 6!^ir(5) which satisfy the 
condition^) {V^V^^=^I are seen to be the following five 

^H^^rf^^^^) (« -0,1, 2, 3, 4). 

Hence 69^1^(5) is an icosahedral group ^ and contains 24 • 5 -» 120 pairs 
of generators V^, V^. By § 255, Gjusi*) contains Jlf(5")/60 icosahedral 
subgroups forming two systems or one system of conjugate groups accord- 
ing as n is even or odd. 

259. Icosahedrdl subgroups of Gm(9) for p ^5. The order 
|y.(^««_-l)/(2; 1) of Gm(.) is divisible by 60 if, and only if, jp^*-! 
be divisible by 5 and hence either p'^ + l or jj" — 1 divisible by 5. 
In either case Gm{$) contains cydic subgroups G^ all of which are 
conjugate (§§ 242, 243). 

(i) Let p^—1 be divisible by 5 and set XEi(pF — l)/5. Let p 
be a primitive root of the 6r-F'[jp^], so that p^ is of period 6. Setting 

260) -a»-/3y-l, 

we seek the conditions under which the product 

shall be of period 3. The necessary and sufficient condition is 

The upper sign may be chosen, changing if necessary the signs of a, 
P, y in V^. Hence a is determined uniquely. Combining with 260), 

Py — i-Cc^'-p-O-' + o. 

Indeed, if the second member vanish, p*^ — p*^ + l = 0, so that 
p«^ + 1 = and therefore p*^ = + 1; whereas p* is of period 5. Hence 
to each of the j)"* — 1 values ^^ of /3 corresponds a single value 

of y. But Gji^t) contains (§ 242) exactiy ^P*^ {P^ + 1) distinct cyclic G^. 

Hence there a/fe 2p'^(pl^*—i) pairs of generators Fj, F, of icosahedral 
subgroups. 



. } ■ < 1 II II 



1) It is readily verified that a substitntion |^^^) of detenuinant unity 
is of period « if, and only if, a + d = ± !• ^^' ^^ 



2) Cf. § 280. 
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(ii) For jp" + 1 divisible by 5, let g = (p>' + 1)/5 and set (§ 243) 

^ Vo, j^y * \-B, -^>' 

The condition (V^V^y=I is satisfied if, and only if, 

The A thus determined satisfies the condition ^ = — A Then must 

5BeeB'^+'= 1 + ^*= 1 + (J^- P)"*- 

The last term is a mark ft 4=0 of the CrJF[i)"]. Hence B^'^^ = ii 
has a solution Bq in the Ci^JP[jp**] and consequently p* + 1 distinct 

solutions Bqj BqJ, BqJ^,,.., BqJ^ . But Gm{8) contains exactly 

yi^" (P" — 1) conjugate cyclic G^ (§ 243). Hence there are 2j?"(p**— 1) 

pairs of generators Fg, F, of icosaJiedral subgroups. 

Since each icos^edral group contains (§ 258) exactly 120 pairs 
of generators Fj, F„ it follows that, for p*" — ! divisible by 5, 
Gm{p**) contains in all j)"(|)*"— l)/60 icosahedral subgroups. 

For i? = 2, 2«'*-l is divisible by 5 = 2^+1 if and only if n 
be even. If n be even, Gttir^) contains a single system of M(8)/60 
subgroups Om{v) (§ 2^^)i the latter being icosahedral by case (ii). 
Hence Gm{%^) contains no icosahedral groups if n he odd, hut, for n 
even, contdins 2*(2***— 1)/60 icosahedral groups forming a single 
system of conjugate groups. 

To determine, for i> > 2, the distribution of the icosahedral sub- 
groups into sets of conjugates within Guit) and within G%m{»)9 consider 
first the case (i) and set £*=(>, so that only the even powers of a 
belong to the GFl^']. Then will 

transform V^ into itself, but transforms F, into 



( 






Hence the groups G^ are all conjugate under G%m{%) aud form.o^ 
most two systems of conjugate subgroups under Gm{m)' But if there 
were a single system, their number would be at most M(s)/60, 
whereas it is M(s)/30. Hence there are two systems each of M(s)/60 
conjugate icosahedral groups mthin Gm{m) cmd each is setf-conjugate 
only under itself 



f — « 
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For case^) (ii), let E'^^J, so that i?^ = J(p"+»)/»= - 1. Then 

e'=E'B/E' 
traoBformB F^ into itself and transforms F, into 

( ^^ ^n . 

Taking c — 0, 1, . . ., p^, we reach the various i?" + 1 snbstitutdoiifl V^. 
If e be even^ the transformer belongs to the hjperorthogonal gronp 

since J^^J^K For e odd, it may be given the hyperorthogonal 
form with determinant a not-sqnare. In fact, there exist in the 

GFlp^^q solutions of Z^""^«-l, so that X = -X Then 
\0, JB7-V \0, -W \ 0, ^Xe) \ 0, X^y 

of determinant X^ Hence the groups G^q are all conjugate toithin^ 
GtM{f) hut form two systems of conjugates within Gm{%). 

260. Summary of the subgroups of 6rj[f(,), 5=jp*: 
s + 1 conjugate commutative groups of order s\ 

Y5(s±1) conjugate cyclic groups of order "y j 2; 1 according 
as p> 2; jj = 2; 

Ys(s±1) conjugate cyclic G^^ for every divisor d^ of J; ; 

M(s)/2d^ conjugate dihedron Gtdx) ^^^ ^7 ^^^9 

two systems each of M(s)/4d^ conjugate dihedron Gta^f ^^^ ^T ®^®^ 

and >2; 
for jp^= 8A ± 3, one set of M{s)/ 12 conjugate four-groups; 
for jp"=8A± 1, two sets each of Jf(s)/24 conjugate four- groups');. 
(^ i)(^,p)...(^,^-i) ^^/';7j; ^^ conjugate 

(jp«-l)(l>w-jp). ...(i)«-jpm-l) (2, 1 ; 1) (p* - 1) J » 

commutative groups of order jp*", where (2, 1; 1) is read 2, 1, 
or 1 according as j) > 2 with n/l an even integer, j) > 2 
with n/k an odd integer, or jp » 2 with n/Jc an integer, and 
where % is a divisor of m depending on the particular Gj^'j 

1) This case may be made to depend on (i) since 5 divides jp^«>— 1. Hence 
each G^Q is self-cougugate only under itself within the group QM{f) and so 
within its subgroup (7sif(«). Hence each G^^ is one of a system of 23f(«)/60 
conjugate groups within 0%m{»)^ so that the icosahedral subgroups all form a 
single system of conjugates witliin 0%m{9)* They fall into two systems in GM{t), 

2) For jp = 2, the four-groups occur among the groups of order |)>ns 2* 
given later. 
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certain sets of ^i-'viC^—i'i ^^J^^*^ ^j^d^y where h aad dL 
depend on m; 

(2, 1;1) sets each of Jf(s)/(2, 1; 1) Jf(j?*) conjugate GMii^)f * * 
divisor of n, each group being isomorphic with the group 
of linear fractional substitutions of determinant unity in the 

two systems each of Jf(s)/2 Jf(j)*) conjugate G%M{^)y i> > 2, n/k bjo. 

even integer, each group isomorphic with the linear fractional 

group in the G-Flp^]] 
for 3^^Sh±l, two sets each of M(s)/24 conjugate octahedral ti^,^; 
for s^=8h±lf two sets each of M(s)/24 conjugate tetrahednJ G^^'^ 
for 5 = 8* ± 3 or « = 2", n even, M{b)I12 conjugate tetrahedral 0^\ 
for s = lOZ ± 1, two sets each of M(s)/60 coxyugate icosahedral ff^o-O 

261. Theorem. — If p*>B, the linear fradional group Gm{9) is 
simple. 

Indeed, the only cases in which the number of groups in a set 
of conjugate subgroups is unity are the following two: 

j>*= 2, d+ = 3, M(s)/2d^ «= 1, when the G^ has a self- conjugate G^*^ 
J)" =3, M(s)/ 12 = 1, when the G^^ has a self-coxgugate four-group. 

262. Theorem.*) — The graap Gm{») always has subgroups of 
index s + 1, bui has subgroups of lower index only when 

5 = 2, 8, 5, 7, 3», 11. 

Every subgroup of Gm{9) is contained in one of the following: 
6r,(,_i), dihedron 6r, qpi (p > 2), Gm{^) (n/k an odd integer if jp>2), 

GiMij^) {p>2, n/k an even integer), G^ (s=8h±S), G^^ (s = 8*± 1), 
G^ (s = 10l ± 1). The first group is always of order greater than 
the Gm{j^) and 6r2jf(p»); indeed, since k ^ n/2, 

p*(pt*_l)<^(^_l)<l^. 

Ahjo 8(s--l)/{2',\)>s+\>s-l if 5>3 and s(«-l)/(2;l)>60 
if 5 > 11. Hence Gr«(«_i) of index s + 1 has the mayimum order 

if s > 11. The same result holds for 5 = 2' since the Gm{^) ^ G^ 
is then not a subgroup; likewise for 5 = 2* since it is (§ 257) then 

1) For p » 2 or p s 5 the icosahedral subgroups are of the iype 6S^if (r) 
or Guih) given earlier. 

2) For n = 1, this is the celebrated theorem stated without proof by Galois 
in the letter to his friend Augaste Chevalier written hefore the fiital daeL For 
references to the proofs by Betti, Gierster, etc., see Klein, Maih, Ann.^ voL 14. 
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the tetnhedral Q^. For s — 11; 3*^ 1, 6, the subgroups of mazimam 
order are G^, G^, G^^, G^ respectively, the index under Gm{9) being 
11, 6, 7, 5 and hence < s + 1. For ^ — 2, 3 the GMi$) is a dihedron G^, 
a tetrahedron G^^, respectively^ and has a subgroup of mayiTnuin 
order 6rj, G^ respectively. 

268. A simple group can be represented as a transitive sub- 
stitution-group on N letters if, and only if, it contains a complete 
system of N coigugate subgroups.^) For s > 8, Gm{9) is simple (§ 261). 
Hence Gm{9) can be represented as a transitive group on <s-h 1 letters 
only when s » 5, 7, 3*, 11. For ^ » 2, 3 it can be represented as a 
transitive group on 3, 4 letters respectively, but on no fewer, being 
of order G^, G^^. If a simple group be represented as an intransitive 
substitution- group on D letters, D must equal the sum of the degrees 
of two or more transitive representations; for Gm{9) we have always 
D> s + 1. Hence the linear fractional group Gm{9) may be represented 
as a subsHtuHon- group on s + 1 letter^ but on no fewer number excqpt 
when s » 5, 7, 9, 11, for which the mmimum nwnAer of letters is 6, 7, 
6, 11 respectively. 



CHAPTER Xni. 

AUXILIARY THEOREMS ON ABSTRACT GROUPS. ABSTRACT 

FORMS OF VARIOUS LINEAR GROUPS,*) 

264. Theorem. — The symmetric substitution-group on k letters 
is holoedricdUy isomorphic with the abstract group G(k) generated by 
the operators B^, JS^, . . ., Bjt^i with the generational relations 

261) Bl^Bl Bl^t^I, 

262) BiBj^BjBi (i=l, 2, . . ., t-3;i=i + 2,i + 3, . . .,fc-l), 

263) BjBj^^Bj=Bjj^^BjBj^i (j = l, 2, . . .,*^2). 

The symmetric group Gki on the letters l^, Jg^ • • •> ^* ^^7 ^^ 
generated by the transpositions 

Sa = (l^h+i) (d - 1, 2, . . ., * - 1), 

which satisfy the relations 261), 262), 263) prescribed for the 
generators B^ of the abstract group G(k) and conceivably also other 

1) For a proof of this theorem due to Dyck see Bumside, The Theory of 
Groups, § 128. 

2) The theorems of §§ 264, 265 are due to Professor Moore, Proceed. Lond, 
Math. Soc., vol. XX Vm, pp. 357—366. The proofs given in §§ 264, 266 are due 
to the author; for that in § 264 see Proceed. Lond. Math. 8oc.j vol. XXXI, 
351—358; for that in § 266 see Math. Ann., vol. 54, pp. 564—569. 
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relations not derivable therefrom. The order 0(k) of GQc) is 
therefore ^Jc\ 

Denote by G the snbgronp G(k — i) generated by B^, S^y . . ^ 
Bk—i and consider the following sets of operators^) of G(Jc): 

Ok^^Gj Ok—\=GBk—u Ok—i^GBk—iBk^%y...yOi=^GBk—\Bk—^*''Bi, 

It will be shown that these sets of operators are merely permnted 
amongst themselves upon applying as right-hand multipliers the 
generators Br (r = 1, . • ., A; — 1). Since Br = J, we have 

Or^lBr = GBk^i . . . Br^lBr = Ory 
OrBr = GBk—1 . . . BrBr ^ Or-\-U 

H t > r + 1, we find, on applying 262) to move Br to the left of 

OiBr=i GBk^i , . . BiBr=^ GBfBjt^i . . . Bi= GB^^i . . . A= 0|. 
If i < r, we find, on moving Br to the left of Bi, Bi^iy . . ., J5^.«, 

OiBr=i GBk—l . . • BiBr= GBk^l . • . Br^iBrBr^lBrBf^% • . • Bi. 

By 263), we may replace BrBr^iBr by B^-i^r-Br— i. We then 
move tiie first J?r— i to the left of Br^u • • -9 ^t^i t^d merge it 
into G and get 

OiBr = GBk^l • . • Br-\-lBrBr~~lBr^i • , • Bi=^ Oi. 

Hence the right-hand multiplier Br gives rise to the transposition 
(OrOr+i) on the k sets 0^, . . ., Ok, It follows that the product of 
any operator of these h sets by an arbitrary operator of G(k) is an 
operator belonging to these sets. Taking for the former operator 
the identity, we see that these Jc sets include all the operators of the 
group G(k). The number of operators in G(k) is therefore at most 
Jc times the number in G(k—i), Hence 

0{k)^k .0(*-l)^...^A;l 

Combining this result with the earlier one, we have 0(k) = kl 

The proof of the holoedric isomorphism of G(k) and Q^} is there- 
fore complete. 

The relations 261), 262), 263) may be combined into the formulae 
264) I=5/=(5,5,+i)»=(B,B^)« (i,j = l,...,i-l;j>f-H). 



1) It tnniB out that these sets form a rectangular table for G{k) with the 
operators of (7 in the first line« 
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265. Theorem. — The altemating group on h letters is hohedricaUy 
isomorphic wUh the abstract group G[Jc} generated by the operators 
E^j E^y . . .J Ek^i subject to ihe generational relations 

265) I=E\^Ef^^=^{E,E,^^f^{E,E;)^ (y=l,...,«^-2; j>t+l). 
The abstract symmetric gronp GQc) may be generated by B^ and 

266) Ea = Bd^iBi (d = 1, 2, . . ., i - 2). 
From the relations 264) we readily derive 265) together with 

267) B\=^I, EaBi^BiEr"^ ((i = l,2, . . ., ft-2). 

Inversely, from 265) and 267), we can easily get relations 264). 
Hence B^y E^, J^, . . ., Ek—%, subject only to the relations 265) and 
267), generate the abstract gronp GQc). Upon extending G[k] by 
the operator B^ subject to the relations 267), we obtain a gronp 
whose operators are of the form E or EB^^ E being derived from 
E^j E^j . . ., Ek^tj and hence of order 20 (k\. But the extended 
group was shown to be GQc). Hence G{k] is a subgroup of GQc) 

of order y/;! It is readily shown to be the abstract altemating 
group Gi . Since the generational relations 264) involve the 

generators Bi evenly, the various expressions for an operator of G(k) 
in terms of its generators involve all an even or all an odd number 
of the generators, so that its operators may be classed into even and 
odd operators. By 266), the operators of the subgroup G[k} are all 

even, so that it is a subgroup of 6ri . Since its order is -^A;!, it 
is identical with the latter. 

266. The last theorem may be readily proved by the direct 
method of § 264. The generational relations 265) are seen to be 
satisfied by the substitutions 

A^ = (h-^ih+,) Qih) = Ss+iSi (d = 1, . . ., i - 2) 
which generate the altemating group on l^^l^, .. .^h. Hence 

The theorem being evident if 4 = 3, we take 4^4. Denote by f 
the subgroup G{k — 1) generated by E^, E^, . . ., i?*— s and consider 
the following sets of operators o{ G[k]: 

Hi = \Ek 3 • • • E%Eiy jRji = rJSjt^ji . . • E^E^, 

The reader may readily verify, as in § 264,- that jB^ and Er (r > 1), 
when applied as right-hand multipliers to the above sets, give rise 

Dickson, Linear Groups. 19 
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to the permutations {RiRjtR^) and (RrJRr+i){RiRk) respectively. The 
sets Itij,..,Rk therefoife include all the operators of G{k]f so that 

0{i} ^ ft. 0{t- 1 }^...^ *(*-!).•• 4. 0{3)=y*l 
Combining this result with the earlier one, 0{k]^=^ yft! 

267. Theorem* — The abstract alternating group G\ may he 
generated by two operators V and W subject to the generational rdations 

268) F^-TT^-I, {VWy^I. 

For ]c = b, the relations 265) defining Gi may be written 

269) E,'==Ei=Ei^ (E,E,y= {E,E,y^ {E,E,y==I. 



The group contains two operators V^E^E^E^, W^iE^ such that 
W^=I, {VWy= (E^E^y^L To prove that V^^-I, we apply 269) 
and find that 

F * = E^E^E^E^E^E^ = E^E^E^E^E^E^ = E^E^E^E^E^, 

V^==E}E,E^E,E,E^E^E,^EfE^E,E,E,==Ej,E,E, = r-\ 

Inversely, if F, TF satisfy 268) and we set^) 

E^^w, E^^v^wv'\ E^^^rwE^^wv^wr^, 

the relations 269) will follow. We have at once E^ = I, E^ = J, 
{E,E^y = I, {EyE^y = L Also {E^E^y^^I mA El^L In fact 

(i:,i;3)«==(F«TFF-'TF)*=F«TFF*TFF"'TFF*TF 

= FTFF""*TFF~' • F«TFF""^TFF""'= VWV^WV^WV'' 

El^VWV^WV^ WV^WV^^VWV^ 'VWV^WV ' F"*TFF^ 

=F. rwv^wV' r^wv'^wr^^r^wr^wv^ ' vwv- f« 

= F«TFF*- FTFF. F« = F*TFF""*TFF"'= F""*TFF«Tr=JE;f '. 

268. Theorem.*) — The general linear homogeneous group GLH(4t, 2) 
is IwloedricaUy isomorphic with ihe alternating group on 8 letters. 




1) The later reductions depend npon the formulae 

2) Jordan, Traits des substitutions, No. 516; Moore, Math. Annaten^ vol. 61, 
pp. 417—444; Dickson, ibid vol. 64, pp. 664 — 669. 
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The following substitatioiis of GLH(4, 2) 



E,= 



E,^ 



f 1 1 1 n 

1 
110 
10 1 

n 1 01 

10 
10 
10 1 



E,= 



^6 = 



fO 1 1> 
10 
10 
10 1 

ro 1 01 

10 1 
10 



-E^.= 



^.= 



ro 1 1 11 

10 1 
110 
1 

ro 1 1 1^ 

10 
10 
1110 



1 

satisfy the relations 265) for A; => 8 and therefore generate a snb- 
gronp L whidi is isomorphic with the alternating gronp on tiie 
letters 1, 2, . . ., 8. The latter gronp being simple, the isomorphism 

is holoedric. Since the order of GLH{4, 2) equals y 8! by § 99, it 

coincides with its snbgronp L. The correspondence of generators of 
L = GLH{4, 2) and Gt is as follows: 



-8, 



270) 



.E^ ~ (23) (12), i;, ~ (34) (12), i;, ~ (45) (12) , 
i7,~(56)(12), JEi ~ (67) (12), JS;,~(78)(12). 



269. To effect tiie inversion of 270), so that we shall be able 
to pass readily from an arbitrary sobstitation of Xt to the correspond- 
ing substitution of Gt , we b^in with the simple identities. 

Since these relations can be solved for E^, E^, E^, E^, E^, E^ in 
order, their left members may be chosen as generators of X. By 270), 

(SJ»)^4~(67)(12), (|,g,):^,~(67)(12), (S,I.)(S,|,)~(34)(56), 
5»-B« '-(34)(78), (|,|J^i~(23)(78), 
« = (|,|,)(|,|,)B„~(67)(2354). 

From these generators of L, we obtain in succession the substitutions 
(I, |,)53, = B„B„ = a-XlilJ (.^^) « ajd (fel.), 

(I1I.S4S3) =«[(S,S.)5.2]-S 

(SslJ^i, = (lil,SJ,) • (l,l.)Sn • (Sil,l*Ss)-S 
(lils)-Si« = ^u-^i = (SsU-Bit * (IsSJ-Bii, 
(lil,)(S»l4)=(Siy-B«-(I.IJ^„ 



B. 



a 



= [^54(1.54)]-' •■B«--Bm(I.S4). 



19' 
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These results lead at once to the following correspondences: 

(|,|,)5,,~(265)(347), (|,|,|J,)~(27)(3645), (|,|JJB„~(24)(17), 
(lil,)5«~(187)(243), (g,|,)(|,|,)~(18)(34), (|,|,)5«~(187)(234), 
B^~(16)(25)(34)(78),5„~(23X45)(67)(18),(|,g,)~(18X27)(35)(46). 

By simple transformations, we complete the proof of the 
Theorem. — Tlie correspondences 270) give reciprocally 

(1,1,) ~ (13)(27)(48)(56), (Us) ~ (16) (27) (34) (58), 

(Sil4)-(18)(27)(36)(45), 
iUs) - (18)(27)(35)(46), (|,|J <^ (15)(27)(34)(68), 

(l3g,)-(14)(27)(38)(56), 
Su ~ (12) (38) (47) (56), B,, - (17) (25) (34) (68), 

B,, ^ (18)(23)(45)(67), 
B,, - (18)(23)(46)(57), B,, ^ (17) (26) (34) (58), 

JB«-(12)(37)(48)(56). 

By § 100, ^^e relations enable us to pass from an arbitra/ry sub- 
stitution of the linear group on 4 indices modulo 2 to {he corresponding 
even substitution on 8 letters. 

Abstract form of the simple group F0{6, 3)^), §§ 270—274. 

270. By the notation of § 194, FO{b, 3) denotes the group 0^(5, 3). 
By §§ 189 and 181, it is of order 25920 and is generated by the 
substitutions^ 

CiCj, (y^)(6fcS0, ^=f^i2u (i,i,*,z = i,...,5). 

It has a commutative subgroup L^^ composed of the substitutionfi 
J, C^Gj, C^Cg, C^C^, C^C^j CIjCj, G^C^^ CJ^C^, CjC^, CgCg, C^C^ 
CiC,C,C^, C^C,C,C,, C^Cfifi^ and C^C^Cfi^. The (fc|^)(|*g/) generate 
a subgroup L^^ of the even linear substitutions on li; • . ^ ^- "^^ 
groups Z^e and L^^ are commutative with each other and have only 
the identity in common; hence they generate a subgroup A^^ of 
FO (5, 3). We readily determine the abstract forms of these sub- 
groups. By § 265, we have the theorem: 



1) Taken from the author's papers, Comptes Bendus, vol. 128, pp. 873— 876; 
Proceed. Lond. Math, Soc.^ vol. 32, pp. 3 — 10. In the earlier paper, Proceed. 
Lond. Math, Soc., vol. 31, pp. 80 — 68, another set of generators was determined 
by a more complicated analysis. 

2) For jp«=:3, OJI/ is either the identity, C.Cj, (1,1^)0,. or (5.J^)C^, the 
first two alone being of the form Q... Here (l.-L) denotes the linear substita- 
tion |[ = §^, ^j^^i* I'^^y ^^6 to be compounded as linear substitutionB; for 
example, (SiSs)(§i£t) = (£i£s£8)- Also* C^ denotes the substitution changing the 
sign of the index £,.. 
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The abstract group Gqq generated by E^yE^, E^ subject to the relations 
271) El^El^El==I, {E,E,f = {E,E,f = iE,E,f = I 
is put into holoedric isomorphism with L^ by Hie correspondences 

272) i?,~(ij,|,), i;,~(|,y(ij,), JE;,~(|j5)(i.g,). 

The following theorem is quite evident: 

The abstract group G^^ generated by B^, B^, B^, B^ subject to 
the relations 
273) B? = I, B^Bj^BjB, (i,i = l, 2, 3,4) 

is put into holoedric isomorphism tvith L^^ by the correspondences 

274) B^r^C^C^, B^r^C^C^y E^r^C^C^, B^r^C^C^. 

K we impose the relations 275) below, the two groups G^q and 
Gi^ wiU be permntable. Writing the analogous relations between 
the corresponding orthogonal substitutions 272), 274), we readily see 
that they are satisfied. We have therefore the theorem: 

TJie abstract group generated by E^, E^, E^, B^, B^, JBj, B^ subject 
to the generational relations 271), 273), and 

E^ B^E^ = B^B^y E^ JRji\ = Si, E^ B^E^^B^B^y 

E^ B^E^ = B^y 
E^ B^E^^Biy E^ B^E^=ByB^B^, E^ B^E^=^B^, 

E^ B^E^ = B^Bj^y 
JEj ByE^^B^y E^ B^E^ = B^B^y E^ B^E^ = B^B^y 

is of order 960 and is holoedricaUy isomorphic with the linear group A^q. 

271. Theorem. — The abstract group G^q of § 270 may be 

generated by the operators E^y E^, E^, B^ subject to the generational 

relations 

E!=^EI^EI = B> = I, iE,E,y=iE,E,y^{B,E,y = I, 

' {x:^E,y = (^ E,y = {B,E,y = i. 

These relations follow immediately from 271), 273), 275), with 
the exception of {B^EiY = J, which is derived from the first two of 275): 

-Ej B^E^B^ = B^ = E^B^E^ , 

together with El = Bl = I. Furthermore, we have by 275), 

277) B^ = E^BiE^y B^ = E^E^ E^B^E^E^ Efy B^ = E^ E^ B^ E^ E^ . 



275) 
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Inversely, if B^, B^, B^ be defined by 277), the relations 271), 
273), 275) all follow from 276). Since B^E^ is of period 3, 

Bj^B^ = B^E^B^E^ = E^B^Ei, 
B^B^ B^ = E^B^Ei ' J3*8 = EfB^E^E^ E^BJE^E^ E^ 
=E^Bi ' E^EiE^ • B^E^E^E^ 

= E^E^B^E^B^E^E^E^E^ (interchanging B^E^ with E^B^ 
^E^E^ ' E^B^El . E^E^El • E^ = E^E^E^B,E^E^E^ 

IP IP TP "D TP TPiJP TP TP "D JP^JP Li J-TJ TJ> 

= jC^ -^i-^ -^1 ' -^2 -^1 ■*^2 ^^ ■*^2 J^j^JjiJCj^JCj^ =^ -ISj JD2 -£^2 • 

■2^ -Eg -E, = iJj E^B^E^E^ = -E'j^-^5 -B^ J% -Ej = E^B^E^ ^B^B^. 

Upon setting B^E^^E^B^, B^E^B^E^^ E^B^E^, we find that , 

B^B^ = E^B^E^E^B^E^E^E^ = E^E^ • E^B^E^ • E^E^ 

= ^2 ^i*-^2 -^1-^2 -^1-^2 = -^2 E^B^E^E^ = iJ[" J?3 Ej. 

Since E^E^E^E^ =E^E^E^E^, we get 

Since E^E^ E^E^ • JEj E^E^ E^ = J5i -E^i^j ^i* ' ^s ^^^1-^2 -^/ 

= E^E^E^E^E^E^E^ = E^E^E^E^E^ = E^E^E^E^E^ 
= E^E^E^E^E^ = E^E^E^E^E^, 

we find by 277) that 

B^B^=^ E^E^E^B^ • E^E^E^E^E^ • B^E^E^E^E^E^ 
= E^E^E^E^E^B^ElB^E^E^E^E^E^EyE^ 

= A^2-'^sAA * AAA • AA AAAAA 
= E,E,E,E,E^ {E,B,E,)E^E,E^E,E,'E,E^ 

= E^E^ E^ A (-^j -^i-^s) ^/-^2 -^s ^/ 

= J?8 • E^E^E^B^E^E^E^ - E^^E^ ^^^zf 

upon setting E^B^E^ = B^=E^B^E^, E^E^E^E^ = E^E^E^ and 
applying also the equation given by taking the reciprocals of the 
last substitutions. Using 277) and the last result, 

^2 ^4-^2 =-^8-^8-^3 =^3^4- 

In order to prove that E^^B^E^=B^, we note that 

or _j 

E^E^B^E^E^ = B^B^ • E B^E^, 

But the left member equals B^B^B^, Indeed, by the earlier results, 

jE" A^2 J^8 ^1 = ^i^i ' B^ ' B^B^= {E^Bj^E^yB^ = B^. 
nence ^ ^ ^2 t>t>t> 7?7?7?7?t? t? 7?t? tjt? 

-iSi-D3j&j' = ij^-Dg A^ -Cj/jj^g A A = A * AA • A A* 
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Finally, 

E^ B^II^ = E^E^E^Bj^E^E^E^^ E^Eq{E^B^E^)E^E^=^ B^. 

We have now derived from 276) all of the relations 275). It remains 
to derive 273). Since B^, B^, B^ are conjugate with B^ by 277), 
they are of period 2. By 275), B^B^ is conjugate with B^, B^B^ 
wiUi B^, ^iS^ '^^^ J^s- Hence they are of period 2 and therefore 
5*3 is commutative with B^ and B^, B^ with B^. Since E^^B^E^ 
is its own reciprocal, we have 

B^B^B^ = BiB^Bq= {B^B^B^)^^ ^ b^b^b^^ b^b^b^, 

so that B^B^^B^B^. Since B^B^B^ was shown to be the trans- 
formed of JB3 by E^E^, we have 

B^B^B^^'B^B^B^^ {B^B^B^'~^ = B^B^B^= B^B^B^. 

Hence B^ is commutative with B^. Since B^ is commutative with 
B^, E^ and JEg, it is commutative with B^ by 277). 

272. Theorem. — Every substitution of F0(6,S) is given once 
and but once by the following 27 sets, in which A denotes the sub- 
group A^: j^^^^^ (t = 0,1,2) 

B.U - Au^iU,) (|,|,)«;« (* ^ J; || 3' = ^' ^' 2). 

Since w is not in ^, a substitution of Bt belongs to JSf if and only 
if ^ = r. If a substitution of Bt belong to i2«»f, the product 

must belong to J., whereas it replaces I5 by a linear function of 
l\y Sa; Iz, liy every coefficient being ± 1. 

If a substitution of Bgu belong to Basty the product 

8 = «;'(|,y(|,l5)«;'-*(|,y ai,)«^<' 

must belong to A. Supposing first that ^ — t =4= 0, we show that S 
repkces I5 by a function involving more than one index and there- 
fore does not belong to -4. In fact, w^*S replaces ^5 by a function 
of the form ^ ^ «. ^ «. 

where a, 6, c are three of the integers 1, 2, 3, 4. Then tv' replaces f 
by /i ± I5, where f^ is a linear function of 5i; Sj, Is; ^4 ^^ coefficients 
not all E (mod 3). Hence S replaces I5 by /i ± ^, involving two 
or more indices. Suppose, however, that t = r. If then i=^j, 
S replaces ^ by a linear function of l^, I,, Ij, I4 with coefficients ± 1. 
If i = j, 8 = tr*"^, which belongs to A only if 5 = tf. But in the 
latter case, the two sets B^it and Bajt are tiiemselves identical. 
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278. Theorem. — The abstract group generated by the operaiors^) 
E^y -Ej, E^y Bi, W subject to the generational relations 271) and 



278) 



W^W^B^E^B^, 

279) WB^ W= B^E^B^E^El 

280) {WE^E^E^W)E^^ElE^E^E^E^{WE^E^E^W)y 



B^ and B^ being defined by 277), is hohedricaUy isomorphic with 
FO (5, 3). 

Writing these relations for the corresponding orthogonal sub- 
stitntions as defined by 272), 274) and Wf^w, we obtain relations 
which reduce to identities modulo 3. The order Q of is therefore 
^ 25920. The holoedric isomorphism will be established when it is 
shown that Q ^ 25920. To prove this statement, consider the 
following 27 sets*) of operators of 0, those of the first set being 
the operators of 6r = Gt^qI 



Rt^GW, R,At = GW'E^W*, R,tt~GW'E^E^W* /^=0,1,2\ 
Es2t^GW'E^E^E,W', Bsu^GW'E^E^ElW \s==l,2 A 

It is shown in the next section that the generators E^yE^yE^y Wy 
and therefore an arbitrary operator a of the group 0, gives rise to 
a mere interchange of ilie above 27 sets when applied as a right- 
hand multipliers. Since the first set G contains the identity i, the 
product la^a lies in one of the 27 sets. Hence contains at 
most 27 • 960 = 25920 operators. In particular, it follows that the 
27 sets form a rectangular table for with the operators G^^ in 
the first row. 

We make use of the formulae derived from 271), 278), 279)^ 
280), 277): 

E^E^E^B^ = B^E^E^E^y E^E^E^B^ = B^B^E^E^E^y 
WE^==B^Wy W^E^==^B^E^W^ WE^^B^E^E^Wy 
W^E^^B^E^W^ 
281) WB^^B^E^Wy W^B^^B^B^E^Wy WB^=E^B^Wy 
E,W=WB,E,y 

E^W^WE^B^y E^W^WE,B^y E^W^^W'B^y 
E^E^W^WE^E^. 



1) For simplicity Bj^ is retained. It may be dropped since 

2) They correspond in F0(6, 8) with the 27 rows of the rectangular table. 
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274. Theorem. — When applied as right-hand multipliers to the 
above 27 sets, the generators W, E^, E^, E^ give rise to tJie respective 
permutations: 

[i^]: (JR,1oJB,2o) (■B»80-Ba4o) {UtiiHisli) (-B,8a-R»4a)(A81-^Sl)("^41-K24l)> 

[^sl- (JJ*^«4o) (U*10-R»«o) (-^211 ^42) (^21-^182) (•^12-^22) (-^22-Ki4l) 

(■K2l2-^8l)(-Ki81^4l); 

where i = l, 2, 3, 4 and 5 = 1, 2, «<;At76 the first subscript 2s is to 
be reduced modulo 3. 

The form of [TF] is evident. Consider tiie multiplier E^. 

B^Ej^B^, BiE,==GWE,'='GB3W=GW=Bi. 

BtEi'^GW'E, = GBiE,W*=GW^ = Bi. 

B,nE»^GWEsE,E^WE^ = GW'EaEtE^B,W=B,n 

[by 281)]. 

B.uEt = GWEgEiEiWEt = GWE^EfE^B^W'^ B,n 

[by 281)]. 

B,ioE, = GWE^EiE*E^ = (? TT'JE, JBiJE^Ei 

= G WE^E^ E,Ei = B,M. 
B,toE, = G W'E,E^ • E, = B.40. 
B,t»Ei = GWE^E^E^ • BiE, W*= GWBtEiEtEtE^W' 

^Bi,it, 
by 279), since EiEtEyBiEt = B^B^B^E^E^EiEl 

B,iiEi = G W'EjEt WE^ = G W'E^E^ - B^E^W 

= GW'B^E3W*=B.a. 
BuiEj = GWEnE, • Sa W= GWBaB^EsE, W 

B^aEs^G WE, • B, W= G W'Ea W= i?j4, . 
Next, B,nEi = GW'E^E^E^ ■ BaE^EJV^^ Q WE^iEtE^yW 

= GWE^E,EiW=B,it, upon applying 281). 
B.KEi = GWE,EtEi ' B^E^W'^ GWEtB^B^E^E^E^W* 

Bi. iiE^ = GWE^E^E^ ' B,E, W^ 

= GW*'B^B^B,B^E,E^W*=B,it. 
B,iiEi=GWE,EtE* . B,E,Ei W^ GWE^E^E* ■ E^E^ W 

[by 281)] 
= GWE,EiEtE*W= GWE*EiEiE;W=B,n . 

The remaining cases foUow immediately. 
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For 
simple. 



•^u^j 



■^31-^! 



■Kiji-E^s 



■RjM-^l 



s 



■BlM-Ej 



•**M2-^J 



■Riu-^j 



■^142-^'! 



3 



the right-hoad multiplier E^, the calculations are not so 

= GWi:,E^E^WEs = GWEsEiE^W=Riii [by 280)]. 

= aW(E»E,E,E,E, WE,E,E, W) 

= G WE^E^E^ WE^ ■ E, E^ W. 

^GWEgEtE^W • EtEiW=GWEiEiEi ■ EtEiW*=Bi,i. 

= GW'EtE,Ei • WBiEi • Et^GW^E^E^E^WE^BiE* 
= B„^E,B,E>^R,„B^El = GWEiE, • B,B^E,E^W* 
= G WBiB^BtB^E^E^ W=G WE^ 17*= 1^«. 

= G W'EgE^ ■ E^ WE^Bi • E^ = B^iEtE^B^ = iJiw-BiBi 
= G WE,Et • B^E^B^B^E^ W* = G WB^B^Ei • E^E^ E* W* 
= B^^^. 

= G WE^Ei • El WE^Bi ■ Ea= GWE^E^E^ WE^B^ [by 280)] 

= G WE^E^E^ ■ B^E^E^B^E^ 17= G W^E^ W= B^^i 

[by 281)]. 
= G W'E^ ■ W'Bs E^^G W^Et WE^BtBt ^ 

= Bi^EgBiB^ = BfiiBgBi 

= G W*E^EtEl • EtB^ ■ BtE^B^E^E* W* 

= G WB^BiE^E^E, W=R^^. 

= G WE^Ei ■ Bi W*Ei ' Et==GWEsEi W'E^E^ 

— -^S* -^3 A* = -^1 -^1* = -^41 • 

= G W'E^Ej • B, W'E^ E, = G W^E^E^ W^E^E* 

= iJ|8j J?8 E^ = i^j2 ^l=^llf 

= G^ WE^E^ ' WE^Bi • Eg = Ri^iE^EiBi == iJlj4ii?iBi=^,iBi 
= G WEtE^Ey ■ B^E, T7= G WEgEtE^E^ W= 2in, [by 281)]. 

= G WEg W*Eg = G WE^Ei W ^B^E, 

= G WE^Ei W'EiBsB^=R^s^EsBsB^ 

= B^iiBsB^=G W'EgEiE^ • E^B^ • B^E^B^EiE^W^ 

= GW'BtBtEsE^W'=GWEaW'=Rio. 



275. Theorem. — The simple group SA{4, 2*) is put into hdoedric 
isom<yrphism with (he abstract group ly the correspondences of 
generators 

1 I» 

00 r V 

10 
I I 1 I 



W 



CKJ 



110^ 
1110 
10 
10 11 



^1 



rx^ 



E^r^ 



fO 1 01 
11 
10 
110 
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■E,~ 



JB,~ 



r 1 1* 
r p 
/oil 

2 111 

ri 1 1^ 

10 
Olio 
10 1 



B, 



rvi 



B, 



rx^ 



U 1 01 
10 
1 
10 

n 2» IM 
10 

Olio 



B, 



rx^ 



f 1 1 J^ JM 
10 
110 
10 1 



10 10 1 

where J is a root of the irreducible congraence x^ = x + 1 (mod 2). 
Indeed; it may be verified that these correspondences preserve 
the generational relations (§ 273) prescribed for the generators of 0. 
rurthermore, by § 132 the order of HA{4:, 2^ is 25920, so that the 
isomorphism is holoedric. 

276. The correspondences established in the last section enable 
us to pass readily from any orthogonal substitution 8 to the correspond- 
ing substitution of HA{4, 2*). In fact, we have only to express S 

in terms of the simple generators w, (li^ls)^ (Ss^ (5iS«); {^iW{^i^)y 
CiC„ C,(73, C^C^y C^C^ of jF0(5, 3). 

It is not difficult to invert these correspondences and obtain the 
orthogonal substitutions which correspond to the simplest set of 
generators of HA(A, 2*), viz.: — 



M, 



rvj 



I 



10 1121 
2 
10 12 1 
10 2 11 
2 111] 



Li, 



r^j 



2 01 
1112 
112 1 
12 11 
2 111 



>-^»,i 



rvi 



fO 2 1 1 1^ 

2 111 

112 2 

110 2 2 

1 1 2 2 Oj 



Here J denotes the hyperabelian substitution of period 3: 

i[-nu ri[-IVu i',-I%, rj^-I'%' 

277. By § 189, the orthogonal group ^^0(5, 3) is holoedrically 
isomorphic with the Abelian group -4(4, 3). Given an arbitrary 
Abelian substitution, the process of forming the second compound 
and a subsequent transformation of indices (§ 189) enables us to find 
quite readily the corresponding orthogonal substitution* The inverse 
problem is solved by employing the set^) of Abelian substitutions which 
correspond to the simplest orthogonal generators w, (SilgSs)^ ©te* 



1) Transact. Amer, Ma&i. Soc.^ July, 1900, p. 866. 
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278. Theorem.^) — The special linear homogeneous group SLH(2,p*) 
of binary linear substitutions of determinant unity in the GFl^p^l is 
hohedrioaUy isomorphic wiOh the abstract group L generated by the 
operators T and Sx, where X runs through the series of p^ marks of the 
fiddy subject to the generational relations 

a) SQ = Iy SxSft = Sx-\-fi (A, (I any marks) 

b) y* = J, 8xT^=T'Si, 

c) SxT8f,T8z^i TS^^Xf,^i)TS^^i T^I {X, ^t any marks, k (i^l). 

Since the relations a)^ b)^ c) are satisfied by the substitutions 



^-ilrl)- «'-(J;J) 



which (§ 100, Cor. II) serve to generate 8LR(2,p^), the order I of 
the abstract group is at least jp" (p^ " — 1). We proceed to prove that 
I is at most jp*(|)*"— 1). Then will 8LE(2,p^) and L be of equal 
order and so holoedrically isomorphic. 

Consider the following sets of operators of L 

8a T8a TS- S Sa T8a T8t T (<y, a, r arbitrary, a 4= 0). 

At most j)'»(p* — 1) +|)^*»(j)* — 1) = (p» — l)|)»(p» + 1) of them are 
distinct. If it be shown that every operator of L occurs in these 
sets, it will follow that Z^jt)*(jp*"— 1). The proof consists in 
showing that the product of any operator of the sets by T or by 
any Sx equals an operator of the sets. Since an arbitrary operator Z 
of i is derived from T and 8xj it will follow that JZ = Z belongs 
to the sets. 

In view of a) the reciprocal of 8x is 8^x* For A == 1, /x =f= ly 
c) gives 
d) 8^T^8^T8,T^{S,Ty^I. 

Applying T as a right-hand multiplier, the product of any 
operator of the first set by T gives one of the second set. We 
next show that 

,SaT8aT8a-iT' T=^ 8a^2a-^T8^aT8^cr'i. 

Applying a) and b) the condition for this identity is seen to be 

e) TSaTSta-^T8aTS2a''lT^ = L 

For p = 2y it reduces to an identity. For p>2, we have by c) 

TSaTS,a-^T8a^lT8^lTS2a-^^l = /• 

From this e) follows upon replacing S^iTS^iTS^i by T^ as 
allowed by d). 

1) Due to Professor Moore, who gave a different proof. 
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For operators of the second set with a =4= 0, t 4= «~S w© prove that 

where a^, a,, r^ are suitably chosen marks, a^ =4=^- ^^ equivalent 
condition qtct'C tq tc t t 

may be satisfied by c) by proper choice of t^, a^, tS^j with 

«! z: ar — 1 =4= 0. 

We next apply S^ as a right-hand multiplier. SaTSaTSa-^Sg 
will be of the form Sa^I8a^I8t^T\ and consequently belong to the 
sets by the previous proof, if we have 

Since a(a~^ + p) = 1 + ap 4= 1, this condition is of the form c) if 
ttj, (Ti, Tj be suitably chosen. If p = a/(ar — 1), so that at =^ 1, 
we have, by c), 

SaT8aTStT - So=^ 8 1— t T8at—i T8 1 . 

^ a-X 

' at— I at— I 

For the case J. z:h a — p {at — 1) =|= 0, we prove that 

f) 8aT8aT8t I ' 8g = 8a^tqA'^^T8AT8atA'~'^T' 

If ar =f= ly ^« replace T8aT8tT by its equivalent derived from c) 
and find that condition f) becomes 

8AT8atA-^T 8 A^l 18^{at—l)T 8atA—'^ — l T=Iy 

at — 1 at — 1 

and hence is satisfied from c). If, however, aral, so that J. = a, 
then f) takes the simpler form 

f ') 'T8aT8^lT8g = 8a"\T8aT8a''lT. 

If also Q =^ a, we replace T5a--iT5^ by its equivalent derived from c) 
and find the condition, where 1/ = cr"^p — 1 

T8^i^a)/.T'''8,ISa-<r'l)/.T^8a'-^gT8aT8a-lT. 

This reduces to the identity c) for X = «~^(), [ii ^cc, whence Afi4= 1- 
In particular, f) is true if p = a + x, x=^0, so that 

JiT8aT8a-iTSa)8, = 5a-«x(5„-iTflf„r5«-iT). 

The products in the parentheses are identical and so f) is true for 
Q = a, if the following condition be true for any particular mark x =4= 0, 

5-a-*x (T8aT8a-lT8a)8^ = (T&TiSa-lT5a). 

The latter is of the form f ') for p = — x and hence is true if — x =4= «• 
But marks x 4= 0; — a exist i{ p"* > 2. For |}» = 2, a = 1, so that f ') 
is true for any q by d). 
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Corollary. — ITie quotient' group LF(2,p^) is holoedricaUy iso- 
morphic iciih the abstract group F generated by the operators T and Si 
subject to the relations T^ = I togdher with a) ami c). 

279. For A = or 1 or for ft = or 1, relations c) always 
reduce to d) npon applying a) and b). For the gronp LF(2,p*), 
d) becomes 

D) (S^Ty = I. 

If neither I nor ft is or 1^ the product of any two consecutive 
subscripts in c) is not unity, the first subscript X being regarded as 
consecutive with the last subscript (ft — l)/(Aft — 1). Using any two 
consecutive subscripts as the initial l, ^, the resulting identity c) is 
seen to be an immediate consequence of the given identity c). Ta^ng 

for X any one of the jp^ — 2 marks 4= ^^ 1 *^^ ^^^ f* *"^y ^^ ^® i>" — 3 
marks =^0,lf X"^, the remaining subscripts in c) are different from 
and 1. Hence those identities c) which do not reduce to D) are 
equivalent in sets of five^ an exception being those with all subscripts 
equal to A, where k'^+X'^l. If the latter has 6 solutions in the 
GF[p''']f it foUows that there are exactly 

2V=<T + |{(p--2)(i)»-3)-«»} 

distinct identities c) not immediately reducible to D). For p = 2, 
(f » or 2 according as n is odd or even; for p = 5, <f = l; for 
p=^2f =1=5, = or 2 according as p'*=5fc±2 or p*=5fc±l. 

280. For the group LF(2, 5) of order 60, the N= 2 relations c) are 

(S^Tf^I, S^TS^TS^TS^TS^T=I. 

These may both be derived from a), D) and T^==If so that LF(2, 5) 
is generated by A^S^ B^ie T subject to the relations 

282) A^=I, B^=I, (ABy=L 

In proof, we apply D) repeatedly and find that 

(S^Ty = {S^TS^iTS^TyS^T=S^TS^zTS,TS^T 

^S^TS^'S,TS,TS^'S^T=S,TS,'T'S,T=I. 

Hence also (T5s)^= J, so that the second relation becomes 

^2 TS, (Ss ry TS,.T = s, ts^ ts^ ts, t=s^ {s, lys, {s, ly = j. 

281. The group jLjP(2, 2*) of order 60 may be generated by 
A = TSi and B = S,* subject to the relations 282), where i and i* 
are the roots of x^ + x^l (mod 2). Indeed, the ^=<T = 2 
relations c) to be considered in addition to D) are 

{SiTy = I, {Si^Ty^L 
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The latter only serves to define the operator I in terms of A and B: 

The resulting expressions for Si, S^ Si^ are seen to be commntatiye 
and of period 2, so that relations a) follow from 282). 

282. The group LF{2, 7) of order 168 is defined by relations 
a), D), 1^ = 1, together with the following JV = 4 relations 

S,TS,TS,TS,TS,T^I, S,TS,TS,TS,TS,I ^ I, 

Applying a), D) and T* « I, the second and third relations become 

8^TS^T= TS^1S^I8^=^TS^ • S^IS^TS^ . 8^ = ^53^53. 
The first relation may be written 8^ T8^ TS^ • 8^ T8^ T8^' 8^1 = 1 or 

8^T8^T8^ = 8-i!i:S^iT8^iT8^i=^{S^tT8^iy={I8iiy=IS^T. 

The fourth relation becomes an identity if we replace 8^T8^I by 
I8^T8^T8^ as derived from the first relation. Hence the G^^ may 
he generated by 8^ a/nd T subjed only to the generational relations^) 

283) r* = J, 81=^1, (5iT)» = J, (S*T)* = 1. 

Corollary. — The group ^^i^f 2) of order 168 is isomorphic 
with LF(2f 7). In fact^ the relations 283) are satisfied by the sub- 
stitutions 



r= 



1 




1 1 1 


1 


, s,= 


10 1 


.0 1 1. 




.1 0. 



CHAPTEE XIV. 

GROUP OF THE EQUATION FOR THE 27 STRAIGHT LINES 
ON A GENERAL SURFACE OF THE THIRD ORDER.*) 

283. A general cubic surface contains 27 straight lines such that^ 
1°. Any one of the lines A meets ten others which intersect 
two by two, forming vrith A five triangles. The total number of 
such triangles on the cubic surface is 5 • 27/3 ~ 45. 

1) Dyck, Math. Ann., vol. 20, p. 41; Bomside, The Theory of Groups, p. 805. 

2) Compare Jordan, Traits, pp. 316 — 329, 366 --369; Dickson, Comptea 
Bendus, vol. 128, pp. 878—876. 

3) Steiner, Grelle, vol. 63. 
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2° Any two triangles ABC and A^B^C having no side in 
common determine nniqnely a third triangle A^B^^C^^ snch that the 
corresponding sides of the three triangles intersect and form three 
new triangles AAA', BB'B'\ CC'C'\ The former set of three 
triangles is said to constitute a trieder, which will be designated 
[ABC^AB^C^A'^B^'C"]. 

These two properties completely define the configoration of the 
45 triangles formed by the 27 lines on the cubic surface. 

Denoting the lines by JB„ B,u (5 « 1, 2; i = 1, 2, 3, 4; ^ « 0, 1, 2), 
it will be shown that the 45 triangles are given by the notation^) 

BqB^B^, BnoBgtiBfii [s = 1, 2] 

B^ButB^it \t = 0, 1, 2; i - 1, 2, 3, 4] 

-B,2<K,8*±i-B.4/+i [5 = 1,2; < = 0,1, 2 (mod 3)] 

BntB.st^xB,.st+r [5 = 1, 2; j = 2, 3, 4; ^ = 0, 1, 2] 

where the subscript 2 s is to be replaced by 1 when s = 2. 

Each element B lies in exactly five of these sets. Thus Bt lies 
in the sets B^B^B^, BtButBtit (i = 1, 2, 3, 4); B,it lies in the 5 sets 

B^ioB^iiBtia, BtBntBiit, B,nB,j t—iBigj t^i (j « 2, 3, 4); 

finally, Bgjt lies in the following 5 sets, in the last two of which t 
is to be suitably chosen modulo 3: 

BtBij(B%jt, Bgit-^iBgjtBitjt-^i, Bigit—iBitjt—iBgjty 
Bt%tBg^t±iBgir:^i . 

Hence each element can be associated with exactly ten other elements 
to determine a set. Property V thus holds for the 45 sets. 

The set B^B^B^ lies in exactly the following sixteen trieders: 

[BqB^B^, i?iio-Riii-Rii2, -Rfio •'^11^12]; 
[BtBt±iBt:^iy BiitBizt±iBi4,t:^iy -B22<-B28<+iJ^/+i]; 
[BtBt^tBt^ty BiitBij(^iBijt+i, B^ttBfjt^iBift^i'], 

where j = 2, 3 or 4, ^ ~ 0, 1 or 2 (mod 3). Property 2® therefore 
holds for the set BqB^B^ in conjunction with any set no one of 
whose elements is Bq, B^ or B^, It is next shown that the property 
holds for an arbitrary pair of sets ABC, AB^C which have no 
element in common. By the next section the 45 sets are merely 
permuted by the substitutions [TT], [-BJ, [E^], [E^] given in § 274 
The latter generate a substitution- group [0] holoedrically isomorphic 

1) The connection with the 27 sets of orthogonal substitations exhibited 
in § 272 will be shown in the sequel. 
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with the abstract simple group of § 273. From its origin [0] is 
transitiTe and hence contains a substitution S which replaces Rq by 
an arbitrary element A. We proceed to prove that [0] contains a 
substitution 8^ which leayes Rq fixed and replaces 22^ by an arbitrary 
one of the ten elements jB^, B^, Buo, iZsio (i^'if 2, 3, 4) which lie 
in sets with Rq. The substitutions [jB,], [jE',][jE;], [E^^iJE^IiE^l 
[JSi][-Bj][jE'i]* replace JBi by B^^, 22,^, 2J„o> -Buo respectively, without 
altering 22^. The transformed of [E^] by [TT] gives the substitution 

(RtiiRtsiRtii) (RiiiRssiBis 4sl) (22»io A« ioR»9o) 
which replaces R^^q by R^^q, B^o by R^^. Then [J5J and [jEj] replace 
JS^jo by IJjjo *^d ^40 respectively. Rnally, [E^] replaces R^^ by U,. 
It follows that [0] contains a substitution S^S which replaces the 
set RqRiR^ by a set ABC in which A is any one of the 27 elements 
and B any of the 10 elements which lie in sets with A. Hence [0] 
contains a substitution Z replacing the set 22^22^12^ by an arbitrary 

one of the 45 sets. Then 1""^ replaces the given pair ABC, A'B'C* 
by a pair 22^22|22^, A^B^C^ having no elements in common. The 
latter sets determine a trieder by the earlier proof. Applying to it 
the substitution Z, which was derived from [TT] and [E^ and there- 
fore replaces sets by sets, we obtain a trieder containing ABC, 
AB'C and determined by them. Hence the above distribution of 
the 27 elements 22 into 45 sets is a suitable notation for the con- 
figuration of the 45 triangles formed by the 27 lines on a general 
cubic surface. 

284. The next step is to verify that the substitutions [W], [Ej], 
[E^] and [E^] of § 274 permute amongst themselves the 45 triangles. 
[W] gives rise to the following even substitution: 

(22o22iJo228/o; 22i22i,i222n> 22222ii2222,-2) 
(22«so22«8i22«4S7 RsnR»nRi4iDf Rs^sRsnoRiSi) 
(2^so22«8s22«4i; 2^8i22«8o22,4S; 22,2t22«8i22«4o) 
(22«io2^/s228«^i; RiiiR»joRisj9f RtiMRtjiR»tjo) 

where i = 1, 2, 3, 4; j = 2, 3, 4; s == 1, 2. 

[E^] gives rise to the even substitution on the 45 triangles: 

(2^0-^110^10? •^■Ki20'^ao)(^»io-'^tii22,i2, 22«2o22«ii229« 2t) 
(2^22i5Q22g,o, 2^22|402224o)(22«io22«2s22s«si, 22,2o22s«i822s,si) 
(RfRii^B^iif 22j22i2222jj2)(-^w22,8i22,4j, 22«io228,8i22«88) 
(22222is222|827 -^^48-^42) (^»w22,8222,4i, 22«io22,42222«4i) 
(22,ii22«8o222«82; 22,11 22,4o222, 42) (22,21 2?,8222,4o> 22,2i2?,4222,8o) 
(22,2222,8o22,4i, 222f 12 22,4o222, 41) (22,2222,81 22,40; 222, 12222, si 22,8o). 

Similarly [£J and [E^'\ give rise to even permutations of the 
45 triangles. 

DiOKSON, Linear Groups. 20 
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285. Theorem. — The group G of the equation for the 27 lines 
on a general cubic surface is of order 51840 and has a subgroup of 
index 2 holoedricaUy isomorphic with the abstra^ group 0. 

The group G is formed of the substitutions on the 27 elements R 
which permute the 45 triangles. These substitutions can replace B^ 
by at most 27 elements. Those leaving Rq fixed can replace B^ by 
no element other than the ten lying with Rq in some triangle; 
namely^ i2i, R^, Riio, R^io (i = 1^ 2, 3, 4). The substitutions leaving 
Rq and Ri fixed and consequently the triangle R^R^R^ cannot alter 
R^ and must replace R^^ by one of the 8 elements 

Rsio (s = l,2; i-1,2,3,4) 

which enter the four remaining triangles containing R^. The sub- 
stitutions leaving Rq, R^, R^^ fixed cannot alter R^ or R^^, and 
must permute amongst themselves the triangles which contain R^ and 
likewise the triangles which contain R^^. Hence they must permute 
the pairs R^^, R^^^] R^^f R^^] jR^ji, R^^] R^^f R^^; and likewise 

permute the pairs J^ui^^j -^i»;-Rf8i; A22; A41; -Rian-Ritt- Hence 
the elements R^^^, R^^^, R^^^, R^^ common to the two sets must be 
permuted amongst themselves^ which can be done in at most 24 ways. 
Finally^ a substitution of G which leaves fixed Rq, Riy R^y Ri^, R^zq, 
-Kiu; Aai; -Kfsi a^d -^141 ^i^st not alter iZg^i, R^^, R^^^, Bj^^, ^^32, 
12^2; ^i2 ^^^ -^4s a^^ therefore must leave fixed the third element 
in each of the triangles iZjuliguligio, ^41^32^80? -Rwi-Risa-Riia^ 

R^loRlil-^iif -^riSO-^lSl-^lJ^ •"280-^1^42> -^81 -"142 -^20 > •"»22xJ,si-B*40y 

and Ri%iRi4oRm' Such a substitution therefore leaves fixed every 
element and is therefore the identity. The order of & is therefore 
at most 27 . 10 • 8 • 24 = 51840. 

But G contains the subgroup [0] of order 25920 whose sub- 
stitutions permute the 45 triangles evenly. Also G contains 

r=n(U,2,l?,40 (s = l,2; ^ = 0,1,2) 
which gives rise to the following odd substitution on the triangles: 

{RtRiitRntf RtRutRiAt) 

(RiitRiit+iRsit—if RutRiit'\-iRut''i) 

(-R22/J?2U-fl-Bl2/— 1> R9ltR91t'\-lRu(—l) 

(RfStRsst-^-iRut—if Rtit—iRsuRtst+i) 

containing 3-f3 + 3-f6 = 15 transpositions. The order of G is 
therefore at least 2 • 25920. The order is consequently 51840. 

286. Certain subgroups of the abstract group of order 25920 
appear at once by considering the various isomorphic linear groups. 
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By §§ 118 and 133, the simple group B.A{^ 2"), which is isomorphic 
with by § 275, has a complete set of 36 conjugate subgroups 
J. (4, 2) holoedrically isomorphic with the symmetric group on 6 letters. 
By § 136, HA{4i, 2*) has a complete set of 216 conjugate subgroups 
LF(2, 2^, holoedrically isomorphic with the alternating group on 
5 letters. By §§ 270—274, has a subgroup G^^q of index 27. 
The quotient-group ^(4, 3) of the special Abelian group 5^(4, 3) 
ip (§ 189) holoedrically isomorphic with F0(6, 3) and therefore with 
the abstract group 0. By § 114, 5^(4,3) contains 3»(3«-l)3 
substitutions which leave ^^ fixed, so that A(4:, 3) contains a sub- 
group of index 25920 -f 8 • 3^ = 40. By § 121, SA(4t, 3) contains 
exactly (3*+ 1)3^ substitutions conjugate with Ti^—i. But the latter 
is conjugate with T^^—u the two being identical in the quotient- 
group A(4:, 3). Hence J.(4, 3) has a subgroup of index 45. Hence 
the simple group has subgroups of indices 27, 36, 40, 45, 216. By 
a lengthy analysis^), it has been shown that contains no subgroup 
of index < 27. The problem of the determination of the 27 straight 
lines on a general cubic surface has therefore resolvent equations of 
degrees 27, 36, 40, 45 but none of degree < 27. 

Since is isomorphic with A(4c, 3), our problem is identical 
with the problem of the trisection of the periods of hyperelliptic 
functions with four periods.*) 



CHAPTEE XV. 

SUMMARY OF THE KNOWN SYSTEMS OF SIMPLE GROUPS. 

287. In the preceding chapters were deriyed the following systems 
of simple groups, with the specified restrictions upon the prime 
number p and the positive integers m and n^): 

where |>* > 3 if m = 2, and d is the greatest common divisor of m 
and p^ — 1. 

^ [y-l]i>* 

where p^> d if w = 2, p^> 2 if i»==3, and g is the greatest 
common divisor of m and p^+1. 

1) Jordan, Traits, pp. 319 — 829. 

2) Jordan, pp. 854 — 369. 

3) The notations were introduced in §§ 108, 119, 148, 194 and end of 209. 
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A (2m, i>»): — (^«(>'») -l)p»(«"»-i) (jp»(««-»— l)p«(>m-«) . . . (|>«»— l)p» 

where p^>S ifm=»l, |}*>2 ifw = 2, and a = l ifjp = 2, a = 2 
ifl>>2. 

(i>* « — 1) jp» 
where |> > 2 and, for m = 1, |>" > 3. 
JP0(2m, jp»): -^ [jp»(«"»-i)-a«»jp*(«-i)] (jp«(«m-2)«i)p«(«m-»), ,Q^»ii_l)pn 

where |> > 2 and m> 2, while « = ± 1 according as |>"= 4i ± 1. 

where p>2 and >» > 1, e = ± 1 according as |)" = 4Z ± 1. 

FH(2m, 2«): (2»'» - 1) (2»»('»-») -1) 2«"<'»-« (2»"(»'-») -1) 2«»(»— » . . . 

(2»"-l)2»" 
where m>2. 

SH(2m, 2"): (2»"+ 1) (2«»<'»-i) - 1) 2»»<'»-« . . . (2>»- 1) 2«", m > 1. 

In addition to these systems may be added the cyclic gronps of 
prime order and the alternating group on n > 4 letters. 

288. Between certain of the aboye groups there exists holoedric 
isomorphism, a relation indicated by the symbol ~. For i> > 2, the 
following isomorphisms were established in § 178, §§ 187 — 190, 
197—198: 

FO(S, i>») ~ LF (2, j)»); F0(6, pf) ~ LF(4, jp"), for i)» = 4? + 1 ; 
J'0(5,i>») ~ A(4, p'); 50(6, jp") ~ LF(4t,p'), for p'= U + 8; 
l?'0(6,i>»)~I^0(4,jp«»),jp»=4i+3; S0(6,p')'^H0(4,p"),pf=U+l; 
S0{4,p«) ~ LF(2, jp»") 

the latter holding also for i>"= 3, a case not treated in §§ 197 — 198. 
For any p, 

LF(2, !»-) ~ A(2, p') ~ jffO(2, p^"). 

For p = 2, it was shown in §§ 198, 206, 207 that 

5fl(4,2")~LJ'(2,2«"), J5(6,2")~LJ'(4,2-), S£r(6,2»)~HO(4,2»»). 

By chapter XTTT, 

J'0(5, 3) ~ fl^0(4, 2«), L F(4, 2) ~ G'?' , LF(Z,2)'^ LF{2,1). 
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289. Theorem.^) — The simple groups A(2m,p^) and 

F0(2m + l,p'), p>2, 

of equal order are not isomorfhie if m>2. 

The proof consists in showii^ that the orthogonal group contains 
a greater nnmber of sets of conjugate operators of period two than 
the Abelian group. By § 122, A(2m, p^), p>2, has exactly 

Y (»» + 2) or Y (*w + 1) distinct sets of conjugate operators of period 

two according as m is even or odd. But F0(2m + l,p^) contains 
the following m distinct substitutions of period two, 

havrag the respective characteristic determinants, 

(1 + K)* (1 - K)"'-\ (1 + jq* (1 - Jf)*"—*, . . ., (1 + JSQ*" (1 - .ff). 

By § 102, no two of these tn substitutions are conjugate under linear 
transformation. 

For m ^ 1 or for m — 2, the corresponding groups are iso- 
morphic (§ 288). 

290. The following table gives the 63 known simple groups of 
composite order less than one million. The alternating group on 

n letters is designated by its order ^^1 l^^ isomorphisms indicated 

in § 288 are not given in the table. 



60 

168 

360 

504 

660 

1092 

2448 

2520 

3420 
4080 
5616 
6048 



LF(2, 5) ~ LF(2, 2») ~ i 5 1 



~t6! 



LF(2, 7) ~ LF{Z, 2) 

LF(2, 3*) ^ 

LF(2, 2») 
LF(2, 11) 
LF{2, 13) 
LF(2, 17) 

LF{2, 19) 
L F(2, 2*) 
LfIs, 3) 
flO(3,3*) 



6072 


7 800 


7920 


9828 


12180 


14880 


20160 


20160 


25308 


25920 


32736 


34440 


39 732 



LF(2, 23) 
LF(2, 5«) 

(Jroup on^ letters*) 
LF{2, 3») 
LF{2, 29) 
LFI2, 31) 

LJ'(4,2)~|8I 

LF{i, 2*) 

LF(2, 37) 

A(4, 3) ~ H0(4, 2») 

LF(2, 2*) 

LF (2, 41) 

LFI2, 43) 



M^ 



// 



1) The existence of two non- isomorphic groups of order — 8! was noted 
in § 288. A 2 

2) Cole, QtMrt, Joum. of Math., voL 27, p. 48, foot-note. 
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51888 


LFi2, 47) 


58800 


LF(2, T) 


62400 


H0(3, 2*) 


74412 


LF(2, 53) 


95040 


Ghx>ap on 12 letters^) 


102660 


LF(2, 59) 


113460 


LF(2, 61) 


126000 


HO(B, 5») 


150348 


L J'(2, 67) 


178920 


LJ'(2,71) ^ 


181440 


491 


194472 


LF (2, 73) 


246480 


L ^(2, 79) 


262 080 


LF(2, 2«) 



265 680 
285 852 
352440 
372000 
443520 
456288 
515100 
546312 
612468 
647460 
721 392 
885 720 
976500 
979200 



LF(2 
LF{2 
Lf12 
LF{Z 
GJroup 
LF{2 
Lf12 
Lf12 
LFi2 
LF{2 
LF{2 
Lf12 
LF(2 



3*) 
83) 
89) 

5) 

on 22 letters') 

97) 

101) 

103) 

107) 

109) 

113) 

11«) 

5») 



A{4, 2^ 



Aside &om the simple groups LF(2, jof), the known simple 
groups of composite orders between one miUion and one billion are 
the following: 



1 451 520 

1814400 

1 876 896 
3265920 
4680000 
5 515 776 

5 663 616 

6 065 280 
9 999 360 

10 200 960 
13 685 760 
16482816 

19 958 400 



^(6, 2) 

i-10! 

LF{3, 7) 

H0(4, 3*) 

^(4, 5) 

H0{3, 2«) 

jBrO(3, V) 

i-F(4, 3) 

L ^(5, 2) 

(Jroup on 23 letters*) 

ffO(5, 2») 

LfIs, 2») 



42 456 960 
42 573 600 
70 915 680 
138 297 600 
174 182 400 
197 406 720 
212427 600 

239 500 800 

244 823 040 
270 178 272 
811273008 
987 033 600 



LF{S, 3«) 
H0{3, 3*) 
ffO(3, 11«) 
A(4, 7) 
FH{8, 2) 
SH(8, 2) 
LfIs, 11) 

4-121 

Gfroup on 24 letters*) 
LF(3, 13) 
flO(3, 13*) 
iF(4, 2*) 



1) Matliieu, Jowmal de MatiMmatiques , 1861, p. 270; proof of siinplicity 
by Miller. 

2) Miller, BuJl, Soc. Math, de France, vol. 28, p. 266 (1900). 
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INDEX OF SUBJECTS. 

(The nmnberB refer to pages; g ox G denotes group.) 



Abelian g, 89, 110, 115, 117, 161, 179, 

200, 201, 299, 309. 
abstract field, 9, 18. 
abstract g, 287, 289, 292, 300. 
additive -field, 6. 
additive-^, 49, 269. 
alternating ^, 4 letters, 269. 

6 letters, 279, 290. 

8 letters, 269, 290. 

k letters, 289. 

basis -system, 49. 
Betti-Mathieu ^, 64, 67, 69. 
canonical form, 221, 237, 244. 
characteristic determinant, 80. 

equation, 222. 

class of qnantic, 29. 

residue, 3, 6, 7. 

commutative ^, 262, 266. 

substitution, 193, 229. 

compound of ^, 146. 
connguration 27 lines, 303. 
congruent, 3. 

coigugate, 62, 100, 286. 
cubic surface, 303, 306. 
cyclic base, 266. 
dihedron ^, 266. 
doubly- transitive, 248, 261. 
exercises, 19, 42, 70, 216. 
existence of Galois JP, 14, 19. 
exponent of mark, 11. 

of function, 19. 

factors of composition, 81, 91, 94, 191, 

192. 
Format's theorem, 4, 11. 
field, 6. 

first hypoabelian, 201, 208. 
first orthogonal, 131, 169, 191, 292, 

299, 309. 
four- group, 267. 
Galois Field, 6, 14. 
general linear homogeneous ^, 69, 76, 

77, 124, 146, 147, 236, 290. 



group, 66; G^^^, 303; G^,oi«oi 269; 
G^i59to» 298i 296; G^^g^oi 306; 
see alternating, icosahedral, 
dihedron, tetrahedral, octahedral, 
symmetric, linear, general, 
special, simple. 

Hermite's theorem, 69. 

homogeneous, see general, special. 

hyperabelian g, 116, 183, 209, 298. 

hyperelliptic, 307. 

hyperorthogonal ^, 131, 264. 

hypoabelian, see first, second. 

icosahedral, 278, 283, 302. 

index of subgroup, 286, 307. 

infinity (mark), 260. 

invariant, quadratic, 144, 163, 166, 
191, 194, 197, 206. 

of degree 2, 126, 218. 

irreducible, 10, 16, 44. 

isomorphic, 99, 164, 174, 183, 194, 

208, 209, 287, 298, 308. 

linear independence, 10, 62. 

linear fractional ^, 87, 126, 132, 164, 
174, 179, 193, 194, 208, 242, 
269, 260, 286, 302, 303. 

mark, 9. 

modulus, 3, 6. 

multiplier Galois JP, 61, 270. 

Newton's identities, 63. 

non- isomorphic, 260, 309. 

not -square, 44, 48. 

octahedral ^, 269, 282. 

order of field, 6, 10. 

orthogonal, see first, second. 

period of mark, 11. 

Pfaffian, 147, 172. 

primitive root, 13, 36. 

irreducible quantic, 21, 36, 44. 

quadratic equation, 46. 

— , see invariant, 
rank, 49. 
reduced quantic, 63. 
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representation of substitntionB, 55. 
residue, 8, 6. 

self- conjugate, 82, 117, 279. 
second hypoabelian, 201, 209. 

orthogonal, 159, 191, 194. 

simple g, 87, 97, 100, 120, 188, 162, 

191, 212, 260, 286, 807, 809. 
special linear homogeneous g^ 82, 125, 

147, 151, 158, 300. 
squares, 44, 48. 



substitution -quantic, 55, 68. 
surface third order, 808. 
symmetric ^, 6 letters, 99. 

k letters, 287. 

tetrahedral g, 268, 282. 
transformation of indices, 80. 
transformed subst., 81, 288. 
transitive, 248, 261. 
trieder, 804. 



EEEATA. 

Page U, line 12, read GF[ji^] for ffFjjj"]. 



11 


17, 


11 


20, 


11 


48, 


11 


71, 


11 


78, 


11 


98, 


11 


95, 


11 


102, 


'1 


113, 


11 


182, 


11 


139, 


11 


152, 


11 


172, 


11 


189, 


11 


209, 


11 


221, 


11 


227, 


11 


267, 


11 


272, 


11 


300, 



11 



11 



11 



11 



11 



11 



11 



11 



11 



11 



11 



11 



11 



11 



11 



11 



31, read y^x^ '"* for y'=x^ "—1. 

21, read q. for qi. 

2 of § 67, read number of squares. 

5 of Ex. 6, read TT^X^ for 1~^L 
15. read B « for B , 

6, read y^^i aj^^; line 2, read M^ for M., 

30, read a,^ for a,j. 

17, read TZ^ , ^ ; line 16, read T„ 

3, read j^ for j. 

28 and line 38, read for — 



m 



8, read af^+^ + l. 

5, read 139) for 139,. 

16, p. 175, 1. 14, read G^^ for G^ ^. 

8 of § 192, delete comma before ^^are^^ 
1, for hyperabelian read hypoabelian. 

14, for {l] read [b]- 

read r., = y, + y;jf, + y';2Cj+ • • • + 

line 10, for G^ read G^_. 



11 



11 



3 from bottom, delete "an". 
16, for fif~^ read S^_y 







• ' ''• 



•_'•' 








A 



